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ABSTRACT
Thecontributionsof thispaperarethefollowing.

1. Weintroduceanew varietyof genericprogrammingin which
algorithmimplementorsusea differentAPI thandatastruc-
turedesigners,thegapbetweentheAPI’s beingbridgedby
restructuringcompilers. Oneview of this approachis that
it exploits restructuringcompiler technologyto perform a
novel kind of templateinstantiation.

2. Wedemonstratetheusefulnessof thisnew genericprogram-
ming technologyby deployingit in a systemthatgenerates
efficient sparsecodesfrom high-level algorithmsandspeci-
ficationsof sparsematrix formats.

3. We argue that sparsematrix formatsshouldbe viewed as
indexed-sequentialaccessdata structures(in the database
sense),andshow that appropriateabstractionsof the index
structureof commonformatscanbeconveyedtoarestructur-
ing compilerthroughthetypesystemof a modernlanguage
thatsupportsinheritanceandtemplates.

1. INTRODUCTION
Genericprogrammingis amethodologyfor simplifying thedevel-
opmentof libraries in which a set of algorithmshave to be im-
plementedfor many datastructures. Codeexplosion is avoided
by mandatinga commonAPI which is (i) supportedby all data
structures,and(ii) usedto expressalgorithmsin a generic, data-
structure-neutralfashion.For example,theC++StandardTemplate
Library (STL) [2] usesthe API of one-dimensionalsequencesas
the interfacebetweendatastructureslike arraysandlists, andal-
gorithmslike searchingandsorting. The typesystemsof modern
languagespermit the datastructureimplementationsandgeneric
programsto betype-checkedandcompiledseparately;a concrete
implementationis producedby linking a genericprogramwith a
particulardatastructureimplementation.
Thereis however a tensionin thedesignof genericprogramming
API’s thatbecomesevidentin problemdomainssuchassparsema-
trix computations.For densematrices,highly efficient implemen-
tationsof the Basic Linear Algebra Subroutines(BLAS) [6] are�
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usually provided by hardwarevendors. For sparsematrices,the
problemof developingBLAS librariesis complicatedby the fact
thatsomeforty or fifty compressedformatsareusedto avoid stor-
ing zeros. Many attemptsat writing sparseBLAS librarieshave
beenconfoundedby thecodeexplosionproblem[15; 5]. Although
it appearsthatgenericprogrammingis thesolutionto thisproblem,
it is not clear that an appropriateAPI canbe designedfor sparse
matrix libraries.As we explain in this paper, a high-level API that
allows the programmerto expressgenericmatrix algorithmsin a
naturalarraynotationhidesdetailsof sparsematrix formatsfrom
the compiler, so performancemay suffer. On the other hand,a
low-level API thatexposesthedetailsof compressedformatsis not
suitablefor writing genericprograms. This problemis likely to
occurin otherproblemdomainsin which datastructureproperties
mustbeexploitedfor highperformance.
In thispaper, wediscussoneway to solve thisproblem.

1. We usedual API’s: a high-level API for expressinggeneric
algorithms,anda low-level API for exposingdetailsof data
structuresthatmustbeexploitedto obtainhighperformance.

2. We userestructuringcompilertechnologyto transformab-
stractprogramswritten in termsof the high-level API into
efficientprogramswhichusethelow-level API.

We describethis approachin thecontext of sparsematrix compu-
tationsasfollows. In Section2, we presentsomeimportantsparse
algorithmsandcompressedformats,proposea simpleAPI called
theStrawmanAPI, andsketcha genericprogrammingsystemde-
signedaroundthis API. Intuitively, this API views sparseformats
asrandomaccessdatastructures,which is inappropriatefor sparse
formatsandthereforeleadsto very inefficient code,but it permits
usto introducekey ideassimply.
Wemotivatetheseparationof algorithmAPI anddatastructureAPI
by taking progressively more nuancedviews of compressedfor-
mats. The desirefor greaterefficiency motivatesthe Woodenman
API in Section3. ThisAPI viewssparseformatsassequentialac-
cessdatastructures[18]. Wemakethecasefor agenericprogram-
mingsystemin whichgenericprogrammerscodefor theStrawman
API, but invoke a restructuringcompilerwhich views sparsefor-
matsthroughtheWoodenmanAPI andrestructuresthegenericpro-
graminto efficient code. This approachimprovescodeefficiency
over the useof the Strawman Interfacealone,but for somepro-
grams,theefficiency is still poorcomparedto library code.
In Sections4 and 5, we presentthefinal API, calledthe Ironman
API, that views sparseformatsas indexed-sequentialaccessdata
structures[18]. Section4 describestheindicesof interestin com-
pressedformats,while Section5 describesthedetailsof the Iron-
manAPI andgivesan implementationof a genericprogramming
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x[i] = b[i]
for i = 1, m

     x[i] = x[i] - L[i][j]*x[j]
x[i] = x[i]/L[i][i]

Figure1: BasicLinearAlgebraSubroutines
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Figure2: CompressedFormats

systemthat supportsthis API. We show that appropriateabstrac-
tionsof the indexing structuresof commonlyusedformatscanbe
provided to sucha systemthroughthe type systemof a language
like C++. Section6 describesour restructuringcompilertechnol-
ogy andpresentsexperimentalresultsthatshow thatour approach
cangeneratecodecompetitive with handwrittencodein theNIST
SparseBLAS library [5]. Finally, Section7 discussesrelatedand
ongoingwork.

2. A SIMPLE GENERIC PROGRAMMING
SYSTEM: THE STRAWMAN API

Thefollowing algorithmsconstitutetheSparseBLAS.� Matrix-VectorMultiplication (MVM):
y = A*x : Thematrix A is sparse,andvectorsy andx are
dense.� Solutionof Triangular Systems(TS):
Lx = b: someproblemsinvolve solving multiple systems
with thesameL but differentb’s.� Matrix-Matrix Multiplication (MMM):
C = A*B: A is sparse,while C and B are dense. This is
a generalizationof matrix-vectorproductin which a sparse
matrix A is multiplied by a setof densevectorsrepresented
by thecolumnvectorsof matrixB.

Figure1 showspseudo-codefor thesealgorithms.
As mentionedearlier, thereareat leastforty or fifty commonlyused

template <c las s ELT>
class StrawmanMat rix {

int m; //number of rows
int n; //number of columns

public:
StrawmanMat ri x(i nt r,int c) {m=r;n=c ;}
int rows() {return m;}
int columns() {return n;}
virtual ELT get(int r, int c) = 0;
virtual void set(int r, int c, ELT v) = 0;

// Implemen ta tio n of ‘A[r][c] ’ notation .
class RowRef operator[] (i nt r)

{ return RowRef(A,r ) }
....

}

Figure3: TheStrawmanAPI: get/set

compressedformats;theNIST SparseBLAS effort [5] supports13
of them.Figure2 showsa sparsematrixandthreecommonlyused
compressedformats. The simplestformat is Co-ordinatestorage
(COO) in which threearraysareusedto storenon-zeroelements
andtheir row andcolumnpositions.Thenon-zerosmaybeordered
arbitrarily. Co-ordinatestoragedoesnot permit indexedaccessto
eitherrows or columnsof a matrix. CompressedSparseRowstor-
age(CSR)is acommonlyusedformatthatpermitsindexedaccess
to rows but not columns.Array values is usedto storethenon-
zerosof thematrixrow by row, while anotherarraycolind of the
samesizeis usedto storethecolumnpositionsof theseentries.A
third arrayrowptr hasoneentry for eachrow of thematrix,and
it storesthe position in values of the first non-zeroelementof
eachrow of thematrix. CompressedSparseColumnstorage(CSC)
is thetransposeof CSRin which thenon-zerosarestoredcolumn-
by-column,andit offersindexedaccessto columns.
Somesparsematriceshave small denseblocks occurringin dif-
ferentpositionsinside the matrix. Figure2 shows Block Sparse
Row(BSR)storagewhich canbeviewedasa CSRrepresentation
in which the non-zerosaresmall denseblocks ratherthansingle
non-zeroelements.

