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ABSTRACT

The contrikutionsof this paperarethefollowing.

1. Weintroduceanew varietyof generigprogrammingn which
algorithmimplementorsisea differentAP| thandatastruc-
ture designersthe gapbetweerthe API's beingbridgedby
restructuringcompilers. Oneview of this approachs that
it exploits restructuringcompiler technologyto performa
novel kind of templateinstantiation.

2. We demonstrat¢he usefulnes®f this new genericprogram-
ming technologyby deployingit in a systemthatgenerates
efficient sparsecodesfrom high-level algorithmsandspeci-
ficationsof sparsematrix formats.

3. We amue that sparsematrix formats shouldbe viewed as
indexed-sequentiahccessdata structures(in the database
sense)and shov that appropriateabstraction®f the index
structureof commorformatscanbecorveyedto arestructur
ing compilerthroughthe type systemof a modernlanguage
thatsupportdnheritanceandtemplates.

1. INTRODUCTION

Genericprogrammingis a methodologyfor simplifying the devel-

opmentof librariesin which a setof algorithmshave to be im-

plementedfor mary datastructures. Code explosionis avoided
by mandatinga commonAPI which is (i) supportedby all data
structuresand (i) usedto expressalgorithmsin a generic data-
structure-neutrdbshion.For example the C++ Standardiemplate
Library (STL) [2] usesthe API of one-dimensionasequenceas
the interfacebetweendatastructuredike arraysandlists, andal-

gorithmslike searchingandsorting. The type system=f modern
languagegpermit the datastructureimplementationsand generic
programgo betype-checkedindcompiledseparatelya concrete
implementationis producedby linking a genericprogramwith a
particulardatastructuremplementation.

Thereis however a tensionin the designof genericprogramming
API'sthatbecomesvidentin problemdomainssuchassparsena-
trix computationsFor densematrices highly efficientimplemen-
tationsof the Basic Linear Algebra SubroutinegBLAS) [6] are
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usually provided by hardwarevendors. For sparsematrices,the
problemof developing BLAS librariesis complicatedby the fact
thatsomeforty or fifty compessdformatsareusedto avoid stor
ing zeros. Many attemptsat writing sparseBLAS libraries have
beenconfoundedy the codeexplosionproblem[15; 5]. Although
it appearshatgenericprogrammings thesolutionto this problem,
it is not clearthatan appropriateAP| canbe designedor sparse
matrix libraries. As we explain in this paper a high-level API that
allows the programmeito expressgenericmatrix algorithmsin a
naturalarray notationhidesdetailsof sparsematrix formatsfrom
the compiler so performancemay suffer. On the other hand,a
low-level API thatexposedhedetailsof compressetbrmatsis not
suitablefor writing genericprograms. This problemis likely to
occurin otherproblemdomainsin which datastructureproperties
mustbe exploitedfor high performance.

In this paperwe discusoneway to solve this problem.

1. We usedual API's: ahigh-level API for expressinggeneric
algorithms,anda low-level API for exposingdetailsof data
structureghatmustbe exploitedto obtainhigh performance.

2. We userestructuringcompilertechnologyto transformab-
stractprogramswritten in termsof the high-level API into
efficient programsawhich usethelow-level API.

We describethis approactin the contet of sparsenatrix compu-
tationsasfollows. In Section2, we presensomeimportantsparse
algorithmsand compressedormats,proposea simple API called
the StawmanAPI, andsketcha genericprogrammingsystemde-
signedaroundthis API. Intuitively, this API views spars€ormats
asrandomaccesgslatastructureswhichis inappropriatdor sparse
formatsandthereforeleadsto very inefficient code,but it permits
usto introducekey ideassimply.

We motivatetheseparatiomf algorithmAPI anddatastructureAPl
by taking progressiely more nuancedviews of compressedor-
mats. The desirefor greaterefficiency motivatesthe Woodenman
API in Section3. This API views sparsdormatsassequentiabc-
cesgdatastructureg18]. We makethe casefor agenericprogram-
ming systemn which generigprogrammersodefor the Stravman
API, but invoke a restructuringcompilerwhich views sparsefor-
matsthroughthe Woodenmar\PI| andrestructurethegenerigpro-
graminto efficient code. This approachmproves codeefficiency
over the useof the Stravman Interfacealone, but for somepro-
gramstheefficiengy is still poorcomparedo library code.

In Sections4 and 5, we presenthefinal API, calledthelronman
API, that views sparseformatsasindexed-sequentiahccesdata
structureq18]. Section4 describegheindicesof interestin com-
pressedormats,while Section5 describeghe detailsof the Iron-
man APl andgives animplementatiorof a genericprogramming
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Figure2: Compressefformats

systemthat supportsthis API. We shaw that appropriateabstrac-
tions of theindexing structureof commonlyusedformatscanbe
provided to sucha systemthroughthe type systemof a language
like C++. Section6 describesour restructuringcompilertechnol-
ogy andpresentgxperimentalkesultsthat shov thatour approach
cangeneratecodecompetitve with handwrittencodein the NIST
SparseBLAS library [5]. Finally, Section7 discusseselatedand
ongoingwork.

2. A SIMPLE GENERIC PROGRAMMING

SYSTEM: THE STRAWMAN API
Thefollowing algorithmsconstitutethe SparseBLAS.

« Matrix-\VectorMultiplication (MVM):
y = A*x: Thematrix A is sparseandvectorsy andx are
dense.

¢ Solutionof Triangular System§TS)
Lx = b: someproblemsinvolve solving multiple systems
with thesamel but differentb’s.

o Matrix-Matrix Multiplication (MMM):
C = A*B: Ais sparsewhile C and B aredense. This is
a generalizatiorof matrix-vector productin which a sparse
matrix A is multiplied by a setof densevectorsrepresented
by the columnvectorsof matrix B.

Figurel showvs pseudo-codéor thesealgorithms.
As mentioneckarlier thereareatleastforty or fifty commonlyused

template <clas s ELT>
class StrawmanMat rix  {
int  m; //number of rows
int n; //number of columns
public:

StrawmanMat ri x(i nt r,int c) {m=r;n=c ;}

int  rows() {return m;}
int  columns() {return n;}
virtual ELT get(int r, int c¢) = 0;

virtual void set(int r, int ¢, ELT v) = 0;

/I Implementatio n of ‘Alr][c] notation
class RowRef operator]] (i nt r)

{ return RowRef(A;r ) }

Figure3: TheStravmanAPI: get/set

compressefbrmats;the NIST SparseBLAS effort [5] supportsl3
of them.Figure2 shavs a sparsematrix andthreecommonlyused
compressedormats. The simplestformatis Co-orinate storage
(COO0O)in which threearraysare usedto storenon-zeroelements
andtheirrow andcolumnpositions.Thenon-zerosnaybeordered
arbitrarily Co-ordinatestoragedoesnot permitindexed accesto
eitherrows or columnsof a matrix. Compesse SparseRowstor-
age(CSR)is acommonlyusedformatthat permitsindexed access
to rows but not columns.Array values is usedto storethe non-
zerosof thematrixrow by row, while anothemarraycolind  of the
samesizeis usedto storethe columnpositionsof theseentries. A
third arrayrowptr hasoneentryfor eachrow of the matrix, and
it storesthe positionin values of the first non-zeroelementof
eachrow of thematrix. Compesse SparseColumnstorage(CSC)
is thetranspos@f CSRin which thenon-zerosarestoredcolumn-
by-column,andit offersindexedaccesgo columns.
Somesparsematriceshave small denseblocks occurringin dif-
ferentpositionsinside the matrix. Figure2 shavs Block Sparse
Row (BSR) storagewhich canbe viewed asa CSRrepresentation
in which the non-zerosare small denseblocksratherthan single
non-zeroelements.

