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ABSTRACT

Fair allocation has been studied intensively in both ecaogrnd
computer science, and fair sharing of resources has araesed
newed interest with the advent of virtualization and cloathput-
ing. Prior work has typically focused on mechanisms for $tiar-
ing of a single resource. We provide a new definition for timeusi
taneous fair allocation of multiple continuously-divikliesources.
Roughly speaking, we define fairness as the situation wheng e
user either gets all the resources he wishes for, or elseagktast
his entitlement on somkottleneck resourceand therefore cannot
complain about not getting more. This definition has the sdere
sirable properties as the recently suggested dominaninestair-
ness, and also handles the case of multiple bottlenecks.h¥&ve t
prove that a fair allocation according to this definition isagan-
teed to exist for any combination of user requests and entéhts
(where a user’s relative use of the different resources ésljixThe
proof, which uses tools from the theory of ordinary diffdiah
equations, is constructive and provides a method to comihete
allocations numerically.

Categories and Subject Descriptors

D.4.1 [OPERATING SYSTEMS]: Process ManagementSehedul-
ing; K.6.2 [MANAGEMENT OF COMPUTING AND INFOR-
MATION SYSTEMS ]: Installation Managementricing and re-
source allocation

General Terms
Management, performance

Keywords

Resource allocation, fair share, bottlenecks

1. INTRODUCTION

Fair allocation is a problem that has been widely studied both in
economics and computer science. In economics, a wide rdmnge o
sues have been studied, ranging from the design of votieg and

*Much of this work was done while the author was on sabbatical
leave at Hebrew University.

the apportionment of representation in Congress to theatiton
of joint costs and fair cake cutting to envy-free auctiorSed [7,
17, 36] for a sample of the wide-ranging work in the area.)dme
puter science, besides the work on economics-relatedsisfaie
allocation has been the focus of a great deal of attentiopénat-
ing systems, where fair-share scheduling is a major cond&ee
the related work in Section 2.)

But what exactly does fair allocation mean? Generally sipegk
the notion of fairness may pertain to mechanisms like bamagi
and their relationship to ethical issues (e.g. [35]). Weufoon a
more technical level, and take “fair allocation” to mean ‘@loca-

tion according to agreed entitlements”. The source of thilen
ments is immaterial; for example, they could result fromqueg
contributions towards the procurement of some shared ctampu
tional infrastructure, or from the dictates of different\dee-level
agreements. Still, what does it mean to say that a user igl&eht

to 20% of the system”? Is this a guarantee for 20% of the CPU cy-
cles? Or maybe 20% of each and every resource? And what should
we do if the user requires, say, only 3% of the CPU, but over 70%
of the network bandwidth? Reserving 20% of the CPU for it will
cause obvious waste, while curbing its network usage milgiat a
be ill-advised if no other user can take up the slack.

Our goal in this paper is to define a notion of fair allocatiomen
multiple, continuously-divisible resources need to becdted, and
show that a fair allocation according to our definition is iguieed

to exist. Our motivation comes from work in operating systego
many of our examples and much of the discussion below is taken
primarily from that literature. But, as should be clear, approach

is meaningful whenever a number of users need to share a numbe
of different resources, each has a certain pre-negotiatéteenent

to a share of the resources, but each has different needadoroé

the resources.

The common approach to resource management in both ogeratin
systems and virtual machine monitors (VMMSs) is to focus aa th
CPU. Scheduling and allocation are done on the CPU, andrthis i
duces a use of other devices such as the network or disk. Howev
the relative use of diverse devices by different processag ioe
quite dissimilar. For example, by trying to promote an I/@ihd
process (because it deserves more of the CPU than it is usirg)
might turn the disk into a bottleneck, and inadvertentlywalthe
internal scheduling of the disk controller to dictate the o$ the
whole system. Thus the CPU-centric view may be inapprapriat
when the goal is to achieve a predefined allocation of thauress.

In order to avoid such problems, it has recently been sugdekat



fair-share scheduling be done in two steps [14]: first, ifignhe
resource that is the system bottleneck, and then enforatetieed
relative allocations on this resource. The fair usage ofotbitle-
neck resource induces some level of usage of other resoasces
well, but this need not be controlled, because there is sffica-
pacity on those resources for all contending processes.

The question is what to do if two or more resources becoméebott
necks. This may easily happen when different processeopred
inantly use distinct resources. For example, consideruatsin

idea is that time is simply counted at a different rate fofedént
processes, based on their relative allocations. In paaticachedul-
ing decisions may be based on the difference between therceso
a process has actually received and what it would have etéiv
the ideal processor sharing discipline had been used [5]8This
difference has also been proposed as a way to measure (oe¥si
that combines job seniority considerations with resoustpiire-
ments considerations [2, 30].