2.1 TheStrawmanAPI andGenericProgram-
ming System

TheStrawmanAPI requireseachclassimplementingacompressed
formatto supporttwo methodscalledget andset .

� The get methodtakesthe row andcolumnco-ordinatesof
anarrayelementasinput, andreturnsthevalueat thatposi-
tion.� Theset methodtakesavalueandrow/columnco-ordinates
asinput,andstoresthevalueinto thatpositionin thearray.

In additionto thesemethods,theremustbe methodsto returnthe
numberof rowsandcolumnsin thematrix.
Figure3 shows theStrawmanAPI expressedin C++1. Noticethat
operatoroverloadingis usedto permit programmersto usearray
syntaxratherthaninvocationsof theget/set methods.
It is upto theformatdesignerto implementtheget/set methods
asefficiently aspossible.Figure4 shows one implementationof
co-ordinatestorage(the implementationof the set methoddoes
not allow fill to keepthecodesimple).To write agenericprogram
in this system,theprogrammerwritescodeasthoughall matrices
weredense,but specifieswhichclassesmustbeusedto implement
sparsematrices.For example,genericMVM is codedasshown in�
C++ has languagefeatures(namely, templatesand inheritance)

that allow us to expressour API’s and programsconcisely. It is
certainlypossibleto takethebasicideasin thispaperandto realize
themin othermodernlanguageslike Javaor ML.



//co-ord in at e storage
template <c la ss ELT>
struct� CooStora ge {

vector<i nt> *rowind;
vector<i nt> *colind;
vector<E LT> *values;
const int nz;

CooStora ge( ve ct or< in t> *_rowind ,
vector<in t> *_colind ,
vector<EL T> *_values )

: rowind(_r owi nd), colind(_ col in d) ,
values(_ val ues) , nz(rowi nd- >s iz e() ) {

}
};

//Strawm an view of storage
template <class ELT>
class CooRandom : public Strawman Matri x<ELT> {
protecte d:

CooStora ge<ELT> *A;
public:

CooRandom(i nt m, int n, CooStor age<ELT> *A)
: StrawmanMatr ix <ELT>(m,n ), A(A) { }

virtual ELT get(int r, int c) {
for (int k=0; k < A->nz; k++)

if((*A->ro wi nd)[k ] == r &&
(*A->coli nd)[k ] == c)

return (*A->val ues) [k] ;
return 0.0;//zer o elements are not stored

}
virtual void set(int r, int c, ELT v) {

for (int k=0; k < A->nz; k++)
if((*A->ro wi nd)[k ] == r &&

(*A->coli nd)[k ] == c)
{ (*A->val ues )[ k] = v; return; }

assert(fa ls e); // fa il if element not allocate d
}

};

Figure4: Co-ordinateStorage:StrawmanAPI

template <class T, class ELT>
void mvm(T A, ELT x[], ELT y[])
{

for (int i=0; i<A.rows (); i++) {
y[i] = 0;
for (int j=0; j<A.colum ns () ; j++)

y[i] += A[i][j] * x[j];
}

}

//MVM for co-ordina te storage
template void mvm(CooRandom<doubl e> A,

double x[], double y[]);

Figure5: GenericProgramInstantiation

Figure5, andMVM for a particularcompressedformat is created
by templateinstantiation.

2.2 Discussion
The Strawman API is very convenientfor expressingalgorithms
in a data-structure-neutralfashion,but theefficiency of thecodeis
poorfor two reasons.

1. Theget methodisveryinefficientbecausemostcompressed
formatsdo notsupportefficient randomaccess.

2. Thecodeiteratesovertheboundsof thefull matrixandthere-
fore performscomputationswith both zerosandnon-zeros,
but thecomputationswith zerosareredundant.

As aconcreteexampleof this inefficiency, wenotethatco-ordinate
storageMVM codeproducedby thisstrategy requires

�����
	���
����
time for a

�����
matrix with


��
non-zeros,while theimplemen-

tationin theNIST SparseBLAS library [5] describedin Section3
takesonly

����
����
time. We addresstheseefficiency problems

next.

for r = 1, m
do

y[r] = 0
od

for each <r,c,v> in non-zeros (A )
do

y[r] = y[r] + v*x[c]
od

(a) MVM
for r = 1, m

do
x[r] = b[r]

od
for each <r,c,v> in non-zeros (L )

do
if (r == c) then //diago nal element

x[r] = x[r]/v;
else if (r > c) then //lower triangle

x[r] = x[r] - v*x[c];
else ; //upper triangle

od

(b) TS

Figure6: Data-centricPseudocode

3. A DATA-CENTRIC API: THE WOODEN-
MAN INTERFACE

Oneapproachto avoiding randomaccessesandcomputationswith
zerosis to recastalgorithmsin termsof enumerationsof non-zero
elements.Figure6(a) shows suchan algorithmfor doing MVM;
for eachnon-zeroelementA[r][c] of A, we computetheprod-
uct A[r][c]* x[c ] andadd the result to y[r] . We call such
algorithmsdata-centric[8] becausetheir overall control structure
is organizedaroundenumerationsof datastructureelements.
Eventhoughdata-centricalgorithmslook lessnatural,it might ap-
pearthatwe couldusethemasa basisfor a genericprogramming
systemby requiringall matrix classesto supportenumerationof
non-zeros.Suchaclasswouldpresentasequentialaccessview [18]
of acompressedformat.However, data-centricalgorithmsmaynot
be correctif there are dependences betweenloop iterations, asin
triangularsolve.Figure6(b)showsdata-centricpseudocodefor tri-
angularsolve. Fromtheoriginaldensematrixcodein Figure1, we
seethat this codeis correctonly if every diagonalelementis enu-
merated(i) afterall thenon-zeroswithin its row andto its left, and
(ii) beforeall thenon-zeroswithin its columnandbelow it.
While it is reasonableto requirethateverysparseformatclasspro-
videawayof enumeratingnon-zeros,it is notreasonableto require
thattheseenumerationsbein anorderconvenientfor whatevercode
isbeingexecuted.Thechallengethereforeis to designasystemthat
permitsthewriting of genericprogramswhich canwork with any
compressedformatandwhichachievetheefficiency of data-centric
algorithmswheneverpossible.

3.1 The Needfor Two API’ s
We solvethis problemby providingtwo views of compressed for-
mats—arandomaccessview to thewriter of genericprograms,and
a sequentialaccessview to thecompiler. As in Section2,programs
areexpressedin adata-structure-neutralfashionby writing themas
densematrixprograms.Sparseformatsareimplementedby classes
thatprovide a way of enumeratingthenon-zerosof thematrix, in
additionto providing get/set methods.Oursystemusesrestruc-
turingcompilertechnologyto transformthedensematrixcodeinto
data-centriccodeif that is legal; otherwise,it usestheget/set
methodsto generatecodeasin Section2.
To enablethecompilerto generateefficientcode,thesparseformat
classmustspecifythe following propertiesof the enumerationto
thecompiler.



//Matrix abstract io n for Woodenman API
template <c la ss I, class E>
class� WoodenmanMatr ix {
public:

typedef I iterator_ ty pe;
typedef E value_typ e;
virtual I begin() = 0;
virtual I end() = 0;

};

//Base class for all iterator classes
template <c la ss K, class V>
class WoodenmanIt er ato r {
public:

typedef K key_type ;
typedef V value_ty pe;
virtual K operator *() = 0;
virtual V value() = 0;
virtual void operator ++(int) = 0;
...