2.1 TheStrawmanAPI and GenericProgram-
ming System

TheStravmanAPI requireseachclassimplementingacompressed

formatto supporttwo methodscalledget andset .

¢ Theget methodtakesthe row andcolumnco-ordinatesf
anarrayelementasinput, andreturnsthe valueat that posi-
tion.

e Theset methodtakesavalueandrow/columnco-ordinates
asinput,andstoreghevalueinto thatpositionin thearray

In additionto thesemethodstheremustbe methodso returnthe
numberof rows andcolumnsin the matrix.

Figure3 shovs the StravmanAP| expressedn C++.. Noticethat
operatoroverloadingis usedto permit programmergo usearray
syntaxratherthaninvocationof theget/set  methods.

It is upto theformatdesigneto implementheget/set  methods
asefficiently as possible. Figure 4 shons oneimplementatiorof

co-ordinatestorage(the implementatiorof the set methoddoes
notallow fill to keepthe codesimple). To write agenericprogram
in this system the programmemvrites codeasthoughall matrices
weredenseput specifieavhich classesnustbeusedto implement
sparsematrices.For example,genericMVM is codedasshavn in

! C++ haslanguagefeatures(namely templatesand inheritance)
that allow us to expressour API's and programsconcisely It is

certainlypossibleto takethebasicideasin this paperandto realize
themin othermodernlanguagesike Javaor ML.



/lco-ord in at e storage

template <cla ss ELT>

sttuct  CooStora ge {
vector<i nt> *rowind;
vector<i nt> *colind,
vector<E LT> *values;
const int nz;

CooStora ge( vect or<in t> *_rowind ,
vector<in t> * colind
vector<EL T> * values )
rowind(_r owind), colind(_ colind),
values(_ val ues), nz(rowi nd->siz e() ) {

b

/IStrawm an view of storage
template <class ELT>
class CooRandom : public
protecte d:

CooStora ge<ELT> *A;
public:

CooRandom(int m, int n,

StrawmanMatr ix <ELT>(m,n ),

Strawman Méari  x<ELT> {

CooStor age<ELT> *A)
AA) {1}

virtual ELT get(int r, int c) {
for (int k=0; k < A->nz; k++)
if((*A->ro wind)k ] ==r &&
(*A->coli nd)lk 1] == ¢)
return  (*A->val ues) [K] ;
return  0.0;//zer o elements are not stored
}
virtual void  set(int r, int ¢, ELTv) {
for (int k=0; k < A->nz; k++)
if((*A->ro wind)k ] ==r &&
(*A->coli nd)lk 1] == ¢)
{ (*A->val wues)[ k] = v; return; }
assert(fa Is e); // fail if element not allocate d
}
b
Figure4: Co-ordinateStorage:StravmanAPI
template <class T, class ELT>
void mvm(T A, ELT x[], ELT y[])
{
for (int i=0; i<Arows (); i++) {
yil = 0;
for (int j=0; j<A.colum ns() ; j++)
ylil  += Al * x[il;
}
}
/IMVM for co-ordina te storage
template  void mvm(CooRindom<dubl e> A,

double x[], double y[);

Figure5: GenericPrograminstantiation

Figure5, andMVM for a particularcompressedormatis created
by templateinstantiation.

2.2 Discussion

The Stravman API is very convenientfor expressingalgorithms
in a data-structure-neutrédshion,but the efficiency of the codeis
poorfor two reasons.

1. Theget methods veryinefficientbecausenostcompressed
formatsdo not supportefficientrandomaccess.

2. Thecodeiteratevertheboundsof thefull matrixandthere-
fore performscomputationawvith both zerosand non-zeros,
but the computationsvith zerosareredundant.

As aconcreteexampleof thisinefficiency, we notethatco-ordinate
storageMVM codeproducedy this stratgy requiresO(n? «+ N Z)
time for an x n matrixwith N Z non-zeroswhile theimplemen-
tationin the NIST SparseBLAS library [5] describedn Section3
takesonly O(N Z) time. We addressheseefficiency problems
next.

for r =1, m

do
yim =0
od
for each <r,cv> in non-zeros (A)
do
yimT =yl + vx[c]
od
(2) MVM
for r =1, m
do
X[l = b[r]
od
for each <r,cv> in non-zeros (L)
do
if (r == c) then /ldiago nal element
X[l = Xrlv;
else if (r > c¢) then INower triangle
X[ =X - vl
else ; /lupper  triangle
od
(b) TS

Figure6: Data-centridc®seudocode

3. ADATA-CENTRIC API: THE WOODEN-
MAN INTERFACE

Oneapproacho avoiding randomaccesseandcomputationsvith
zerosis to recastalgorithmsin termsof enumeationsof non-zero
elements.Figure 6(a) shovs suchan algorithmfor doing MVM;
for eachnon-zeroelementA[r][c] of A, we computethe prod-
uct Alr][c]* x[c ] andaddtheresultto y[r] . We call such
algorithmsdata-centric[8] becauseheir overall control structure
is organizedaroundenumerationsf datastructureelements.
Eventhoughdata-centri@lgorithmslook lessnatural,it mightap-
pearthatwe could usethemasa basisfor a genericprogramming
systemby requiringall matrix classego supportenumeratiorof
non-zerosSuchaclasswouldpresenaisequentiahccesview[18]
of acompressetbrmat. However, data-centricalgorithmsmaynot
be correctif there are dependencebetweerloop iterations asin
triangularsolve. Figure6(b) shavs data-centripseudocodéor tri-
angularsolve. Fromtheoriginaldensematrix codein Figurel, we
seethatthis codeis correctonly if every diagonalelementis enu-
meratedi) afterall thenon-zeroswithin its row andto its left, and
(i) beforeall thenon-zeroswithin its columnandbelow it.

Whileit is reasonabléo requirethatevery sparsdormatclasspro-
vide away of enumeratingion-zerosit is notreasonabléo require
thattheseenumerationbein anordercorvenientfor whatevercode
isbeingexecuted.Thechallengeherefords to desigrasystenthat
permitsthe writing of genericprogramswhich canwork with ary
compressetbrmatandwhichachiere theefficiency of data-centric
algorithmswheneverpossible.

3.1 The Needfor Two API’s

We solvethis problemby providing two views of compiessel for-
mats—aandomaccesview to thewriter of generigprograms and
a sequentiahcceswview to thecompiler As in Section2, programs
areexpressedn adata-structure-neutrédshionby writing themas
densamatrix programs Sparsdormatsareimplementedy classes
that provide a way of enumeratinghe non-zeroof the matrix, in
additionto providing get/set  methodsOursystermusegestruc-
turing compilertechnologyto transformthe densematrix codeinto
data-centriccodeif thatis legal; otherwise,it usesthe get/set
methodgo generateodeasin Section2.

To enablethe compilerto generatefficient code the sparsdormat
classmustspecifythe following propertiesof the enumeratiorto
thecompiler




/IMatrix abstract io n for Woodenma API

template <class |, class E>
class WoodenmamMar ix {
public:
typedef | iterator_ ty pe;
typedef E value_typ e;
virtual I begin) = 0;
virtual I end) = 0;
b

/IBase class for all iterator classes
template <cla ss K, class V>
class Woodenmaiit er ato r {
public:
typedef K key_type ;
typedef V value_ty pe;

virtual K operator *() = 0;
virtual V value() = 0;
virtual void operator ++(int) = 0;

b

/IClass  for unordered iterator

template <cla ss K, class V>

class WoodenmatJnor der edlt erato r
public  Woodenmaiit er ato r< K, V>

{ %
/Idefini ti ons of Woodenmarecre asin glt er at or,
n Woodenmarnc re asin glt er at or etc.