In networking research, control over relative allocatimeschieved

where one process makes heavy use of the CPU, a second is I/0usingleaky buckebr token bucketnetering approaches. This is

bound, while a third process uses both CPU and 1/O, making bot
bottlenecks. We consider such situations and make thenfiitp
contributions.

We propose a definition of what it means to be fair that is apro
ate even when different users or processes have differgoiree
ments for various resources. The definition, presenteddtiBe3,
extends the idea of focusing on the bottleneck; it essénttdtes
that we are fair as long asach and every user receives his enti-
tlement on at least one bottleneck resour@dis is claimed to be
fair because, given an assumption that each user uses fee dif
ent resources in predefined proportions, the definitionigsghat
users cannot justifiably complain about not getting more.théa
prove in Section 5 that an allocation that satisfies our ésisrdefi-
nition is guaranteed to exist. The proof is constructive prdides

a method to compute the allocation numerically. Perhapsrisar
ingly, the proof makes use of tools from the theory of ordynaif-
ferential equations. To the best of our knowledge, this ésfitst
time that such tools have been used to answer questions ¢y pie.

While there has been extensive work on fair allocation obueses
over the years, there seems to be very little work that likexckles
the fair allocation of multiple resources of distinct types very
recently suggested approach to this problem is dominantires
fairness, where allocations are set so as to equalize each oex-
imal allocation of any resource [16]. We discuss the siritits and
differences between this scheme and ours in Section 4.

2. PRIOR WORK

To put our contributions in context, we first review prior \kan

fair allocation of resources in systems. The issue of resoalio-
cation has been studied for many years, but mostly fromreiffie
perspectives than the one we use.

The requirement for control over the allocation of resoargizen

to different users or groups of users has been addresseuderake
contexts. Itis usually callefhir-share schedulingn the literature,
where “fair” is understood as according to each user'slentint,
rather than as equitable. Early implementations were basett-
counting, and simply gave priority to users who had not yet re
ceived their due share at the expense of those that had exteed
their share [21, 22]. In Unix systems, one approach that bas b
suggested [13, 20] is to manipulate each process’s “nickelevio
achieve the desired effett.Simpler and more direct approaches
include lottery scheduling [34] or using an economic mo@&d][
where each process’s priority (and hence relative sharbeofd-
source) is expressed by its share of lottery tickets or ahpit

Another popular approach is basedwrtual time[12, 27]. The

1“Nice” is a user-controlled input to the system’s prioritgicula-
tions. It is so called because normal users may oetlucetheir
priority, and be nice to others.

combined with fair queueing, in which requests from diffenesers

are placed in distinct queues, which are served accordirfgpuo
much bandwidth they should receive [10, 26]. The most common
approach to fairness is max-min fairness, where the goalrizax-
imize the minimal allocation to any user [29].

Focusing on virtual machine monitors, Xen uses a creditdsche
uler essentially based on virtual time, where credits cpoed to
milliseconds and domains that have extra credit are pedesver
those that have exhausted their credit [28]. Note, howebet,
domains that have gone over their credit limit may still rag,in
borrowed virtual time [12]. VMware ESX server uses weighfed
queueing or lottery scheduling [10, 34]. The Virtuoso systeses
a scheduler called VSched that treats virtual machinesadinee
tasks that require a certain slice of CPU time per each peafod
real time [24, 25]. Controlling the slices and periods akdar ad-
equate performance even when mixing interactive and batth |

The main drawback of the approaches mentioned above idiat t
focus on one resource — the CPU, or in a networking contegt, th
bandwidth of a link. The effect of CPU scheduling on I/O is-dis
cussed by Ongaro et al. [28] and Govindan et al. [18]. For ex-
ample, they suggested that VMs that do 1/0O could be temporar-
ily given a higher priority so as not to cause delays and taten
problems. However, the interaction of such prioritizatieith al-
locations was not considered. Similarly, there has beeméasting
work on scheduling bottleneck devices other than the CPW94,
32], but this was done to optimize performance of the saidcdev
and not to enforce a desired allocation.

Few works have considered dealing withultiple resource con-
straints. Diao et al. [11] suggested an approach of coirtgo#p-
plications so that they adjust their usage, rather than frores an
allocation. Fairness in the allocation of multiple res@sravas ad-
dressed by Sabrina et al. [31] in the context of packet sdhedu
ing, where the resources were network bandwidth and the CPU
resources needed to process packets. The approach takea was
consider the processing and transmission times togethen ws-

ing a weighted fair queueing framework. The interactionisen
scheduling and multiple resources was discussed by Amirdfa
However, the context is completely different as they cosistdr-
gets for migration in the interest of load balancing. Instiregly,

the end result is similar to our approach, as they try to anuad
chines where any one of the resources will end up being highly
utilized and in danger of running out (and becoming a botitéih
Control over multiple resources was also considered at theoar-
chitectural level by Bitirgen et al. [6], but with a goal offaeving
performance goals rather than predefined allocations.