};
//Class for unordered iterator
template <c la ss K, class V>
class WoodenmanUnor der edIt era to r

: public WoodenmanIt er ato r< K, V>
{ };
//defini ti ons of WoodenmanDecre as in gIt er at or,
// WoodenmanInc re as in gIt er at or etc.
....

Figure7: WoodenmanInterface

� Enumeration order: Intuitively, this is a descriptionof the
differencesin the row/columnco-ordinatevaluesof succes-
siveelementsin theenumeration.

� Enumeration bounds: This describesthe row / columnco-
ordinatevaluesthat canactuallyoccur in the enumeration.
For example,somematriceshavenon-zerosonly alongtheir
diagonals,while otherhavenon-zerosonly in their lower tri-
angularand diagonalparts. Conveying this information to
thecompilermayenableit to generatebettercode;for exam-
ple, in the data-centrictriangularsolve pseudo-codeshown
above,someof thecomparisonsof r andc canbeeliminated
if thematrix is diagonalor if it doesnothavenon-zerosin its
uppertriangle.

Thesepropertiescanobviously be expressedassystemsof linear
inequalities.

3.2 The WoodenmanAPI
Figure 7 shows the WoodenmanAPI. Enumerationis supported
throughthe useof iteratorsas in the STL. A classimplementing
theWoodenmanMatr ix interfaceis acontainerthatmustimple-
mentbegin andend methodsthat returniteratorsfor enumerat-
ing non-zeros.The WoodenmanIt er ato r classis an interface
that requiresmethodsfor dereferencingthe iterator to return the
“current” row/column and value, and for advancingthe iterator.
A methodfor checkingequality of iteratorsmust alsobe imple-
mented,but we have not shown this for simplicity. Enumeration
order and boundscan be incorporatedinto the programthrough
the useof pragmas,but we have chosento incorporateorder in-
formation into the classhierarchyby specifyingdifferent classes
for enumerationsthatareunordered/increasing/decreasingetc.The
boundson thestoredindicesareconveyedto thecompilerusinga
pragma.
Figure8 shows an implementationof Co-ordinatestoragefor the
WoodenmanAPI. To clarify themeaningof theseclasses,weshow
in Figure9 thecodethat thesparsecompilermight produceif the
genericMVM programwasinstantiatedfor theCooStream class.
After methodinlining, this codehasthesamestructureasthecode
in theNIST library.

template <c las s ELT> class CooStre amI te ra tor ;

// A class for matrices stored in the Co-ordina te
// format, in which the entries lie within the lower
// triangl e.
#pragma bounds { [i,j] | 0 <= i && i < n-1 \

&& 0 <= j && j < i-1 }
template <c las s ELT>
class CooStream

: public CooRandom<ELT>,
public virtual WoodenmanMat rix <

CooStreamI te ra tor <ELT>, ELT >
{
public:

CooStream (i nt m, int n, CooStora ge<ELT> *A) :
CooRandom<ELT>(m,n, A) { }

virtual CooStrea mIte rat or <ELT> begin()
{ return CooStreamI te ra to r<E LT>( A,0 ); }

virtual CooStrea mIte rat or <ELT> end()
{ return CooStreamI te ra to r<E LT>( A,A -> nz ); }

};

template <c las s ELT>
class CooStream It era to r :

public WoodenmanUnor der edIt er ato r<
pair<int, int >, ELT> {

friend class CooStream< ELT>;
protecte d:

CooStorag e<ELT> *A; int jj;
public:

CooStream It er ato r( CooSt or age<ELT> *A, int jj)
: A(A), jj(jj) { }

virtual void operator ++(int) { jj++; }
virtual pair<int ,i nt > operato r *() {

return make_pair ((* A- >r owind )[ jj ],
(*A->col ind )[ jj ]);

}
virtual ELT value() { return (*A->value s) [j j]; }

};

Figure8: COO:WoodenmanAPI

template <>
void mvm(CooStr eam<doubl e> &A, double x[], double y[])
{

for (int i = 0; i < A.rows(); i++)
y[i] = 0;

for (CooStrea mIt er at or< double > it = A.begin();
it != A.end(); it++) {

int r = (*it).fi rst ;
int c = (*it).se con d;
double v = it.value () ;
y[r] += v * x[c];

}
}

Figure9: Compiler-generatedCodefor MVM

3.3 Discussion
Figure10 shows theperformanceof our enumeration-basedcodes
for anumberof compressedformats,comparedto theperformance
of handwrittencodein theNIST library, onthePentiumII platform
describedin detail in Section6.3. For Co-ordinatestorage,our
enumeration-basedcodeis comparablein performanceto library
code,but for CSRandCSC,thelibrary codeis substantiallybetter.
To understandthis, let us examinethe CSRcodein moredetail.
To enumeratethenon-zerosof thematrix, our enumeration-based
codecontainsasingleloopof thefollowing form.

r = 1;
for jj = 1 to NZ do //NZ is the number of non-zero s

while (jj == rowptr[r +1]) //some rows may be empty
r++;

c = colind[jj] ;
v = values[jj] ;
y[r] = y[r] + v*x[c]

od

In contrast,the library codecontainsa nestedloop in which the
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outer loop enumeratesrows and the inner loop enumeratesnon-
zeroswithin thatrow. Thepseudo-codeis shown below.

for r = 1 to m do
for jj = rowptr[r] to rowptr[ r+1 ] - 1 do

c = colind[jj] ;
v = values[jj] ;
y[r] = y[r] + v*x[c]

od
od

Although thesedifferencesmayseemto be minor, thereis a fun-
damentaldifferencein theviewsof theCSRdatastructurein these
two codes.TheWoodenmanAPI viewstheCSRdatastructureasa
flat, sequentialaccessdatastructurewhile thelibrary codeexploits
thefact thatthe rowptr arraypermitsus to isolatethenon-zeros
within a row efficiently. In fact, theview takenby thelibrary code
is that CSRis an indexed-sequential accessdatastructure[18] in
which the rowptr arrayis an index (in thedatabasesense)which
permitsefficient accessto the non-zeroswithin a particularrow.
This leadsnaturallyto anestedview of thedatastructure.
A compellingreasonfor viewing compressedformatsasindexed-
sequentialaccessdatastructuresis thatexploiting indicesmakesa
differencein theasymptotictimecomplexity of thecodefor some
problems.Considertheproductof two sparsematricesC = A*B
whereB is storedin CSR,andC is storedin someformatthatper-
mits insertions,suchasa hashtable. Enumeration-basedpseudo-
codefor this algorithm(assumingC is properlyinitialized) looks
like thefollowing:

for each <r,c,va> in non-zero s( A) do
for each <r’,c’,vb > in non-zero s(B ) do

if (r’ == c) C[r][c’] = C[r][c’] + va*vb;
od

od

If B is viewedasa flat, sequentialaccessdatastructure,the inner
loop mustscanthe entiredatastructure,so the complexity of the
codeis

����
�����������
����������
. If on theotherhand,weexploit the

index into row c of B, thecomplexity of thecodeis
����
�������� �
���������!"���

since

���������!#�

is theaveragenumberof non-zeros
in arow of B.
Weconcludethatviewing compressedformatsassequentialaccess
datastructuresis apartialsolutionto theproblemof compilingef-
ficient codefrom genericdense-matrixprograms.Improving effi-
ciency further requiresexploiting index structuresin compressed
formats.