Figure7: Woodenmarinterface

e Enumeation order: Intuitively, this is a descriptionof the
differencesn the row/columnco-ordinatevaluesof succes-
sive elementsn theenumeration.

¢ Enumeation bounds This describeghe row / column co-
ordinatevaluesthat can actually occurin the enumeration.
For example,somematriceshave non-zeroonly alongtheir
diagonalswhile otherhave non-zeroonly in their lower tri-
angularand diagonalparts. Conveying this informationto
thecompilermayenabldt to generatdettercode;for exam-
ple, in the data-centridriangularsolve pseudo-codshavn
above,someof thecomparisonsfr andc canbeeliminated
if thematrixis diagonalor if it doesnothave non-zerosn its
uppertriangle.

Thesepropertiescan obviously be expressedas systemsof linear
inequalities.

3.2 The WoodenmanAPI

Figure 7 shows the WoodenmanAPI. Enumerationis supported
throughthe useof iteratorsasin the STL. A classimplementing
theWoodenmaMatr ix interfaceis acontainetthatmustimple-
mentbegin andend methodghatreturniteratorsfor enumerat-
ing non-zeros.The Woodenmarit er ato r classis aninterface
that requiresmethodsfor dereferencinghe iteratorto returnthe
“current” row/column and value, and for advancingthe iterator
A methodfor checkingequality of iteratorsmustalso be imple-
mented,but we have not shavn this for simplicity. Enumeration
order and boundscan be incorporatednto the programthrough
the use of pragmashut we have chosento incorporateorder in-
formationinto the classhierarchyby specifyingdifferent classes
for enumerationthatareunordered/increasing/decstagetc. The
boundson the storedindicesare corveyedto the compilerusinga
pragma.

Figure 8 shavs animplementatiorof Co-ordinatestoragefor the
WoodenmarAPI. To clarify themeaningof theseclasseswe show
in Figure9 the codethatthe sparsecompilermight produceif the
genericMVM programwasinstantiatedor theCooStream class.
After methodinlining, this codehasthe samestructureasthecode
in the NIST library.

template <clas s ELT> class CooStre amlte ra tor ;

/I A class for matrices stored in the Co-ordina te
/I format, in which the entries lie within the lower
/I triangl e.
#pragma bounds { [i,j] | 0<=i &&i < n1 \
&& 0 <=j &&j < i1 }

template <clas s ELT>
class CooStream

public  CooRandonxELT>,

public  virtual WoodenmaMat rix <

CooStreaml te rator <ELT>, ELT >

.
public:
CooStream (i nt m, int n, CooStora ge<ELT> *A)
CooRandonkELT>(m,n, A) { }

virtual CooStrea mite rat or <ELT> begin()
{ return CooStreaml| te rato r<ELT>(A0); }
virtual CooStrea mlte rat or <ELT> end()

{ return CooStreaml| te rato r<ELT>( A/A->nz); }

b

template <clas s ELT>
class CooStream|It erator
public  WoodenmatJnor der edlt er ato r<
pair<int, int > ELT> {
friend class CooStream< ELT>;
protecte d:
CooStorag e<ELT> *A; int jj;
public:
CooStream It er ato r( CooSt or age<ELT> *A, int jj)
AA), i) {}
virtual void operator  ++(int) { jji++  }
virtual pair<int ,i nt> operato r *) {
return  make_pair (* A->rowind )[ jj ],
(*A->col ind )[ jj 1);

virtual ELT value() { return (*A->value s)[ j; }

Figure8: COO:WoodenmariPI

template <>
void mvm(CooSr eam<doubl e> &A, double x[], double y[])
{

for (nt i =0; i < Arows(); i++)
yil =0
for (CooStrea mlt er at or< double > it = A.begin();
it = A.end(); it++)  {
int r = (*it).fi rst ;
int ¢ = (*it).se cond;

double v = itvalue () ;
yim  += v * xcl;

Figure9: CompilergeneratecCodefor MVM

3.3 Discussion

Figure 10 shavs the performancenf our enumeration-basetbdes
for anumberof compresseétbrmats,comparedo the performance
of handwrittercodein theNIST library, onthe Pentiumll platform
describedin detailin Section6.3. For Co-ordinatestorage,our
enumeration-basetbdeis comparabldn performanceo library
code but for CSRandCSC,thelibrary codeis substantiallybetter
To understandhis, let us examinethe CSR codein more detail.
To enumerate¢he non-zeroof the matrix, our enumeration-based
codecontainsa singleloop of thefollowing form.

r = 1;
for jj =1to NZdo //INZ is the number of non-zero s
while  (j == rowptr[r +1]) //some rows may be empty
r++;
¢ = colind[jj] ;
v = values[jj] ;
yim =yl + vx[c]
od

In contrast,the library code containsa nestedloop in which the
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Figure10: NIST vs. WoodenmarAPI

outerloop enumeratesows andthe inner loop enumeratesion-
zeroswithin thatrow. The pseudo-codés shavn below.

for r =1 to mdo

for jj = rowptr|r] to rowptr] r+1] - 1 do
¢ = colind[jj]
v = values[jj]
yirmT =yl + vx[c]

od

od

Although thesedifferencesmay seemto be minor, thereis a fun-
damentabifferencein theviews of the CSRdatastructurein these
two codes.TheWoodenmar\P| views the CSRdatastructureasa
flat, sequentiahccesslatastructurewhile the library codeexploits
thefactthatthe rowptr arraypermitsusto isolatethe non-zeros
within arow efficiently. In fact, theview takenby thelibrary code
is that CSRis an indexed-sequetial accesdatastructure[18] in
whichtherowptr arrayis anindex (in the databassenseWhich
permitsefficient accesgo the non-zeroswithin a particularrow.
Thisleadsnaturallyto a nestedsiew of thedatastructure.
A compellingreasorfor viewing compressefbrmatsasindexed-
sequentiabccesglatastructureds thatexploiting indicesmakesa
differencein the asymptotictime compleity of the codefor some
problems.Considetthe productof two sparsematricesC = A*B
whereB is storedin CSR,andC s storedin someformatthatper
mits insertions,suchasa hashtable. Enumeration-basegseudo-
codefor this algorithm (assumingC is properlyinitialized) looks
like thefollowing:
for each <r,cva>
for each <r,c,vb
it (r
od
od

in non-zero s(A) do
> in non-zero s(B) do
== ¢) C[r][c] = C[rl[c1] + va*vb;

If B is viewed asa flat, sequentiabccesgatastructure the inner
loop mustscanthe entiredatastructure,so the compleity of the
codeis O(NZ(A) x NZ(B)). If ontheotherhand,we exploit the
index into row ¢ of B, the compleity of the codeis O(NZ(A) *
NZ(B)/n) sinceNZ(B)/n is the averagenumberof non-zeros
in arow of B.

We concludethatviewing compresseébrmatsassequentiahccess
datastructuress a partial solutionto the problemof compilingef-
ficient codefrom genericdense-matriprograms.Improving effi-
cieng further requiresexploiting index structuresn compressed
formats.