Our work extends a recent suggestion to focus on bottleneck r
sources [5, 14]. Specifically, the suggestion was to idgraif
each stage which device is the system bottleneck (thataésdéh



vice whose usage is closest to 100% utilization) and theareef
the desired allocation on this device. For example, if thek i@
the bottleneck, one can promote or delay requests fromrdiffe
users so as to achieve the desired relative allocation afviaaith
among them. This, in turn, induces corresponding usagerpatt
on other devices including the CPU. But if the diskifie bottle-
neck, the other devices will be less than 100% utilized, &uedet:
fore scheduling them is less important. However, this sstijge
does not deal with what to do if there are in fact multiple leott
necks, which, as we observed, can easily happen. Our week@sxt
the definition to cover the case of multiple bottlenecks.

In networking, allocations to flows traversing multiple gare
also typically viewed as using multiple resources, whewgrathe
constraints stem from links that become saturated (andsheebot-
tleneck). In this context min-max fairness can be charatdr
based on a geometrical representation that is very sindlauts
[29]. However, the requirements from all the resourcek§jrare
equal, making the search for a solution easier. Specifjdalyof-
ten possible to move in a straight line from the origin to tbard-
ary, in a direction based on the desired relative allocatioather
than using a more complicated trajectory as we do in Sectién 5

To the best of our knowledge, the only other work to suggedt an
analyze a fair-share allocation policy that handles dveegjuire-
ments for multiple resources is the recently proposed dantire-
source fairness [16]. This does not explicitly considetlboecks,
but rather focuses on each user’s maximal usage of any siegle
source. We describe this in more detail and compare it with ou
definition in Section 4.

3. SHARING MULTIPLE RESOURCES

Fair sharing of resources has been one of the objectivesetist

ing for many years, and has received renewed interest indhe c
texts of virtualization and cloud computing. But what exads$
“fair sharing”? Consider a setting withi users andn resources
(CPU, network bandwidth, disk usage, and so on). We assuae th
each usei is entitled to a fixed percentage of the full capacity,
and hence of each resource, wheyet - - - + ey = 1. Each user

i requests a fraction,; of resourcej. If r;; < e; for all j—that

the unused capacity to another process, which also turn® dngt
1/0-bound, we may end up hurting the performance of the woaigi
process. We therefore need to find a set of allocations tlwat ak
to exploit complementary usage profiles to achieve higleatibn,
but at the same time respect the different entitlements.eBpect-
ing the entitlements, the allocations can be claimed to e fia
particular, we define fairness by invoking the user’s pointiew
of the entitlements:

FAIRNESSDEFINITION

An allocation of multiple resources is fair if users have nsti-
fication to complain that they got less than they deserve.

A key contribution of this paper is to define the propertieanfl-
location that satisfies this definition, i.e. one where anpmiaints
would be unjustified. We then go on to prove that such an alloca
tion is in fact achievable, for any combination of requirertseand
entittements. The discussion above already illustratesctre of
our approach: a focus doottleneckresources. This approach is
in line with basic results in performance evaluation, as iwell
known that the bottleneck device constrains system petgnom
(this is, after all, the definition of a bottleneck) [23]. Amportant
manifestation of this result is that, in a queueing netwankst of
the clients will always be concentrated in the queue of thdeéso
neck device. This implies that scheduling the bottleneckogeis
the only important activity, and moreover, that judicioabeduling
can be used to control relative resource allocations.

Precisely this reasoning led to the recent suggestion ttogiop-
tional resource allocation be exercised on the bottlenevicd at
each instant, rather than on the same device (e.g. the CPall) at
times [5, 14]. Focusing on the bottleneck in this way avoigs t
ing to control allocations based on an irrelevant tuningtkrend
provides the most reasonable interpretation of enforcaspurce
allocations in a multi-resource environment.

But what happens if there are two or more bottlenecks? Inrorde
to derive the allocations, we first need to define a model of how

is, if i requests less than his entitlement on each resource—thenresources are used. Given the definitions of entittemerdsren

any reasonable notion of fair sharing should grant usdirthat he
requests on each resource.

But what if useri requests more than his entittement on some re-
sourcej? In this case, if1; + - - - + rn; < 1 for each resourcg,
so that no resource is a bottleneck, then any efficient natidair
sharing should give each user all that he requests. Evenséa u
requests more than he is entitled to of some resource, agkng
resource is a bottleneck, there is no problem. Clearly tbblpm
arises only whemry; + --- + rny; > 1 for some resourcg. |If
there is only one bottleneck resource, again it seems easygbn
to cut back those users who are requesting more than théieent
ment [14]. But what if there are several bottlenecks? Whatikh
“fair allocation” mean in this case?