4. INDEX STRUCTURE OF COMPRESSED
FORMATS

Intuitively, anindex structurefor acompressedformatcorresponds
to a particularview [18] of that datastructure. The simplestin-
dex structuressuchas CSRusearrayco-ordinatesthemselvesas

indices. Someformatsuseindicesthat arenot arrayco-ordinates
but are obtainedby applying a simple function to the array co-
ordinates.Oneexampleis a variationof CSRformat in which the
storageorderof rows is a permutationof their orderin theactual
matrix. Therowptr index in thiscaseis apermutationof therow
numbersin the actualmatrix. Finally, someformatslike Jagged
DiagonalStorage(JAD) supportmultipleviews.
For the purposeof this paper, we describetheseviews by using
a simplegrammarcalledthe view grammar. In the next section,
weshow how this informationcanbeconveyedto thecompilerby
usinganappropriatetypestructurein which thereis oneinterface
classfor eachproductionin thegrammar.

4.1 Index Nesting
If a matrix is consideredto be a collectionof tuplesof the form$&%('�)"'+*�, where% and ) aretherow andcolumnco-ordinatesand* is thevalue,thenthenestedstructureof acompressedformatcan
be describedby specifyingthe order in which the fields of these
tuplesshouldbe accessed.For example,CSRcanbe specifiedas
follows. -�.0/ 1 %�23)425*
This indicatesthatthenon-zeroswithin a row of thematrixcanbe
accessedefficiently by usingthe row co-ordinateasan index into
the datastructurecontainingthe non-zeros.A similar expression
canbe written for CSCstorage.Theseexpressionscanobviously
begeneralizedto arraysof arbitrarydimensions,andaredescribed
formally by the following grammar. In this grammar, Index may
beoneof thedimensionsof thearray, and * denotesarrayelement
values. 6

1 Index
2 6

7 *
In general,an index at a given level may involve multiple array
dimensions.Oneexampleis providedby Co-ordinatestoragesince
neitherthe row nor the column co-ordinateprovides accessto a
substructureof thecompressedformat. At theotherextreme,both
row andcolumnco-ordinatesof a densematrix provide accessto
substructures.We incorporatethesestructuresinto thegrammarby
enrichingwhatIndex canbe.

Index 1 attribute7 $
attribute

'989898�'
attribute

,7 $
attribute

� 89898 �
attribute

,
For now, attributesmaybeconsideredto bearraydimensions.The
first rule modelsthe casewhen a singlearraydimensionis used
to index a substructure.The secondrule modelsformatslike Co-
ordinatestoragefor which multiple arraydimensionsarerequired
to provide accessto a substructure.Thethird rule modelsformats
like densematricesin whicheachof anumberof arraydimensions
providesindependentaccessto substructures.
Severalsparsematrix formatsandtheir viewsaregivenbelow.

Co-ordinate: $&%('�)�,�2:*
CSR: %;2<)�2:*
CSC:

)�2:%�2:*
Dense: $&% � );,�2:*

4.2 Maps
Theprecedingdiscussionof sparsematrixviewsassumedthatonly
array dimensionscan be indices. However, this is often not the
case.
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BLAS, matrixelementsaregroupedandaccessedby diago-
nals,asshown in Figure11. In this case,theattributesthat
are indexed are, = , the diagonalnumber, and > , the offset
within thediagonal.Usingtheseattributenames,theview of
thematrixcanbeexpressedas = 2 > 2:* , wherethematrix
dimensions,

%
and

)
, canbecomputedfrom = and > by,%;? =�@A> )4? >

� Blocking: Considerthe Block SparseRow (BSR) format
shown in Figure2. Eachblock is accessedby a setof block
indices

��BDC ' B9E+� , andthe scalarelementswithin eachblock
are accessedby a the offset indices

��F C ' F E � . The view of
BSR canbe expressedin termsof the attribute names,

B C
,B9E

,
FGC

and
FGE

, as,

BSR:
BDC 2 B9E 2&$ FGC��HFGE ,�2:*

andtheblock andoffsetindicesarerelatedto % and ) by the
following, where

�
is the numberof rows andcolumnsin

eachblocks, %;? BDCI�I� @ FJC
)4? B E �K� @ F E

� Permutation: Often, sparsematricesarereorderedin order
to give their non-zerosa particularstructure.In thesecases,
therows andcolumnsin which thematrix is storedis a per-
mutationof theoriginal row andcolumnindices.

In all of thesecases,theview of thestorageis mostnaturallyex-
pressedin termsof adifferentsetof indices,and % and ) canbeeas-
ily computedby applyinga simplefunctionto thestorageindices.
Thiscanbeexpressedby addingaproductionof thefollowing form
to thegrammar. 6

1 mapL"M � in �0N2 out 1
6�O

For example,theview of thediagonalstorageis:

mapLP=�@Q> N2R%(' > N23) 1 = 2 > 2R* O

4.3 Perspective
It maybethecasethatacompressedformatcanbeviewedin mul-
tiple ways.For instance,theJaggedDiagonalformat(JAD) found
in theSparseBLAS canbeviewedin thefollowing two ways.2$TSU'WV�,&2:*

SX2YV�2:*
The two views representthe fact that two different setsof meth-
odscanbe usedto accessthestorage.The first caserepresentsa
particularlyefficient methodfor enumeratingthe the elementsof
the matrix, which doesnot provide any orderingguarantees.The
secondcaserepresentsa setof methodsthat canbe usedto give	
For simplicity, we ignorethepermutationthatoccursin JAD.

randomaccessto therows,andto enumeratetheelementswithin a
row in increasingorderby column.Thefirst view is appropriatefor
MVM, in whicha fastenumerationof thewholematrix is desired,
and in which no constraintsareplacedon the orderof that enu-
meration.For TS, this methodcannotbe usedbecauseit violates
dependences,sothemethodsof thesecondview mustbeused.
We refer to eachof thedifferentviews for a singlestorageformat
asdifferent“perspectives”ontheformat,andwerepresentperspec-
tive with ourgrammarasfollows.6

1
6 Z 6

4.4 Aggregation
Finally, someformatsaresimply collectionsof two or morecom-
pressedformats. Triangularsolve, for instance,might be imple-
mentedefficiently if a sparsematrix formatprovidedefficient ran-
domaccessto its diagonalelements,andindexedaccessto theoff-
diagonalelementsby eitherrowsor columns.This is accomplished
sometimesby usingdifferentformatsto storethedifferentregions
of thematrix—thediagonalof thematrixmightbestoredin adense
vector, andthe elementsin the lower trianglemight be storedin
CSR.In our grammar, we will representtheaggregationof two or
morestorageformatsinto asinglesparsematrixwith the [ opera-
tor. 6

1
6
[
6

4.5 Summary
Below is the completegrammarfor expressingviews of a sparse
matrix format, 6 1 Index

2 6
7

mapL"M � in �0N2 out 1
6�O

7 6 Z 6
7 6

[
6

7 *
Index 1 attribute7 $

attribute
'989898�'

attribute
,7 $

attribute
��\9\9\]�

attribute
,

5. THE IRONMAN API
As before,wedealwith two differentAPI’s. Thegenericprogram-
merviewsmatricesasrandomaccessdatastructures,but thecom-
piler views themthroughthe IronmanAPI as indexed-sequential
accessdatastructureswhoseindex structurewasdescribedin the
previoussection.TheIronmanAPI is summarizedin Figures12.

5.1 Interfaces for Views
Eachproductionin theview grammargivenin Section4 hasanas-
sociatedinterface,which we have implementedin C++ asa small
numberof abstractclassesdescribedin Figure12(a).Theprogram-
mer conveys views of a storageformat to the sparsecompilerby
writing asetof classesthatinherit from theappropriateinterfaces.
The term_nes ti ng abstractclassdenotesanoccurrenceof the2 operatorwithin theview. Thisabstractclasstakestwo template
parameters.The first specifiesthe implementationof the iterator
that canbe usedto enumeratethe index at this level. The second
specifiesthe implementationof the substructurebelow this level.
An implementationof CSR,in which theentrieswithin eachrow
arestoredin order, that inheritsfrom term_nest in g is shown
in Figure13. interval_i te rat or andoffset_it er ato r
aretwo iteratorabstractclassesthataredescribedlater.