4. INDEX STRUCTURE OF COMPRESSED
FORMATS

Intuitively, anindex structurefor acompresseébrmatcorresponds
to a particularview [18] of that datastructure. The simplestin-
dex structuressuchas CSRusearray co-ordinateshemselesas

indices. Someformatsuseindicesthat arenot array co-ordinates
but are obtainedby applying a simple function to the array co-
ordinates.Oneexampleis a variationof CSRformatin whichthe
storageorderof rows is a permutationof their orderin the actual
matrix. Therowptr index in this caseis a permutatiorof therow
numbersin the actualmatrix. Finally, someformatslike Jagged
DiagonalStoragg(JAD) supportmultiple views.

For the purposeof this paper we describetheseviews by using
a simplegrammarcalledthe view grammar In the next section,
we shov how thisinformationcanbe corveyedto the compilerby
usingan appropriateype structurein which thereis oneinterface
classfor eachproductionin thegrammar

4.1 Index Nesting

If a matrix is consideredo be a collectionof tuplesof the form
< r,c,v > wherer andc aretherow andcolumnco-ordinatesnd
v isthevalue,thenthenestedstructureof acompressetbrmatcan
be describedby specifyingthe orderin which the fields of these
tuplesshouldbe accessedFor example,CSR canbe specifiedas
follows.

CSR:r—>c—wv

Thisindicatesthatthe non-zeroswvithin arow of thematrix canbe

accesseefficiently by usingthe row co-ordinateasanindex into

the datastructurecontainingthe non-zeros.A similar expression
canbe written for CSC storage.Theseexpressionsanobviously

be generalizedo arraysof arbitrarydimensionsandaredescribed
formally by the following grammar In this grammay Index may

be oneof thedimension®f thearray andv denotesarrayelement
values.

E : Indx— FE
| v

In general,anindex at a given level may involve multiple array
dimensionsOneexampleis providedby Co-ordinatestoragesince
neitherthe row nor the column co-ordinateprovides accesdo a
substructuref the compressefbrmat. At the otherextreme,both
row andcolumnco-ordinateof a densematrix provide accesgo
substructuresiVe incorporateahesestructuresnto thegrammairby
enrichingwhatIndex canbe.

attribute
| < attribute, . .. , attribute >
| < attributex ... x attribute >

Index

For now, attributesmay be consideredo be arraydimensionsThe
first rule modelsthe casewhen a single array dimensionis used
to index a substructure The secondule modelsformatslike Co-
ordinatestoragefor which multiple arraydimensionsarerequired
to provide accesdo a substructureThe third rule modelsformats
like densematricesn which eachof a numberof arraydimensions
providesindependenaccesdo substructures.
Severalsparsamnatrix formatsandtheir views aregivenbelow.

Co-ordinate: < r,c>— v

CSR: r—sc—v
CSC: c—r—vu
Dense: <rxc>=>v

4.2 Maps

Theprecedingliscussiorof sparsematrix views assumedhatonly
array dimensionscan be indices. However, this is often not the
case.
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¢ Rotation:In thediagonalstoragformatfoundin the Sparse
BLAS, matrix elementsaregroupedandaccessety diago-
nals,asshavn in Figure1l. In this case the attributesthat
areindexed are, d, the diagonalnumber and o, the offset
within thediagonal .Usingtheseattribute namestheview of
thematrix canbeexpressedsd — o — v, wherethematrix
dimensionsy andc, canbe computedrom d ando by,

r=d+0 c=o

e Blodking: Considerthe Block SparseRow (BSR) format
shavn in Figure2. Eachblockis accessetly a setof block
indices(b,, b.), andthe scalarelementswithin eachblock
are accessedy a the offset indices(i,,1.). The view of
BSR canbe expressedn termsof the attribute namesp;.,
b., !, andl., as,

BSR: b, — b =< I, xl. >=> v

andtheblock andoffsetindicesarerelatedto r andc by the
following, where B is the numberof rows and columnsin
eachblocks,

r=b.xB+1,
c=b.xB+1.

e Permutation: Often, sparsematricesarereorderedn order
to give their non-zerosa particularstructure.In thesecases,
therows andcolumnsin which the matrix is storedis a per
mutationof the original row andcolumnindices.

In all of thesecasesthe view of the storageis mostnaturallyex-
pressedn termsof adifferentsetof indices,andr andc canbeeas-
ily computedby applyinga simplefunctionto the storageindices.
Thiscanbeexpressedby addingaproductionof thefollowing form
to thegrammar

E : map{F(in) — out: E}
For example theview of thediagonalstoragds:

map{d+o—r,oc:d — o — v}

4.3 Perspective

It maybethe casethata compressetbrmatcanbeviewedin mul-
tiple ways. For instancethe Jaggediagonalformat (JAD) found
in the SparséBLAS canbeviewedin thefollowing two ways?

<t,7]>—>v

1> J = v
The two views representhe fact that two different setsof meth-
odscanbe usedto accesghe storage. The first caserepresents
particularly efficient methodfor enumeratinghe the elementsof

the matrix, which doesnot provide ary orderingguaranteesThe
secondcaserepresents setof methodsthat canbe usedto give

2 For simplicity, we ignorethe permutatiorthatoccursin JAD.

randomaccesgo therows, andto enumeratéhe elementswithin a
row in increasingprderby column.Thefirst view is appropriatdor
MVM, in which afastenumeratiorof the whole matrix is desired,
andin which no constraintsare placedon the order of that enu-
meration. For TS, this methodcannotbe usedbecauset violates
dependencg sothe method=f the secondview mustbeused.

We referto eachof the differentviews for a singlestorageformat
asdifferent‘perspectves”ontheformat,andwerepresenperspec-
tive with ourgrammarasfollows.

E : E®FE
4.4 Aggregation

Finally, someformatsare simply collectionsof two or morecom-
pressedormats. Triangularsolve, for instance,might be imple-
mentedefficiently if a sparsematrix formatprovided efficient ran-
domaccesdo its diagonalelementsandindexed accesso the off-
diagonakelementsy eitherrows or columns.Thisis accomplished
sometimedy usingdifferentformatsto storethe differentregions
of thematrix—thediagonalof the matrixmightbestoredn adense
vector andthe elementsin the lower triangle might be storedin
CSR.In ourgrammaywe will representhe aggreationof two or
morestorageformatsinto a singlesparsematrix with theU opera-
tor.

E : EUE

4.5 Summary
Below is the completegrammarfor expressingviews of a sparse
matrix format,
E : Indx— FE
map{ F'(in) — out: £}
EQFE
FEUE

v

attribute
| < attribute, ... , attribute >
| < attributex - - - x attribute >

Index

5. THE IRONMAN API

As before we dealwith two differentAPI's. Thegenericprogram-
merviews matricesasrandomaccesslatastructuresbut thecom-
piler views themthroughthe IronmanAPI| asindexed-sequential
accesdlatastructuresvhoseindex structurewasdescribedn the
previoussection.ThelronmanAPI is summarizedn Figuresl12.