The problem is compounded by the fact that different useve ha
different requirements;; for the different resources. For exam-
ple, in an operating system setting, if a certain processtided to
50% of the resources, but this is an 1/0-bound process thdtyha
uses the CPU, the scheduler cannot force it to use more aitg fill
allocation. Moreover, reserving 50% of the CPU for this psx
will likely just waste most of this capacity. However, if whazate

quirements above, our task is to figure out how much to cut each
user back. We assume that we cut each user back by the saore fact
x; on each resource. This is in fact our main assumption:

—— PROPORTIONALRESOURCEUSAGE ASSUMPTION —
Users use diverse resources in well-defined proportionsis Th
cutting back on one resource by a certain factor will lead to
reduced usage of other resources by the same factor.

This assumption reflects a model where each user is engaged in

a specific type of activity with a well-defined resource uspge
file. For example, a user may be serving requests from cl@ms
the Internet. Each request requires a certain amount of etamp
tion, a certain amount of network activity, and a certain amaof
disk activity. If the rate of requests grows, all of thesevgitay the
same factor. But if one resource is constrained, limitirgyreite of
serving requests, this induces a similar reduction in thge®f all
other resources (see demonstration in Fig. 1). This is gafigithe
“knee model” of Etsion et al. [15], where I/O activity is showo
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Figure 1: lllustration of a resource request profile, and how it is
cut back when usage of resource 4 is limited to 50%.

be linearly proportional to CPU allocation up to some maxiosa
age level. It also corresponds to the task model of Ghodsi [@id
when all tasks that a user wants to execute have identicalimes
requirements (which is indeed the specific model they uskein t
proofs). Note, however, that this is indeed a limiting asgtiom.
Specifically, it excludes usage patterns where one ressitceed
to compensate for lack of another resource, as happensdor-e
ple, in paging, or when using compression to reduce bantwidt

All the above leads to the following problem definition. Wenwa
to find z1,...,zN, such thath < z; < 1, where for each user
i, x; 1S the fraction of that user’s request which will be granted.
Furthermore, we require that

for each resourcg: z171; + - +znry; < 1

@)

This means that the total usage of each resource is limitetidy
resource capacity. Those resources for which equalitysrenle the
bottleneckresources.

Among all the allocationg:1, ...,z N that satisfy Eq. (1), which
should qualify as “fair"? This is where we define the “no jtistd
complaints” condition:

NO JUSTIFIED COMPLAINTS CONDITION
A user cannot justify complaining about his allocation ther
he gets all he asked for, or else he gets his entitlement, iand
ing him more would come at the expense of other users
have their own entitlements.

g
vho

Using the notation above, the “no justified complaints” dtind
can be formally expressed as:

forallusersi : z; = 1 or
there exists a bottleneck resourcesuch thatz;r;;« > e;.

)
Specifically, usei cannot complain if there exists some bottleneck
resourcej™ where he gets at least what he is entitled to. Since
j* is already utilized to its full capacity, giving him more aths,
increasinge;, would necessarily come at the expense of other users,
who have the right to their own entitlements. Thereforereasing
i's allocation at their expense would be unfair.

Note that it may happen that a user receives less than hikeergnt
onotherresources, including other bottleneck resources, where th
entitlement would seem to indicate that a larger allocaisaman-
dated. This is where the proportional resource usage asgump
comes in. Recall that the factar; is common to all resources.

Thus giving a user a higher allocation on any resource iraphat

his allocation must grow oall resources. The original bottleneck
resource* thus constrains all allocations, even on other bottleneck
resources or resources that are not themselves contended.

Being based on bottlenecks, it is easy to see that allocatiuat
satisfy Egs. (1) and (2) are Pareto optimal (but, of courseewvery
Pareto-optimal solution satisfies our fairness criterioBhowing
that such a fair allocation exists turns out to be surprigingntriv-

ial. The obvious greedy approach does not seem to work. Given
collection of requests and entitlements, suppose thatyw® tsat-
isfy the users one at a time, so that, after kil step, we have
an allocation(z1, . ..,z n) satisfying Eq. (1) such that the firkt
users have no complaints (that is, Eqg. (2) holds for users. , k).