Abstractclass Methods
term_scal ar< V> operator V()
term_nest ing <I ,E > I begin() , I end()

E subterm(I)
term_nest ing 2<I1 ,I 2,E > I1 begin1() , I1 end1()

I2 begin2() , I2 end2()
E subterm(I1 , I2)^�^+^

term_map< K,E > K map(E::ind ex _t ype )
E subterm()

term_aggr egati on2<E1, E2> E1 subterm1( )
E2 subterm2( )^�^+^

term_pers pec ti ve 2<E1, E2> E1 subterm1( )
E2 subterm2( )^�^+^

(a) Interfacesfor Views

Abstractclass Methods
unordere d_i te ra tor <K> K operator *()

(noordering) void operator ++()
increasin g_i te ra to r<K >, K operator *()
decreasi ng_i ter at or <K> void operator ++() , or

(one-wayordering) void operator --()
inheritsfrom _

ordered _it er at or< K>
(bi-directionalordering)

inheritsfrom _
offset_i te rat or <K> int operator -(iterat or)

(orderedwith distance) void operator +=(int)
void operator -=(int)

inheritsfrom _
interval_ it era to r< K>

(rangeof keys)
(b) Interfacesfor Iterators

Figure12: Interfacesfor IronmanAPI

An index of the form
$`%9'�)�,�2 \D\9\

is specifiedby inheritance
from the term_nes tin g abstractclassand specifyingthat its
iteratorenumeratesindicesof typepair<int,i nt >. This is il-
lustratedby the implementationof Co-ordinatestorageshown in
Figure14.
An index like $R% � )Q,�2 \D\9\

hastwo independentiterators.
To specifythesesortsof views, term_nes tin g2 , etc.,abstract
classesareprovidedwhichallow theimplementationof eachinde-
pendentiteratorto be specified.Figure15 shows an implementa-
tion of densematricesthatusestheterm_nes ti ng2 interface.
By a verysimpleanalysisof theseclasses,thesparsecompilercan
infer thefollowing relationships,

Coo: // <r,c> -> v
term_nest in g< unordered _i te ra tor < pair<int, int > >,

ELT >

Csr: // r -> c -> v
term_nest in g< interval_ it er at or< in t> ,

term_nest in g< offset_i ter at or <in t> ,
ELT > >

Dense: // <r x c> -> v
term_nest in g2< interval _i te ra tor <i nt >,

interval _i te ra tor <i nt >,
ELT >

whichclearlyindicatethenestedstructureof theseformats,andthe
propertiesof theiteratorsthatareusedat eachlevel.
Interfacesfor expressingperspective,aggregationandmaparealso
available.

5.2 Interfaces for Iterators, Revisited
Theabstractclassesfor theiteratorsaredescribedin Figure12(b).
Unlike the iteratorsin Section3, iteratorsin the IronmanAPI are
usedfor enumeratingindicesonly. Thatis, they donot provide the
methodsfor accessingthesubstructures.Instead,thesubstructures
areobtainedvia thesubterm methodin eachterm_nes ti ng

template <c las s ELT>
class Csr

: public term_nest in g< interval_ it er ato r< in t>,
CsrRow<ELT> > {

// ...
};

template <c las s ELT>
class CsrRow

: public term_nest in g< CsrRowIte ra to r<E LT>,
ELT > {

/// ...
};

template <c las s ELT>
class CsrRowIte ra tor :

public offset_it er at or< in t> {
// ...

};

Figure13: CSR:IronmanAPI

template <c las s ELT> class CooIter ato r;

template <c las s ELT>
class Coo

: public CooRandom<ELT>,
public term_nest in g< CooIterat or <ELT>,

ELT > {
// ...

};

template <c las s ELT>
class CooIterat or :

public unordered _i te rat or < pair<int, int > > {
// ...

};

Figure14: COO:IronmanAPI

class.Thisisdone,becausewhenevertwo independentiteratorsap-
pearin alevel of theindex nesting,(e.g.,in thedensematrixstorage
format), thematrix elementsareassociatedwith two indicesfrom
two differentiterators.Sincein thiscase,thevalueis notassociated
with a singleiterator, it cannotbe accessedvia a methodin either
iterator. Thus,themethodfor accessingthevalueis placedin the
term_nest in g classes.
We alsorefinethe iteratorsdiscussedin Section3 to accountfor
moreorderingproperties.In additionto unordered,increasing,and
decreasingiterators,we provide the offset_it era to r inter-
facefor iteratorswhosepositionscanberandomlyaccessed,simi-
lar to therandom_ac ces s_ ite ra to r ’s foundin theSTL.The
interval_ it era to r isarefinementof offset_ite ra to r ,
which is usedto representall of theintegerindicesbetweenafixed
lower andupperbound.

6. RESTRUCTURING COMPILER TECH-
NOLOGY AND PERFORMANCE

We now give a sketchof the restructuringcompiler technology
that convertsprogramswritten usingthe StrawmanAPI into effi-
cientprogramsthat usethe IronmanAPI. Intuitively, this restruc-
turing mustconvert a high-level programinto a data-centricpro-
gram which (i) usesenumerationsalong the preferreddirections
of thesparseformatand(ii) exploits indices,whenpossible.Our
view of sparsematrix formatsasindexed-sequentialaccessstruc-
turesleadsnaturally to a restructuringtechnologybasedon rela-
tional algebra [18]. For lackof space,wedonotgive thedetailsof
thecompilertechnology, whichcanfoundin anassociatedtechni-
cal report[1]. Earlierversionsof thiscompilertechnologyarealso
describedin otherpublications[10; 17; 9]. The highlightsof our
approachareasfollows.� Sparsematricesaremodeledasrelationsin which thearray



// Dense matrix storage
template <c la ss ELT>
class� Dense

: public term_nest in g2< interva l_i te ra tor <i nt >,
interva l_i te ra tor <i nt >,
ELT > {

// ...
};

Figure15: Dense:IronmanAPI

#pragma instantia te with Bernoull i
template <class T, class ELT>
void mvm(T A, ELT x[], ELT y[])
{

for (int i=0; i<A.rows (); i++) {
y[i] = 0;
for (int j=0; j<A.colum ns () ; j++)

y[i] += A[i][j] * x[j];
}

}

// Will be instanti ate d with the Bernoulli compiler.
template void mvm(Csr<double> A, double x[],

double y[]);

Figure16: GenericMVM with Instantiation

indicesandvaluearethefieldsof therelation,andeachnon-
zeroentryof the matrix hasan associatedtuple in the rela-
tion.

� Theloopsof thecomputationaremodeledasexpressionsin
arelationalgebra[18].

� Efficientevaluationstrategiesfor theserelationalalgebraex-
pressionsarefoundusingrelationalqueryoptimization.

� Theindexing structureof a sparsematrix format is exposed
to the queryoptimizerthroughthe type structurediscussed
in Section5.

We are building our systemas a source-to-sourcetransformation
tool. Theuserrunshisprogramthoughour sparsecompilerwhich
instantiatessomeof the the templatedefinitions. The program-
mer usespragmas,asshown in Figure16, to indicatewhich tem-
platedefinitionsareto be instantiatedby the sparsecompiler; the
restareleft untouched.Thesparsecompilerwill generatea trans-
formedC++ programto be run throughtheunderlyingC++ com-
piler, whichwill performtheremaininginstantiationandusualop-
timizationslike inlining.