5.1 Interfacesfor Views

Eachproductionin theview grammargivenin Sectiond hasanas-
sociatednterface which we have implementedn C++ asa small
numberof abstractlasseslescribedn Figurel2(a). Theprogram-
mer corveys views of a storageformat to the sparsecompilerby
writing a setof classeshatinheritfrom theappropriateénterfaces.
Theterm_nes ti ng abstractlassdenotesanoccurrenceof the
— operatomwithin theview. This abstractlasstakestwo template
parameters.The first specifiesthe implementatiorof the iterator
thatcanbe usedto enumerateéhe index at this level. The second
specifiesthe implementatiorof the substructurebelow this level.
An implementatiorof CSR,in which the entrieswithin eachrow
arestoredin order thatinheritsfrom term_nest in g is shovn
in Figure13. interval_i te rat or andoffset it erator
aretwo iteratorabstractlasseshataredescribedater



Abstractclass Methods
term_scal ar<V> operator V()
term_nest ing <I ,E> I begin) ,I end()

E subterm(l)

11 beginl() ,I1 endl()
12 begin2() ,12 end2()
E subterm(l1 , 12)

term_nest ing 2<I1,| 2,E >

term_map<K,E> K map(E::ind ex_t ype)
E subterm()
E1 subterm1(

)
E2 subterm2( )

term_aggr egati on2<E1, E2>

term_pers pecti ve2<E1l, E2> E1 subtermi(

E2 subterm2(

NN

(a) Interfacedor Views

Methods
K operator  *()
void operator  ++()

Abstractclass
unordere d_i te rator <K>
(noordering)

increasin  g_i terato r<K>, K operator *()
decreasi ng_i ter at or <K> void operator ++() ,or
(one-wayordering) void operator --()
inheritsfromt
ordered _it er at or< K>
(bi-directionalordering)
inheritsfromt
offset_i te rat or <K> int operator -(iterat  or)
(orderedwith distance) void operator  +=(int)

void operator  -=(int)

inheritsfromt
interval_ it erato r< K>
(rangeof keys)
(b) Interfacedor Iterators

Figurel2: Interfacedor IronmanAPI

An index of theform < r,c >— --- is specifiedby inheritance
from the term_nes tin g abstractclassand specifyingthat its

iteratorenumeratefmdicesof type pair<int,i nt >. Thisisil-

lustratedby the implementatiorof Co-ordinatestorageshawn in

Figurel4.

An index like < r x ¢ >— --. hastwo independentterators.
To specifythesesortsof views, term_nes tin g2, etc.,abstract
classesreprovidedwhich allow theimplementatiorof eachinde-
pendentteratorto be specified. Figure 15 shavs animplementa-

tion of densematriceghatusegheterm_nes ti ng2 interface.
By avery simpleanalysisof theseclassesthe sparsecompilercan
infer thefollowing relationships,

Coo: /I <re> > v
term_nest in g< unordered _i te rator < pair<int,
ELT >

int > >,

Csr: /Il 1 > ¢ > v
term_nest in g< interval_ it erator<in t>,
term_nest in g< offset_i ter ator<in t>,
ELT > >

Dense: /| <r x ¢> -> v
term_nest in g2< interval
interval
ELT >

_iterator <int>,
_iterator <int>,

which clearlyindicatethenestedstructureof theseformats,andthe
propertiesof theiteratorsthatareusedat eachlevel.

Interfacedor expressingperspectie,aggreationandmaparealso
available.

5.2 Interfacesfor Iterators, Revisited
Theabstractlassedor theiteratorsaredescribedn Figure12(b).
Unlike theiteratorsin Section3, iteratorsin the [ronmanAPI are
usedfor enumeratingndicesonly. Thatis, they donot provide the
methoddor accessinghe substructurednsteadthe substructures
areobtainedvia the subterm methodin eachterm_nes ti ng

template <clas s ELT>
class Csr
public  term_nest in g< interval_ it erato r<in t>,
CsrRow<ELT> > {
1

b

template <clas s ELT>
class CsrRow
public  term_nest in g< CsrRowlte rato r<ELT>,
ELT > {
i

b

template <clas s ELT>

class CsrRowlte ra tor
public  offset_it
i

erator<in t> {

Figure13: CSR:lronmanAPI
template <clas s ELT> class Coolter ato r;

template <clas s ELT>

class Coo
public  CooRandonxELT>,
public  term_nest in g< Coolterat or <ELT>,
ELT > {
i
b

template <clas s ELT>

class Coolterat or
public  unordered _i te rat or < pair<int,
i

int > > {

Figure14: COO:IronmanAPI

class.Thisis done becausevhenerertwo independenteratorsap-
pearin alevel of theindex nesting(e.g.,in thedensematrixstorage
format), the matrix elementsareassociateavith two indicesfrom
two differentiterators.Sincein thiscasethevalueis notassociated
with a singleiterator it cannotbe accessedia a methodin either
iterator Thus,the methodfor accessinghe valueis placedin the
term_nest in g classes.

We alsorefinethe iteratorsdiscussedn Section3 to accountfor
moreorderingpropertiesln additionto unorderedincreasingand
decreasingdterators,we provide the offset_it  erato r inter
facefor iteratorswhosepositionscanberandomlyaccessedsimi-
lartotherandom_ac ces s_ite ra to r’sfoundin theSTL.The
interval_ it erato r isarefinemenbf offset_ite rator,
whichis usedto represenall of theintegerindicesbetweerafixed
lower andupperbound.

6. RESTRUCTURING COMPILER TECH-
NOLOGY AND PERFORMANCE

We now give a sketchof the restructuringcompiler technology
that convertsprogramswritten usingthe Stravman API into effi-

cientprogramsthat usethe [ronmanAPI. Intuitively, this restruc-
turing must corvert a high-level programinto a data-centrigro-

gramwhich (i) usesenumerationslong the preferreddirections
of the sparsdformatand (ii) exploits indices,whenpossible.Our
view of sparseamatrix formatsasindexed-sequentiahccessstruc-
turesleadsnaturallyto a restructuringtechnologybasedon rela-
tional algebra [18]. For lack of spacewe do not give the detailsof

the compilertechnologywhich canfoundin anassociatedechni-
calreport[1]. Earlierversionsof this compilertechnologyarealso
describedn otherpublications[10; 17; 9]. The highlightsof our
approachareasfollows.

e Sparsematricesaremodeledasrelationsin which the array



/I  Dense matrix storage
template <cla ss ELT>
class Dense

public  term_nest in g2< interva |_i te rator <int>,
interva |_i terator <int>,
ELT > {

Figurel5: Dense:lronmanAPI

#pragma instantia te with Bernoull i
template <class T, class ELT>
void mvm(T A, ELT x[], ELT y[])

{

for (int i=0; i<Arows (); i++) {
yil = 0;
for (int j=0; j<A.colum ns() ; j++)
ylil  += Al * x[il;
}
}
/I Will be instanti ate d with the Bernoulli compiler.
template  void mvm(Csr<double> A, double x]],
double Vy[]);

Figure16: GenericMVM with Instantiation

indicesandvaluearethefieldsof therelation,andeachnon-
zeroentry of the matrix hasan associateduplein the rela-
tion.

e Theloopsof the computatioraremodeledasexpressionsn
arelationalgebrg18].

o Efficientevaluationstratgiesfor theserelationalalgebraex-
pressiongrefoundusingrelationalqueryoptimization.

e Theindexing structureof a sparsematrix formatis exposed
to the query optimizerthroughthe type structurediscussed
in Sectionb.

We are building our systemas a source-to-sourc&ansformation
tool. Theuserrunshis programthoughour sparsecompilerwhich

instantiatessomeof the the templatedefinitions. The program-
mer usespragmasasshown in Figure 16, to indicatewhich tem-

plate definitionsareto be instantiatedby the sparsecompiler;the

restareleft untouched.The sparsecompilerwill generate trans-
formed C++ programto be run throughthe underlyingC++ com-
piler, whichwill performthe remaininginstantiatiorandusualop-

timizationslike inlining.

6.1 Restructuring Technology

We sketchour compilertechnologyusing the simple example of
matrix-vector productin which A is storedin CRS,and X andY
arestoredassparsevectors.