To see why doing this does not seem helpful, suppose tha ther
are three resources and three users. User 1 requgsis2) (i.e.,

i = 3,712 = 3, andri3 = 2) and is entitled td).5 of the re-
sources (i.e¢1 = 3). User 2 request§;, 2, ) ande; = 2, and
User 3 requestél, 1, +) with es = &. We start by giving user 1
everything he asks for, and users 2 and 3 nothing; that is,ome ¢
sider the allocationr = (1, 0,0). Clearly at this point User 1 has
no complaints. Next we try to satisfy User 2. If we do not cutkba
User 1, then we must have < % since resource 3 then becomes
a bottleneck. But with the allocation = (1, 2,0) User 2 has a
justified complaint: the only resource on which he gets attlbes
entitlement is resource 2, but resource 2 is not a bottleméttk
this allocation. So User 2 feels that he is entitled to a higiare

of the resources. There are various ways to solve this protfer
example, we could consider the allocatioh, 1,0). It is easy to
check that neither User 1 nor User 2 has a justified complaiit w
this allocation. But now we need to add User 3 to the mix. To do
s0, we have to cut back either User 1 or User 2, or both. Itvidlo
from our main theorem that this can be done in a way that none of
the users has a justified complaint. But the naive greedytaans
tion does not work; at each stage, we seem to have to completel
redo the previous assignment. Although a more clever grapey
proach might work, we suspect not; a more global approaansee
necessary. We will describe such an approach in Section 5.

4. PROPERTIES OF ALLOCATIONS WITH
NO JUSTIFIED COMPLAINTS

In their analysis of dominant resource fairness, Ghodsl. €tl&]
show that it possesses four desirable attributes, undexsiemp-
tion that all tasks that a user wants to execute have idémgea
source requirements (in which case their model reducesrs).ou
We now show that our definition possesses them as well. This an
swers Ghodsi et al.'s question of whether there are otheafiai-
cation schemes with these properties.

The first attribute is providing amcentive for sharing the allo-
cation given to each user should be better than just givingtis
entitlement of each resource (actually they defined thisirement
only in the case that all users are viewed as having equaleenti
ments, in which case this amounts to giving each L%serof each
resource). Suppose that if user gets a fractioof each resource,
he can perform a fraction of his requests, wherer;; < e;. Inan
allocation that is far in our sense, useagets to perform a fraction
y of his reuqests, whergr;; = e; for some resourcg. Thus, we
must haver < y, which means that playeris at least as well off
participating in the scheme as he would be if he got his entiént
on each resource.



The second attribute is beirggrategyproof This means that users
won't benefit from lying about their resource needs. Askimgéss
than the real requirements obviously just caps the uset&ngal
allocation at lower levels. Asking for more with the samefiieo
(that is, same relative usage of different resources) dosave an
effect, except that the user might be allocated more thaahese.
While this may lead to waste, it does not provide any benefti¢o
user. Modifying the profile will either give the user extrgaaity
he can’t use on some resource, or worse, reduce the effedtive
location because some unneeded resource was inflated ekettri
the system into thinking it has satisfied the user’s entélemThus
lying cannot lead to benefits, but can in fact cause harm t@gsus
allocation.

The third attribute is that the produced allocationdmey free no
user should prefer another user’s allocation. This follfrem be-
ing strategy proof; otherwise a user could lie about hisirequents
so as to mimic those of the other user.

The fourth and final attribute iBareto efficiency This means that
increasing the allocation to one user must come at the egpains
another. As noted above, this follows from doing allocagibased

on bottlenecks.

We now turn to comparing our definition of fairness with doamih
resource fairness. While similar in spirit, the two defimiis are
actually quite differentin their philosophy. At a very bakével, the
notion of fairness depends on perception of utility. In tioatext
of allocating resources on computer systems, the utilitypggally
unknown. Consequently the notion of fairness is ill-defined

To better understand the difference between utility anacation,
we recount an example used by Yaari and Bar-Hillel [35]. 3one
and Smith are to share a certain number of grapefruit andhaosc
to obtain certain vitamins they need. They have differernysp
logical abilities to extract these vitamins from the diéfat fruit.
The overwhelming majority of those polled agreed that thestmo
fair division is one that gives them equal shares of extthet@a-
mins, despite being quite far from being equal shares obafruit.
But such considerations would be impossible if you do notvkno
their specific ability to extract vitamins, and that theyuadly only
eat fruit for their vitamins.

When allocating resources to virtual machines or users ¢dw@dc
system, we do not know the real utility of these resourcegHer
users. We are therefore forced to just count the amount ofiress
being allocated. The difference between definitions ohfss is in
how this counting is done. In asset fairness, the fractidrad! oe-

our scheme dom. res. fair.

fraction used
fraction used

resource resource
Figure 2: Example of the effect of imposing equal shares of a bot-
tleneck resource, compared with dominant resource farnes

is welcome to use as much of any resource for which there is no
contention as he likes.