6.1 Restructuring Technology
We sketchour compiler technologyusingthe simpleexampleof
matrix-vectorproductin which

�
is storedin CRS,and a and b

arestoredassparsevectors.
Query Formulation Thefirst taskof thecompileris to translate
the input genericprograminto a suitableintermediaterepresenta-
tion. The intermediaterepresentationof a loop describestheitera-
tions in which thereis work to do, but doesnot takea positionon
theorderin whichtheseiterationsshouldbedone.

for ced#f�g�f�h�i�j�kmlon(p qPpsr+t0uwvIuyxUfyzPf�dP{
|H}�u z~f�g�{
|���uwx�f�h#{�{��h = h��Hd0�Xg�
This intermediateprogramsaysthat the relations“

�
”, “ a ” and

“ b ” areto be joined3 on their commonfields( S between
�

and b ,V between
�

and b ), andtheresultingtuplesareto have all fields�
To beprecise,this is thenatural join in databaseterminology.

exceptthe valuefields, � , � , and � , projectedaway. This compu-
tationproducesanotherrelation,andthebodyof the loop is to be
executedfor eachtuple in that relationwith appropriatebindings
for � , � and � .
Join Scheduling Thenext taskis to determinetheorderin which
the joins must be performed. The � operatoris associative and
commutative, so thereare several possibilities. In our example,
therearetwo basic,non-trivial strategies:��� ���Da � �K��b��� � � b � � � a
Therelative efficiency of thetwo strategiesdependson theformats
usedto storethesparsedatastructures.If thecompilerwereto se-
lect thefirst strategy, thenthejoin between

�
and a on the V field

wouldbeperformedfirst, andthenthejoin betweentheintermedi-
ateresultand b on S . However, in ourexample,theCRSformatin
which

�
is storedallowsefficientaccessto the S index beforethe V

index. Therefore,ourcompilerwill pick thesecondstrategy, which
performsthejoin on S first.
Theorderin which a format’s indicescanbeaccessedis obtained
directly from theformat’s index structure.

Join Implementation Oncethe order in which the joins areto
be evaluatedis determined,implementationstrategiesmustbe se-
lectedfor eachjoin. Thechoiceof strategy dependson whatindex
structuresareavailablefor searchingthejoin field, andwhatprop-
ertieshold for the enumeratingthe join field. Our compilercan
obtainthis informationdirectly from the term of the index struc-
turein which thejoin index appears.
In our example,thechoiceof join implementationsdependsupon
the detailsof the formatsusedto store

�
, a , and b . If, for in-

stance,theelementsof a andeachrow of
�

arestoredin sorted
order, thenamerge-join[18] betweena andeachrow of

�
is pos-

sible.Otherwise,theelementsof a couldbescatteredinto adense
vectorthat,for thecostof

�������
storage,wouldprovidea constant

time index for ahash-join[18] with
�

.

Method Instantiation The final stepof the queryoptimization
processis to replacemethodinvocationswithin thequeryevalua-
tion plan with codeprovided by the storageformat to implement
the access.The resultof this step,which is essentiallyprocedure
inlining, is anexecutableprogramfor evaluatingthequery.

6.2 Discussion
While therearemany similaritiesbetweenour restructuringtech-
niquesanddatabasequeryoptimization,therearealsomany pro-
founddifferences.Someof thesedifferencesarethefollowing:

� In databases,multiple, separatebut simpleindicesareusu-
ally providedfor accessingarelation.In contrast,sparsema-
trix formatsusuallyprovideasingle,multi-level index struc-
ture.

� Complicatedarrayreferences,suchas
��� � V @��9� '��mS��T�m� ,

canappearin matrix programs,andthesegive rise to joins
with generalaffineconstraints[10].

� In databasesystems,the dominantcost is usuallydisk I/O.
In a sparsematrixcomputation,thedominantcostis usually
cacheandmemoryaccess,so the performancemodelsare
very different.
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Figure17: PerformanceMeasurements

6.3 Experimental Results
Our implementationof theBernoulli SparseCompileris ongoing,
but we have enoughof it implementedto producethe following
results.
First, we comparedcodeproducedby theBernoulli compilerwith
the NIST SparseBLAS C implementationsof two algorithms—
matrix-vectormultiplicationandunit-diagonaltriangularsolve,for
fivesparsematrixformats:Co-ordinate(COO),CompressedSparse
Column(CSC),CompressedSparseRow (CSR),BlockSparseRow
(BSR), andVariable-sizeBlock sparseRow (VBR). We usedthe
matrix can 1072 from theHarwell-Boeingcollection[11] asin-
put. It arisesin finite-elementstructuresproblemsin aircraftdesign
andhas1072rowsandcolumnsand12444nonzeroentries.For the
block formatswe usedthesparsitypatternof thesamematrix but
expandedeachentryinto a �P� � �(� block.
We alsousedthe Bernoulli SparseCompilerto generatecodefor
theentireConjugateGradient(CG)iterativesolver. SincetheNIST
C SparseBLAS doesnot provide this routine,we alsohand-wrote
versionsof CG for eachof the storageformats,which calledthe
appropriateNIST C SparseBLAS routinesto performthe kernel
computations.Thepoint thatwe wish to makehereis thatour ap-
proachscalesfrom simpleloopnests,like MVM andTS, to larger
computationslike CG.
Werantheexperimentsontwo platforms—aPentiumII andawide
nodeof the IBM SP-2at Cornell TheoryCenter. The PentiumII
runs at 300 MHz and has512 KB of L2 cacheand 256 MB of
RAM. The operatingsystemis RedHatLinux 5.2. We compiled
thecodewith egcs version1.1.1with -O4 -malign-do uble
-mpentium pr o compilerflags.Thewide nodeof theSP2hasa
POWER2SuperChip processorrunningat 135MHz clock speed,

128KB datacache,256bit memorybus,and1 GB of memory. We
usedthexlc compilerversion3.1.4.7with -O3 -qarch=pwr 2
-qmaxmem=-1 flagson AIX 4.2.

Figure 17 presentsthe performanceof the handwrittenNIST C
code(dark bars)andthe codegeneratedby the Bernoulli Sparse
Compiler(shadedbars).Theseresultsdemonstratethatthegeneric
programmingapproachcansuccessfullycompetewith handwritten
librarycode.Indeed,Bernoulli-generatedcodeperformanceranges
between96%and113%of NIST’s on thePentiumII andbetween
85%and121%ontheIBM SP-2.Moreover, examiningtheC code
revealsthattheBernoullicompilerin mostcasesproducescodethat
is structurallyidentical to the handwrittenone. Thereareminor
syntacticdifferences—forexample, the handwrittencodewould
usefor (i=0;i!= m;i ++) *pc++ = 0; while thecompiler
generatedfor (i=0;i<= m-1;i ++) c[i]=0; . Thesediffer-
encesresultin thehandwrittencodeperformingslightly betterthan
thecompiler-generatedonewhencompiledwith egcs andslightly
worsewhencompiledwith xlc .

Weobservedonly threestructuraldifferencesin thecodegenerated
by thecompiler. Thehandwrittenimplementationof CSCmatrix-
vectormultiplicationdoesnothoista loopinvariant.Thatomission
is penalizedby egcs andrewardedby xlc . TheNIST implemen-
tationof triangularsolve for CSRrestructuresthecodein orderto
avoid initializing the outputvectorwhich gives it a small advan-
tageon bothplatforms.Thehandwrittenmatrix-vectormultiplica-
tion for theblock formatscontainsa questionableguardthat tries
to avoid computationfor zeroentriesin the vector. The absence
of this guardimprovestheperformanceof thecompiler-generated
codeby upto 21%.