Query Formulation Thefirst taskof the compileris to translate
the input genericprograminto a suitableintermediataepresenta-
tion. Theintermediateepresentationf aloop describegheitera-
tionsin which thereis work to do, but doesnot takea positionon
the orderin whichtheseiterationsshouldbedone.

for < a,7,y>€ Tca,e,y> (Al 4, a) XM X(j,2) XY (i,y)) {
y=ytaxzc

This intermediateprogramsaysthat the relations A”, “X” and
“Y™” areto bejoined® ontheircommortfields (i betweend andY’,
7 betweenA andY’), andtheresultingtuplesareto have all fields

®To beprecisethisis thenatural join in databasg¢erminology

exceptthe valuefields, a, y, andz, projectedaway. This compu-
tation producesanotherrelation,andthe body of the loop is to be
executedfor eachtuplein thatrelationwith appropriatebindings
for a, z andy.

Join Scheduling Thenext taskis to determinethe orderin which
the joins mustbe performed. The X operatoris associatie and
commutatve, so thereare several possibilities. In our example,
therearetwo basic,non-trvial stratgies:

(AM; X )XY
(ANiy)N]X

Therelative efficiency of thetwo stratgiesdepend®n theformats
usedto storethe sparseadatastructureslf the compilerwereto se-
lectthefirst strategyy, thenthejoin betweenA and X onthej field

would be performedirst, andthenthejoin betweertheintermedi-
ateresultandY on:. However, in our example the CRSformatin

which A is storedallows efficientaccesso the: index beforethe 5

index. Thereforepurcompilerwill pick thesecondstratgy, which

performsthejoin onj: first.

Theorderin which a format's indicescanbe accesseds obtained
directly from theformat's index structure.

Join Implementation Oncethe orderin which the joins areto
be evaluateds determinedjmplementatiorstratgies mustbe se-
lectedfor eachjoin. The choiceof stratgy depend®nwhatindex
structuresareavailablefor searchinghejoin field, andwhatprop-
ertieshold for the enumeratinghe join field. Our compilercan
obtainthis informationdirectly from the term of the index struc-
turein which thejoin index appears.

In our example,the choiceof join implementationslependsipon
the detailsof the formatsusedto store 4, X, andY. If, for in-
stancethe elementsf X andeachrow of A arestoredin sorted
order thenamemge-join[18] betweenX andeachrow of A is pos-
sible. Otherwisetheelementof X couldbescatterednto adense
vectorthat, for the costof O(n) storagewould provide a constant
timeindex for ahash-join[18] with A.

Method Instantiation The final stepof the query optimization
processs to replacemethodinvocationswithin the queryevalua-
tion plan with codeprovided by the storageformatto implement
the access.Theresultof this step,which is essentiallyprocedure
inlining, is anexecutableprogramfor evaluatingthe query

6.2 Discussion

While thereare mary similaritiesbetweenour restructuringeech-
niguesand databaseuery optimization,thereare alsomary pro-
founddifferencesSomeof thesedifferencesarethefollowing:

¢ In databasegnultiple, separatéut simpleindicesare usu-
ally providedfor accessingrelation.In contrastsparsena-
trix formatsusuallyprovide asingle,multi-level index struc-
ture.

e Complicatedarrayreferencessuchas A[35 + 10,47 — k],
canappealin matrix programs,andthesegive rise to joins
with generalaffine constraint§10].

¢ In databaseystemsthe dominantcostis usuallydisk 1/O.
In a sparsematrix computationthe dominantcostis usually
cacheand memoryaccessso the performancemodelsare
very different.
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Figurel7: PerformancéMeasurements

6.3 Experimental Results

Ourimplementatiorof the Bernoulli SparseCompileris ongoing,
but we have enoughof it implementedo producethe following
results.

First, we comparedccodeproducedy the Bernoulli compilerwith
the NIST SparseBLAS C implementationof two algorithms—
matrix-vectormultiplicationandunit-diagonatriangularsolve, for
five sparsematrixformats:Co-ordinat§ COO),Compresse8parse
Column(CSC),Compresse8parsdrow (CSR),Block Sparsdrow
(BSR), and Variable-sizeBlock sparseRow (VBR). We usedthe
matrix can 1072 from the Harwell-Boeingcollection[11] asin-
put. It arisedn finite-elemenstructuregproblemsn aircraftdesign
andhas1072rows andcolumnsand12444nonzercentries.For the
block formatswe usedthe sparsitypatternof the samematrix but
expandeceachentryintoa 15 x 15 block.

We alsousedthe Bernoulli SparseCompilerto generatecodefor
theentireConjugateGradienfCG)iterative solver. SincetheNIST
C SparseBLAS doesnot provide this routine,we alsohand-wrote
versionsof CG for eachof the storageformats,which calledthe
appropriateNIST C SparseBLAS routinesto performthe kernel
computationsThe point thatwe wish to makehereis thatour ap-
proachscaledrom simpleloop nestsike MVM andTS, to larger
computationdike CG.

We ranthe experimentontwo platforms—aPentiumll andawide
nodeof the IBM SP-2at Cornell TheoryCenter The Pentiumll
runs at 300 MHz and has512 KB of L2 cacheand 256 MB of
RAM. The operatingsystemis RedHatLinux 5.2. We compiled
the codewith egcs versionl.1l.1with -O4 -malign-do uble
-mpentium pr o compilerflags. Thewide nodeof the SP2hasa
POWER?2 SuperChip processorunningat 135MHz clock speed,

128KB datacache 256 bit memorybus,and1 GB of memory We
usedthexlc compilerversion3.1.4.7with -O3 -garch=pwr 2
-gmaxmem=1 flagsonAlX 4.2.

Figure 17 presentghe performanceof the handwrittenNIST C

code (dark bars)andthe code generatedy the Bernoulli Sparse
Compiler(shadedars). Theseresultsdemonstrat¢hatthegeneric
programmingapproacttansuccessfullcompetewnith handwritten
library code.Indeed Bernoulli-generatedodeperformanceanges
betweerf6%and113%of NIST’s on the Pentiumll andbetween
85%and121%onthelBM SP-2.Moreover, examiningtheC code
revealsthattheBernoullicompilerin mostcaseproducesodethat
is structurallyidenticalto the handwrittenone. Thereare minor

syntacticdifferences—forexample, the handwrittencode would

usefor (i=0;i'=  m;i ++) *pc++ = 0; while thecompiler
generatedor (i=0;i<= m-1;i ++) cli]=0; . Thesediffer-

encegesultin thehandwrittercodeperformingslightly betterthan
thecompilergeneratednewhencompiledwith egcs andslightly

worsewhencompiledwith xlc .

We obsenedonly threestructuraldifferencesn thecodegenerated
by the compiler The handwrittenimplementatiorof CSCmatrix-
vectormultiplicationdoesnot hoistaloopinvariant. Thatomission
is penalizedy egcs andrewardedby xlc . TheNIST implemen-
tation of triangularsolve for CSRrestructureshe codein orderto
avoid initializing the outputvectorwhich givesit a small advan-
tageon both platforms. The handwrittermatrix-vectormultiplica-
tion for the block formatscontainsa questionablegyuardthattries
to avoid computationfor zero entriesin the vector The absence
of this guardimprovesthe performanceof the compilergenerated
codeby upto 21%.