Interestingly, Ghodsi et al. prove that under dominantues®fair-
ness each user will be constrained by some resource thatos a b
tleneck [16]. However, their fairness criterion does nopetfel
on this bottleneck, while ours does. The following exampleym
help to illustrate the differences (Fig. 2). Consider a sc@nwith
three users and two resources. The requirements of the aigers
ri = (1,0.2), ro = (1,0.2), andrs = (0.4,0.8). The entitle-
ments aree; = ez = e3 = % Obviously resource 1 is a bot-
tleneck, so the allocations with our definition of fairnest e
a = (3,3), a2 = (3, %), andas = (%, 2). This is fair on the
bottleneck resource, and each user receives his entitteMemi-
nant resource fairness, in contrast, leads to the followailugation:
a; = (0.4,0.08), a2 = (0.4, 0.08), andas = (0.2,0.4). User 3's
usage of resource 2 is counted, despite the fact that thecedsn-
tention for resource 2; this leads to a reduced allocatiorsdurce
1. There seems to be no criteria by which to say that one ditoca
is fairer than the other. It may well be that user 3 derives imuc
benefit from using resource 2, and therefore cutting him tmack
resource 1 is perfectly justified. But given that we do krmdwthat
this is the case, we suggest that it is safer to focus on thikebetk
resources.

In fact, Ghodsi et al. do mention bottleneck fairness inrtlie-
scription of dominant resource fairness, but only as a sagn
criterion. They define bottleneck fairness only when alrs$@ave
the same dominant resource, essentially reducing the f$odpe
single bottleneck case. Our work is the first to extend thigh wi
a meaningful definition of fairness for multiple bottlenscland
when the dominant resources are different.

sources used are summed up. Thus if a user gets 20% of the CPU,

7% of the disk bandwidth, and 37% of the network bandwidth, he
is considered as having received 64/300 of the total ressurc
the system. In order to be fair, other users should also ggt si
lar total fractions. In dominant resource fairness, onky ldrgest
fraction is considered. Thus, in the example above, thésudem-
inant resource is the network, and he is considered to haeé/szl
resources at a level of 37/100. To be fair, other users sheuld
ceive similar levels of their respective dominant resosirde our
definition of fairness, we do not focus on the dominant reseur
of each user, but rather take a system-wide view based ole-bott
necks. Thus, if the CPU happens to be the only bottleneckaye s
that this user received resources at a level of 20/100. Tdidtat
he received more of another resource, namely the netwoi-is
material, because there is no contention for the network.séx u

We now turn to a few more observations of the relationship be-
tween our definition and dominant resource fairness. Ristob-
serve that if all users have the same dominant resource hdomi
resource fairness and our definition are equivalent. THievis
since the common dominant resource is the only bottleneck.

Another interesting question is one of utilization. In themple
given above, our definition of fairness led to higher oveuéliza-
tion than dominant resource fairness. It this guaranteedviays

be the case? The answer is no, as the following counter-deamp
demonstrates. Assume two users and four resources, witireeq
ment vectors ofy = (%,0, 0,1) andre = (1,1,1,0) and equal
entittements; = ex = % With our no justified complaints defi-
nition, the first and last resources are the bottleneckstlandllo-



cations aren, = ($,0,0,1) andaz = (3,3, 3,0). If there were

many more “middle” resources, the average utilization wdehd
to % With the dominant resource fairness scheme, the allatstio
area; = (3,0,0,2) andaz = (2, 2, 2,0). In this case, the aver-

3
age utilization tends t§.

Another important difference between the two definitionshiat
dominant resource fairness allocations can be found using-a
cremental algorithm [16]. Finding allocations based onrtbgus-

not the dummy resources.) If this is not the case, we give iser
everything he asked for, remove his requests, renormdizen-
tittements of the remaining users so that they still sum teetor-
malize the remaining capacity of the different resourcethaoit

is still 1, and renormalize the remaining requests by theestao
tors. For example, suppose that users 1, 2, and 3 are endittef,

0.2, and 0.3 of capacity, respectively. If User 1 never agksiore
than 0.5 of any resource, then we give him what he asks for, and
remove his requests from the picture. Note that this meaisftr

tified complaints idea is harder, because we do not know in ad- €ach resource, the fraction ofr available is at least as much as the

vance which resources will be the bottlenecks. Nevertkelgr
proof presented in the next section shows that such an &tboca
always exists. Moreover, the trajectory argument usedtisady
somewhat similar to how allocations are constructed foridant
resource fairness.