7. RELATED WORK AND CONCLUSIONS
Generic� Programming Our work is in thespirit of genericpro-
grammingwhich is “the ideaof abstractingfrom concrete,efficient
algorithmsto obtaingenericalgorithmsthatcanbecombinedwith
differentdatarepresentationsto producea wide variety of useful
software”[12]. An importantdifferencefrom existinggenericpro-
grammingsystemsis that in our system,the API usedin writing
genericalgorithmsis differentfromtheAPI thatis supportedby the
implementorsof compressedformats. Supportingdual API’s ef-
fectivelyrequiresadvancedrestructuringcompilertechnologyand
canbeviewedasa sophisticatedformof templateinstantiation.In
the terminologyof aspect-orientedprogramming[7], index struc-
turesin compressedformatsareaspectsthat cross-cutthe get/set
abstractionsof thebasicAPI. However, theexistingeffort onusing
aspect-orientedprogrammingfor sparsematrix computations[14]
doesnotprovideanAPI for supportinguser-defineddatastructures.

Restructuring Compilers Bik andWijshoff werethefirst toapply
restructuringcompilertechnologyto synthesizesparsematrix pro-
gramsfromdensematrixprograms[3]. Theircompilerrestructured
inputcodestomatchaCompressedHyperplaneStorage(CHS)for-
mat(CSRandCSCarespecialcasesof this format)wheneverpos-
sible. The main limitation is that the compilerhasa small setof
simple formatsbuilt into it, so it cannotbe extendedto new for-
mats.

SparseMatrix Libraries POOMA[13] andBlitz++ [20] aretwo
recentpackagesfor matrix computationswhoseAPI is essentially
theStrawmanAPI describedearlier. A rich setof C++ templatesis
provided, usingwhich a programmercanassemblematrix imple-
mentations.Someoptimizationscanbeperformedby thecompiler
by relying on TemplateExpressions[19], but the rangeof such
optimizationsis limited. In particular, programmersmustprovide
their own implementationsof operationslike MVM or triangular
solve.
TheMTL [16] is anotherC++ matrix library in whichmatricesare
viewed ascontainersof containers.This ideais analogousto in-
dexed sequentialaccess,but not as rich asthe structuresthat we
discussin thispaper. Also, MTL doesnothavehigh-andlow-level
API’s,aswedo.

Ongoing Work We arecurrentlyinvestigatingthe applicability
of the techniquesdescribedin this paperto direct methodslike
Cholesky factorization. Codesfor sparsedirect methodsusually
exploit a lot of domain-specifictricks to obtainefficiency [4], and
it is unclearhow many of thesecanbeincorporatedinto a restruc-
turingcompiler. Onesolutionmight beto lower thesemanticlevel
of theinputcode,but theseissuesremainto beinvestigated.
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APPENDIX

A. AN EXAMPLE: JAGGED DIAGONAL

A.1 Overview
In thisappendix,wepresentanextendedexamplein orderto illus-
tratetheuseof theinterfacesthatwerepresentedin thispaper.
The sparsematrix format that we will usefor our exampleis the
JaggedDiagonal(JAD) format. An instanceof a JAD matrix may
beconstructedasfollows. First, therows of thematrix, asin Fig-
ure 18(a),are“compressed”so thatzeroelementsareeliminated.
This requiresintroducinganauxiliary array, colind , to maintain
theoriginal columnindices.This is shown in Figure18(b). Next,
the rows of the compressedmatrix are sortedby the numberof
non-zeroswithin eachrow in decreasingorder. This requiresin-
troducinga permutationvector, iperm , asshown in Figure18(c).
Finally, the columnsof the compressedandsortedmatrix, which
arecalledthe“diagonals”,arestoredcontiguouslyin two vectors,
colind andvalues . Thevectordptr is usedto recordthefirst
index of theentriesof eachdiagonalwithin colind andvalues .
Thefinal storageis shown in Figure18(d).
Thenon-zeroentriesof amatrix in JAD formatcanbeenumerated
quickly andefficiently by enumeratingthevaluesof colind and
values . In addition,if theprogramcanbe restructuredto work
with thepermutedrow indicesinsteadof therow indices,theneffi-
cientrow-orientedaccesscanbeprovideaswell. This is necessary
for suchcomputationsastriangularsolve,whichplacecertaincon-
straintson theorderin whichelementsmaybeenumerated.

A.2 Strawman API for JAD
ThestructureJadStorag e is usedto hold all of thecomponents
of the JAD storagewithin a singleobject. For eachmatrix in the
JAD formattherewill beasingleinstanceof thisclasswhichmain-
tainsthestoragefor thatmatrix. All otherclassesin theJAD im-
plementationkeepa referenceto this instance.

/////////////////////////////////////////////////////////// /
// JadStorage //
/////////////////////////////////////////////////////////// /
template<class BASE>
struct JadStorage {
public:

vector<int> *iperm;
vector<int> *dptr;
vector<int> *colind;
vector<BASE> *values;
const int n;
const int nd;
const int nz;
JadStorage(vector<int> *_iperm, vector<int> *_dptr,

vector<int> *_colind,
vector<BASE> *_values)

: iperm(_iperm), dptr(_dptr), colind(_colind),
values(_values), n(iperm->size()),
nd(dptr->size()-1), nz(colind->size()) {

}
};

The JadRandom classinherits from the matrix abstractclass
andimplementstherandomaccessinterfacefor thematrix by im-
plementingtheget andset abstractmethods.Themethodref
within this classis responsiblefor finding a particular

� %('�) � entry
within the matrix. It doesthis by first finding the corresponding
row within thepermutedindex space,andthenperforminga linear
searchwithin therow for thegivencolumnindex. A binarysearch
could be used,if it wereassumedthat entrieswithin a row were
alwayssortedby columnindex.

/////////////////////////////////////////////////////////// /
// JadRandom //
/////////////////////////////////////////////////////////// /
template <class BASE>
class JadRandom : public matrix<BASE> {
protected:

JadStorage<BASE> *A;
public:

JadRandom(int m, int n, JadStorage<BASE> *A)
: matrix<BASE>(m,n), A(A) { }

virtual ˜JadRandom() { }

BASE *ref (int r, int c) {
int rr = -1;
for (rr=0; rr<A->n; rr++)

if ((*A->iperm)[rr] == r) break;
assert(rr != A->n);
for (int d=0; d<A->nd; d++) {

int jj_lo = (*A->dptr)[d];
int jj_hi = (*A->dptr)[d+1];
int jj = jj_lo + rr;
if (jj >= jj_hi) break;
if ((*A->colind)[jj] == c)

return &(*A->values)[jj];
}
return 0;

}
virtual BASE get(int r, int c) {

BASE *p = ref(r,c);
if (p) { return *p; }
else { return 0; }

}
virtual void set(int r, int c, BASE v) {

BASE *p = ref(r,c);
assert(p);
*p = v;

}
};

A.3 Ir onman API for JAD
Usingthegrammarpresentedin Section4, thefollowing view can
beusedto describetheindexing structureof theJAD format.

mapL iperm
� %P%�� N2R% 1 ��� $T%P%9'�)�,�2:* � Z � %P%;2<)�2:* ��� O

Thefollowing classesimplementthedifferentpiecesof theview.� Jad : mapL iperm
� %P%D� N2:% 1 89898

O
� JadPers : 89898 Z 89898� JadFlat : $�%P%9'�)�,�2:*� JadHier : %~%�2589898� JadRow: )�2:*

Wepresenttheclasses“inside-out”.
The classesJadFlat andJadFlatI ter at or implementthe
view of theJAD formatthatis appropriatefor fastenumeration.As
its view suggests,this implementationis very similar to theimple-
mentationof co-ordinatestoragepresentedearlierin thepaper. The
differenceis that,with theJAD format,therow index is not stored
with eachentry, andmustbecomputedon thefly. This is donein
methodJadFlatI te rat or :: opera tor * .