7. RELATED WORK AND CONCLUSIONS

Generic Programming Ourwork is in the spirit of genericpro-
grammingwhichis “the ideaof abstractingrom concretegfficient
algorithmsto obtaingenericalgorithmsthatcanbe combinedwith
differentdatarepresentation® producea wide variety of useful
software”[12]. An importantdifferencefrom existing genericpro-
grammingsystemss thatin our system.the API usedin writing
genericalgorithmgs differentfrom the API thatis supportedy the
implementorsof compressedormats. Supportingdual API’s ef-
fectivelyrequiresadvancedestructuringcompilertechnologyand
canbeviewedasa sophisticatedorm of templateinstantiation.In
the terminologyof aspect-orienteghrogramming[7], index struc-
turesin compressedormatsare aspectghat cross-cutthe get/set
abstractionsf thebasicAPI. However, the existing effort on using
aspect-orientegrogrammingor sparsematrix computationg§14]
doesnotprovide anAPI for supportinguserdefineddatastructures.

Restructuring Compilers Bik andWijshoff werethefirstto apply
restructuringcompilertechnologyto synthesizeparsematrix pro-
gramsfrom denseamatrixprogramg3]. Theircompilerrestructured
inputcodego matchaCompessedyperplaneStorage(CHS)for-
mat(CSRandCSCarespecialcase®f this format)whenever pos-
sible. The main limitation is that the compilerhasa small setof
simple formatsbuilt into it, soit cannotbe extendedto new for-
mats.

SparseMatrix Libraries POOMA[13] andBlitz++ [20] aretwo
recentpackagedor matrix computationsvhoseAPI is essentially
the StravmanAPI| describeckarlier A rich setof C++templatess
provided, usingwhich a programmeicanassemblenatrix imple-
mentationsSomeoptimizationscanbe performedby the compiler
by relying on TemplateExpressiong19], but the rangeof such
optimizationsis limited. In particular programmersnustprovide
their own implementation®f operationdike MVM or triangular
solve.

TheMTL [16] is anothelC++ matrix library in which matricesare
viewed ascontainersof containers.This ideais analogougo in-
dexed sequentiabccesshut not asrich asthe structureshat we
discussn thispaper Also, MTL doesnothave high-andlow-level
API's,aswedo.

Ongoing Work  We are currentlyinvestigatingthe applicability
of the techniquesdescribedin this paperto direct methodslike
Cholesly factorization. Codesfor sparsedirect methodsusually
exploit a lot of domain-specifidricks to obtainefficiency [4], and
it is unclearhow mary of thesecanbeincorporatednto arestruc-
turing compiler Onesolutionmight beto lower the semantidevel
of theinput code but theseissuesemainto beinvestigated.
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APPENDIX
A. AN EXAMPLE: JAGGED DIAGONAL

A.1 Overview

In thisappendixwe presenain extendedexamplein orderto illus-
tratetheuseof theinterfaceghatwerepresentedh this paper
The sparsematrix format thatwe will usefor our exampleis the
Jaggediagonal(JAD) format. An instanceof a JAD matrix may
be constructedasfollows. First, therows of the matrix, asin Fig-
ure 18(a),are“compressed’so that zeroelementsare eliminated.
This requiresntroducinganauxiliary array colind , to maintain
the original columnindices. This is shawvn in Figure18(b). Next,
the rows of the compressednatrix are sortedby the numberof
non-zeroswithin eachrow in decreasingorder This requiresin-
troducinga permutatiorvector iperm , asshavnin Figure18(c).
Finally, the columnsof the compresse@nd sortedmatrix, which
arecalledthe “diagonals”,are storedcontiguouslyin two vectors,
colind andvalues . Thevectordptr is usedto recordthefirst
index of theentriesof eachdiagonalwithin colind andvalues
Thefinal storagds showvn in Figure18(d).

Thenon-zeroentriesof amatrixin JAD formatcanbe enumerated
quickly andefficiently by enumeratinghe valuesof colind and
values . In addition,if the programcanbe restructuredo work
with thepermutedow indicesinsteadf therow indices,theneffi-
cientrow-orientedaccessanbeprovide aswell. Thisis necessary
for suchcomputationgstriangularsolve, which placecertaincon-
straintson the orderin which elementsnaybe enumerated.

A.2 Strawman API for JAD

ThestructureJadStorag e is usedto hold all of thecomponents
of the JAD storagewithin a singleobject. For eachmatrix in the
JAD formattherewill beasingleinstanceof thisclasswhichmain-
tainsthe storagefor thatmatrix. All otherclassesn the JAD im-
plementatiorkeepa referenceo thisinstance.

I, /
I JadStorage I
///////llllll///////////lllllllI//////////llllllll///////// /
template<class BASE:
struct  JadStorage {
public:
vector<int> *iperm;
vector<int> *dptr;
vector<int> *colind;
vector<BASE> *values;
const int n;
const int nd;
const int nz;
JadStorage(vector<int> *_iperm,
vector<int> *_colind,
vector<BASE> *_values)

vector<int> *_dptr,

iperm(_iperm), dptr(_dptr), colind(_colind),
values(_values), n(iperm->size()),
nd(dptr->size()-1), nz(colind->size()) {

h

The JadRandom classinherits from the matrix — abstractclass
andimplementghe randomaccessnterfacefor the matrix by im-
plementingthe get andset abstractmethods.The methodref
within this classis responsibldor finding a particular(r, c) entry
within the matrix. It doesthis by first finding the corresponding
row within the permutedndex spaceandthenperformingalinear
searchwithin therow for the given columnindex. A binarysearch
could be used,if it were assumedhat entrieswithin a row were
alwayssortedby columnindex.

I, g ///
adRandom

//////llllllll//////////lllllllI///////////llllllll//////// /
template  <class
class JadRandom : publlc
protected:

JadStorage<BASE> *A;
public:

JadRandom(int m, int n, JadStorage<BASE> *A)

: matrix<BASE>(m,n), AA) {}
virtual ~JadRandom() }

matrix<BASE>  {

BASE *ref (int r, int c) {
int = -1;

for  (rr=0; Ir<A->n;  rr++)

if ((*A >|perm)[)rr] == 1) break;
assert(rr
for (int d=0; d<A->nd; d++)

int jj_lo = (*A- >d ptr)[d];

int Jj_hi = (*A- >dptr)[d+l]

int ] = J] lo + 1m;

it () = Jj_hi) break;

it ((*A- >Co||nd)[|]
return  &(*A- >va|ues)[|]]

return 0;

virtual BASE get(int r, int c¢) {
BASE *p = ref(r,c);
if (p) { return *p;
else { return 0; }

virtual void sel%int r, int ¢, BASEvV) {
BASE *p = rei(r,c);
assert(p);
Po=V

o1

h

A.3 IronmanAPI for JAD

Usingthe grammarpresentedn Section4, thefollowing view can
be usedto describeheindexing structureof the JAD format.

map{iperm [rr] = r: ((<rr,c>= v) B (rr = ¢ = v))}

Thefollowing classesmplementhedifferentpiecesof theview.

o Jad: map{iperm [rr]—~r:...}
e JadPers : ... @ ...

e JadFlat : < rr,c >— v

e JadHier :rr — ...

e JadRow: c — v

We presentheclassesinside-out”.

The classesladFlat andJadFlatl ter at or implementthe
view of the JAD formatthatis appropriatdor fastenumerationAs

its view suggeststhis implementatioris very similarto theimple-
mentatiorof co-ordinatestoragepresente@arlierin thepaper The
differences that, with the JAD format,therow index is not stored
with eachentry andmustbe computedon thefly. Thisis donein

methodJadFlatl te rat or:: operator *.