5. EXISTENCE OF A FAIR ALLOCATION

In this section, we prove that an allocation satisfying (4l €2)
always exists. Note, however, that there is an additionglire-

ment thatr; < 1, and that (2) makes a distinction between the case
x; < 1 (need to exceed entitlement on some bottleneck resource)
and the case; = 1 (get all you want). We can treat these two
cases uniformly by definingP dummy resources that are each re-

quested by only one user. Using to denote the number oéal

resources, we define the requirements on the dummy resaorces

ber; 4, =1fori=1,...,N,andr;; =0fori=1,...,N,
j=m'+1,...,m +N,andj # m’+i. These dummy resources
can only become a “bottleneck” if their corresponding = 1,
meaning that the user gets all he requested. In the follgwing
will denote the full set of resources including the dummysne

With this addition, we want to prove the following:

Theorem 1. Given
e entitlements:,...,enx such thate; +--- +ey = 1 and
e; >0fort=1,...,N,and
e resource requirements;,i=1,...,N,j =1,...,msuch
thatry; +---+rn; > 1forj=1,...,mand0 <r;; <1
fori=1,...,Nandj =1,...,m,
there exists an allocatiom1, ...,z x, where0 < z; < 1fori =
1,..., N, that satisfies the two conditions
(1) forallresourcegi,j =1,...,m, zirij+---+anrn; < 1;

(2) for all usersi, i = 1,..., N, there exists a resourcg” such
thatmmj* > e and$1’r’1j* + -+ INTNjx = 1.

As the mathematical derivation is somewhat involved, we firs-
vide an argument for the special cade = 2 (two users); this
enables us to draw the constructions used in 2D. The fullfgoro
all values ofN is given in Section 5.4.

5.1 Simplifying Assumptions

Before proving the theorem, we make three simplifying agsum
tions, all without loss of generality. First, as reflectedtia defini-
tion of the resource requirements, we assume that, for esclurce
jyr,; + -+ rn; > 1. If there is any additional resourgé for
which this inequality does not hold, we can ignore resoiif¢@and
solve the problem for the remaining resources. Whatevetisal
we come up with will also be a solution when we gddack to the
picture, because its usage will be at mogto + - - - + ryjo < 1.

Second, we assume that, for each useéhere is at least one re-
sourcej such thatr;; > e;. (This pertains to only real resources,

entitlement of each user. We then multiply User 2 and Useei3's
tittements by 24€ 1/(1 — 0.5)), so that their entitlements still sum
to 1. After this normalization, they are entitled to 0.4 an€i 6f
what remains after we have granted User 1's request. Morgibve
User 1 requested, say, 0.4 of Resource 1, so that 60% of Resbur
is still available, we multiply each of the remaining usegguests
by % (= 1/0.6). Again, if we solve the resulting problem, we will
have solved our original problem. This follows in generaksi, if
User 1is the one eliminated, the entitlements of the remginsers
effectively grew by a factor of /(1 — e1), while the requests and
capacity of resourcg grew by1/(1 — r1;). Sinceri; < e the
entittements grew by a larger factor, and fulfilling them Ivailso
satisfy the original entitlements.

Finally, we assume that there are chaminatednequalities, where
an inequalityziri; + - -+ + zyrn; < 1is dominated if any so-
lution (z1, ...,z n) to the remaining inequalities is also a solution
to this inequality. Dominated inequalities can be effidigfdund

by standard linear programming methods. We can clearly vemo
dominated inequalities to get a system with no dominatequak
ities. Depending on the order of removal, we may end up with
different systems. However, a solution to any of the undereid
systems is also a solution to the original system.

We now prove that we can find a solutien . . . zy satisfying the
requirements of Theorem 1 under these simplifying assumsti
We stress that this is without loss of generality; as shovwovehpif
we can find a solution under the simplifying assumptions, ame c
also find one without these assumptions.

5.2 Proof Structure

We first establish some notation. By (1), the set of legaktallions
is a subseD of RY, where
D:{(ml,...,xz\r): OS.I'Z < 1, Vi
xiryy -+ anry; <1, V5t

and

For N = 2, this is a polygon in the first quadrant, as illustrated in
Fig. 3. In the figure, two users contend for three resourges=(

3). The request vectors are = (1,3,1) andr, = (1,%,0).
This leads to the bounds shown; for example, the p@?nt%) is
impossible because it would imply usidg- + + 1 .1 = 13 of
resource 1, i.e. more than its capacity. In the general dage,
region is a simplex in the positive orthant (that is, the enkull

of N\ affinely independent points, all {R™)™).

For every vectorr =
resources is

(z1,...,zn) in D, the set of bottleneck

Je)={j: 1<j<m, zry+ - +aznry; =1}

J(x) is empty for allz in the interior of the domairD, implying
that our solution will lie on the boundary @. Using this notation
to re-write requirement (2), our goal is to prove that thedists an
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Figure 3: Depiction of bounds om; values due to capacity con-
straints of resources, fo¥ = 2 andm = 3.

allocationz = (z1,...,zn), such that

foreveryi=1,...,N
there exists g € J(x) such thate;r;; > e;.