///////////////////////////////////////////////////////// ///
// JadFlat //
///////////////////////////////////////////////////////// ///
template<class BASE> class JadFlatIterator;
template<class BASE>
class JadFlat

: public term_nesting< JadFlatIterator<BASE>,
term_scalar<BASE> >

{
protected:

JadStorage<BASE> *A;
public:

JadFlat(JadStorage<BASE> *A) : A(A) { }
virtual iterator_type begin()

{ return JadFlatIterator<BASE>(A,0); }
virtual iterator_type end()

{ return JadFlatIterator<BASE>(A,A->nz); }
virtual subterm_type subterm(iterator_type it) {

return (*A->values)[it.jj]; }
};

///////////////////////////////////////////////////////// ///
// JadFlatIterator //
///////////////////////////////////////////////////////// ///
template<class BASE>
class JadFlatIterator :

public increasing_iterator<pair<int,int> > {
friend class JadFlat<BASE>;

protected:
JadStorage<BASE> *A; int jj; int d;
void frob_d() { if (jj == (*A->dptr)[d+1]) d++; }

public:
JadFlatIterator(JadStorage<BASE> *A, int jj)

: A(A), jj(jj), d(0) { }
virtual void operator ++(int) { jj++; frob_d(); }
virtual key_type operator *() {

return make_pair(jj-(*A->dptr)[d],(*A->colind)[jj]);
}
virtual bool equal(

const proto_iterator<pair<int,int> > &y) const
{ return jj ==

dynamic_cast<const JadFlatIterator &>(y).jj; }
};

TheJadHier , JadRow andJadRowIte rat or classesprovide
row-orientedaccessto theJAD format. TheJadHier classpro-
videsaccessto therowswithin thepermutedrow index space.The
JadRow and JadRowIte ra tor classesprovide accessto the
non-zeroelementswithin eachrow accessedvia JadHier .
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Figure18: Building JAD Storage

/////////////////////////////////////////////////////////// /
// JadHier //
/////////////////////////////////////////////////////////// /
template<class BASE> class JadRow;
template<class BASE> class JadRowIterator;
template<class BASE>
class JadHier

: public term_nesting< interval_iterator<int>,
JadRow<BASE> >

{
protected:

JadStorage<BASE> *A;
public:

JadHier(JadStorage<BASE> *A) : A(A) { }
virtual iterator_type begin()

{ return interval_iterator<int>(0); }
virtual iterator_type end()

{ return interval_iterator<int>(A->n); }
virtual subterm_type subterm(iterator_type it) {

return JadRow<BASE>(A,*it); }
};

/////////////////////////////////////////////////////////// /
// JadRow //
/////////////////////////////////////////////////////////// /
template<class BASE>
class JadRow

: public term_nesting< JadRowIterator<BASE>,
term_scalar<BASE> >

{
protected:

JadStorage<BASE> *A; int r; int dmax;
public:

JadRow(JadStorage<BASE> *A, int r) : A(A), r(r) {
for (dmax = 0;

dmax < A->nd-1 &&
r < (*A->dptr)[dmax+1]-(*A->dptr)[dmax];

dmax++)
;

}
virtual iterator_type begin() {

return JadRowIterator<BASE>(A,r,0); }
virtual iterator_type end() {

return JadRowIterator<BASE>(A,r,dmax); }
virtual subterm_type subterm(iterator_type it) {

return (*A->values)[(*A->dptr)[it.d]+r]; }
};

/////////////////////////////////////////////////////////// /
// JadRowIterator //
/////////////////////////////////////////////////////////// /
template<class BASE>
class JadRowIterator :

public increasing_iterator<int> {
friend class JadRow<BASE>;

protected:
JadStorage<BASE> *A; int r; int d;

public:
JadRowIterator(JadStorage<BASE> *A, int r, int d)

: A(A), r(r), d(d) { }
virtual void operator ++(int) { d++; }
virtual key_type operator*() {

return (*A->colind)[(*A->dptr)[d]+r]; }
virtual bool equal(const proto_iterator<int> &y) const

{ return
r == dynamic_cast<const JadRowIterator &>(y).r
&& d == dynamic_cast<const

JadRowIterator &>(y).d; }
};

The classJadPers simply wrapsthe JadFlat andJadHier
classestogetherwith

Z
, theperspectiveoperator.

/////////////////////////////////////////////////////////// /
// JadPers //
/////////////////////////////////////////////////////////// /
template<class BASE>
class JadPers

: public term_perspective2< JadFlat<BASE>,
JadHier<BASE> >

{
protected:

JadStorage<BASE> *A;
public:

JadPers(JadStorage<BASE> *A) : A(A) { }
virtual subterm1_type subterm1() {

return JadFlat<BASE>(A); }
virtual subterm2_type subterm2() {

return JadHier<BASE>(A); }
};

Thetop-mostlevel of theJAD’s view is themapoperatorthatde-
scribesthepermutation.Theinterfaceclassterm_perm 2 refines

thegeneralterm_map class.It takestwo templateparameters,Pr
andPc, which arethe permutationsusedon the row andcolumn
indices,respectively.

///////////////////////////////////////////////////////// ///
// term_perm2 //
///////////////////////////////////////////////////////// ///
template<class Pr, class Pc, class E>
class term_perm2

: public term_map< pair<int,int>, E >
{
public:

Pr pr; Pc pc;
term_perm2() { }
term_perm2(const Pr &pr, const Pc &pc)

: pr(pr), pc(pc) { }
virtual pair<int,int> map(pair<int,int> x) {

return make_pair(pr.apply(x.first),
pc.apply(x.second));

}
virtual pair<int,int> unmap(pair<int,int> x) {

return make_pair(pr.unapply(x.first),
pc.unapply(x.second));

}
};

Theclassesterm_perm_ id ent (representingidentitypermuta-
tion) andterm_per m_vec to r (permutationvector)areusedas
thePr andPc argumentsto term_per m2.

///////////////////////////////////////////////////////// ///
// term_perm_ident //
///////////////////////////////////////////////////////// ///
class term_perm_ident {
public:

term_perm_ident() { }
int apply(int x) { return x; }
int unapply(int x) { return x; }

};

///////////////////////////////////////////////////////// ///
// term_perm_vector //
///////////////////////////////////////////////////////// ///
class term_perm_vector {
public:

vector<int> *perm;
term_perm_vector() : perm(0) { }
term_perm_vector(vector<int> *perm) : perm(perm) { }
int apply(int ii) { return (*perm)[ii]; }
int unapply(int ii) {

for (int i=0; i<(*perm).size(); i++)
if ((*perm)[i] == ii) return i;

assert(false);
}

};

Thetop classof theJAD format is Jad , andit providestheimple-
mentationof the row permutation.This is indicatedby inheriting
from theterm_per m2 interfaceclass,instantiatedfor therow in-
dex with term_perm_ vec to r , andwith term_perm _i dent
for the columnindex. The vector iperm is usedto initialize the
instanceof term_per m_vec to r .

///////////////////////////////////////////////////////// ///
// Jad //
///////////////////////////////////////////////////////// ///
template<class BASE>
class Jad

: public JadRandom<BASE>,
public term_perm2< term_perm_vector, term_perm_ident,

JadPers<BASE> >
{
public:

Jad(int m,int n, JadStorage<BASE> *A)
: JadRandom<BASE>(m,n,A),

term_perm2< term_perm_vector, term_perm_ident,
JadPers<BASE> >(

term_perm_vector(A->iperm),
term_perm_ident()) {}

virtual subterm_type subterm() {
return JadPers<BASE>(A); }

};