I 1/
I JadFlat I
IR 1/
template<class SE> class JadFlatlterator;
template<class BASE>
class JadFlat

: public  term_nesting< JadFlatlterator<BASE>,
term_scalar<BASE> >

{
protected:
JadStorage<BASE> *A;
public:
JadFlat(JadStorage<BASE> A AR {0}
virtual iterator, l)g) begin()
return Flatlterator<BASE>(A,0); }
virtual iterator_type en
f return  JadFlatlterator<BASE>(A,A->nz); }
virtual subterm_type  subterm(iterator_type ity {
return  (*A->values)|it.jj]; }

h

s 1
A JadFlatlterator 1
//////llllllII//////////l/llllll///////////llllllll////// 1/
template<class ASE:
class JadFlatlterator
public  increasing_i |terator<pa|r<|nt int> > {
friend class JadFlat<BASE>;
protected:
JadStorage<BASE> *A; int
void frob_d() { if (j
public:
JadFlatlterator(JadStorage<BASE> *A, int )
LOAA), i), d(0) N
virtual void operator  ++(int) { jji++
virtual key type operator  *()
return  make_pair(jj-(*A->dptr)[d],(*A->colind)[jj]);

i int - d;
== (*A->dptr)[d+1]) d++; }
frob_d(); }

virtual bool equal(
const  proto_iterator<pair<int,int>

{ return jj ==
dynamic_cast<const

> &y) const

JadFlatlterator &>(Y).ji; }

h
TheJadHier , JadRow andJadRowlte rat or classegprovide
row-orientedaccesdo the JAD format. The JadHier classpro-
videsaccesgo therows within the permutedow index spaceThe
JadRow and JadRowlte rator classesprovide accesgo the
non-zeroelementwwithin eachrow accessedia JadHier
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Figure18: Building JAD Storage

Z////ll/lllII//////////lll//llII////////////ll/lll////////

adHier
HHHHIRITHHH
JadRow;
JadRowlterator;

/
"

/
BASE> class

BASE> class
BASE>

template<class

template<class

template<class

class JadHier
: public

term_nesting< interval_iterator<int>,

JadROW<BASE> >

E)rotected
JadStorage<BASE> *A;
public:
JadHler(JadSlorage<BASE> *A) AA) {1}
virtual iterator_type begin()
return  interval_iterator<int>(0); }
iterator_type end(
return  interval_iterator<int>(A->n); }
virtual subterm_type  subterm(iterator_type ity {
return  JadRow<BASE>(A *it); }

virtual

h
Z//”””l””///////””””””///////”””””///////{] g /

Row

//////llllllll//////////lllllllII//////////llllllll//////// /

template<class BASE:

class JadRow
public JadRowlterator<BASE>,

term_scalar<BASE> >

term_nesting<

{
protected:
JadStorage<BASE> *A; int r; int
public:
JadRow(JadStorage<BASE> *A, int 1)
for (dmax = 0;
dmax < A->nd-1
r < (*A- >dplr)[dmax+1] (*A->dptr)[dmax];
. dmax++)

dmax;

AR, ()

%/irlual iterator_type begin()
JadRowlterator<BASE>(A,1,0); }
iterator_type end
return  JadRowlterator<BASE>(A,r,dmax); 1
virtual subterm_type  subterm(iterator_type ity {
) return  (*A->values)[(*A->dptr)[it.d]+r]; }

Z////llllllll//////////lllllllII//////////ll/lllll//////// terat ///
erator
HHHHIRITHHH /
template<class BASE>
class JadRowlterator .
public increasing_iterator<int>
friend class JadRow<BASE>;
protected:
JadStorage<BASE> *A; int r; int d;
public:
JadRowlterator(JadStorage<BASE> *A, int 1, int d)
DA, T, dd

virtual

void operator  ++(int) { d++; }
virtual

key_type operator*()
return  (*A->colind)[(*A->dptr)[d]+r];
virtual bool equal(const proto_iterator<int> &y) const
{ return
r

JadRowlterator &>(y).r

&>(y).d; 1}

== dynamic_cast<const
&& d == dynamic_cast<const
JadRowlterator

h

The classJadPers simply wrapsthe JadFlat andJadHier

classesgogethemwith @, the perspectie operator

Z////ll/lllII//////////llll/llII////////////ll/lll//////// /

adPers
HHHHIRTHHH /
template<class BASE>
class JadPers
public

term_perspective2< JadFlat<BASE>,

JadHier<BASE> >

{
protected:
JadStorage<BASE> *A;

public:

JadPers(JadStorage<BAS E> *A) AA) {1}

virtual subterml type  subterml() {
return  JadFlat<BASE>(A);

virtual subterm2_type  subterm2() {
return  JadHier<BASE>(A); }

Thetop-mostlevel of the JAD’s view is the mapoperatorthat de-
scribesthe permutation.Theinterfaceclassterm_perm 2 refines

thegeneraterm_map class.It takestwo templateparametersr
andPc, which arethe permutationsisedon the row andcolumn
indices,respectiely.

s 1/
I term_perm2 I
IR n
template<class Pr, class Pc, class E>
class term_perm2

public  term_map< pair<int,int>, E >

E)ublic:
Pr pr; Pc pc;
term_perng {
term_perm2(const Pr &pr,
1 opr(pr),  pe(pc) }
virtual pair<int,int>
return

const Pc &pc)

map(pair<int,int> x) {

make_pair(pr.apply(x.first),
pc.apply(x.second));

virtual pair<int,int>
return

unmap(pair<int,int> x) {

make_pair(pr.unapply(x.first),
pc.unapply(x.second));

h ’

Theclasseserm_perm_ id ent (representingdentity permuta-
tion) andterm_per m_vecto r (permutatiorvector)areusedas
thePr andPc agumentdo term_per m2

//////llllllII//////////llllllll///////////llllllll////// 1
I m_perm_ident I
//////llllllII//////////llllllll///////////llllllll////// i
class term_perm_ident
public:
term_perm_ident()
int  apply(int X)

{ return x; }
int  unapply(int

x) { return x; }

h

//////llllllII//////////llllllll///////////llllllll////// 1/
I term_perm_vector I
//////llllllII//////////lllllllll//////////llllllll////// 1/
class term_perm_vector {
public:
vector<int> *perm;
term_perm_vector() perm(0) { }
term_perm_vector(vector<int> *perm)
int apply(int i) { return  (*perm)l[il];
int  unapply(int i)
for (|nt i=0; |<(*perm) size(); i++)
((*perm)[i] == i) return i
assert(false);

pegm(perm) {1

h ’
Thetop classof the JAD formatis Jad, andit providestheimple-
mentationof the row permutation.This is indicatedby inheriting
fromtheterm_per m2interfaceclass,nstantiatedor therow in-
dex with term_perm_ vecto r, andwith term_perm _i dent
for the columnindex. Thevectoriperm is usedto initialize the
instanceof term_per m_vecto r.

Z////llllllII//////////lllllllll//////////llllllll////// Jad /////
a
//////llllllII//////////lllllllll//////////llllllll////// 1/
template<class ASE:
class Jad
: public JadRandom<BASE>,
public  term_perm2< term_perm_vector, term_perm_ident,
( JadPers<BASE> >
public:
Jad(int m,int n, JadStorage<BASE> *A)
: JadRandom<BASE>(m,n,A),
term_perm2< term_perm_vector, term_perm_ident,
JadPers<BASE> >(
term_perm_vector(A->iperm),
term_perm_ident()) {
virtual subterm_type  subterm()
} return  JadPers<BASE>(A); }