®)

The difficulty in findingx stems exactly from this condition. In
fact, if we knew what the bottleneck resources would be, thép
lem could be solved efficiently using well-known machinepecif-
ically, fix an arbitrary subset C {1, ...,m}, and consider the fol-
lowing decision problem: Is there an € D for which J(x) = I
such that condition (3) holds? It can easily be verified thét is
asking whether a finite set of linear equations and lineayiabties

is consistent. This task is subsumed by the Linear Progragmi
problem, and can thus be solved in polynomial time.

How can we overcome the difficulty involved in satisfying dén
tion (3) without knowing in advance what the skte) is? We take

a somewhat unconventional approach to this problem. Th®set
is a polytope, that is, a bounded convex subseR¥fthat is de-
fined by a finite list of linear inequalities. We want to approate

D by a subse® C D that is convex and has a smooth boundary.
Intuitively, Q “rounds off” the corners oD (see below for further
discussion). Such a s@ is defined byinfinitely manylinear in-
equalities: For every hyperplarié that is tangent t&® we write a
linear inequality that states thatmust reside “below’H . It would
seem that this only complicates matters, replacing theefinde-
fined D by Q. However, the problematic condition (3) takes on a
much nicer form when applied t@, and becomes a very simple
relation involving the contact point af and Q, the normal toH ,
and the vectoe (see Equation (7) below). Moreover, using stan-
dard tools from the theory of ordinary differential equasp we
can find a point on the boundary ¢f where this relation holds.

To find the solution, we do not consider a single smo@thbut
rather a whole parametric famil@,. This family has the properties
that (a) the set®); grow as the parameterincreases; (b) they are
all contained inD; and (c) ag — oo the setsQ; converge taD.
For everyt > 0, we find a pointz® on the boundary of; such
that (") satisfies the analogue of condition (3). As—+ o the
pointsz¥ tend to the boundary dP. We argue that there always
exists a convergent subsequence of the paifits and show that
the limit point of this subsequence solves our original fgob In
the language of the description belo@; is defined as the set of
thosex € D for which f(x) < t.

The procedure above hinges on our ability to define the apiatep
points =¥ that satisfy the required condition. This is based on
considering the tangent to the surface@f. Note that the only
essential difference betweé@n and Q is that the latter is defined
by an infinite family of defining linear inequalities, namebye for
each hyperplanél that is tangent t@. Keeping this perspective in
mind, let us apply the original problem definition to a paine O.

If x lies in the interior ofQ, then none of)’s defining inequalities
holds with equality. Thus, as beford(x) is empty for anyz in
the interior of the domair®. We therefore consider that lies on
the boundary of. In this case the set(x) is a singleton, the only
member of which is the inequality corresponding to the hylaare
H thatis tangent t@ and touches it at the point. The equation of
the tangent hyperplang can be written a§~ v;z; = 1, where the
vector(v1, ..., vy) is normal toH . Now condition (3) becomes

4)

When we sum over all this becomes_ v;x; > > e; = 1. But
x lies on H, so that)_ v;z; = 1. It follows that all inequalities
in Eq. (4) hold with equality. But we also have, from the defom
of the bottlenecks, that_ r;;z; = 1. Thus, the normal is simply
defined by the requirements vectors. Moreover, we can usashi
a condition on the gradients of the surface©pffor successive’s,
and follow a trajectory that leads to a solution on the boundé
D. This is then the desired constructive proof: it both shdves &
solution exists, and provides a mechanism for finding it.

Vi V;X; Z €;.

5.3 The Casev =2

In this section, we give a complete proof of Theorem 1 for tsec

N = 2 that is simpler than our general proof, and is perhaps more
intuitive. This includes an explanation of the relatiomshetween

the normals to the surfaces and the requirements vectoms aifh
gument for arbitraryV is given in the next subsection.

In the caseN = 2, as noted above, the constraint (1) defines a
region in the first quadrant whose boundary is a piecewisatin
curve that satisfies the constraints in (1) withreplaced by=.
Note that the slopes of the lines that define the boundary ege n
ative, and ag: increases from 0 to 1, the slopes of the lines that
intersect the vertical line = k& get more and more negative. This
follows from the fact that the interior is convex.

Let g be the piecewise linear curve that defines the boundary. We
can approximatg arbitrarily closely from below by a concave
twice-differentiable functionf. (The functiong is the boundary

of the region called in the previous section; the functighis the
boundary of the regio®.) The concavity of the curvg just means
that f”/ < 0. As we said earlierf “rounds off” the corners of, as
shown in Fig. 4.

As we said in the previous section, we want to find a pgirit z5)

on the curvef such that ifvix1 + v2xo = 1 is the tangent to the
curve at(z7, x3), thenviz] = e1 andvax; = es. We show below
how to find such a point. We now argue that finding such a point
for each f approximatingg suffices to prove the theorem in the
case thatV = 2. First suppose thdt:7, z3) is actually a point on
one of the lines that defing(as opposed to a point ghthat arises
from rounding off a corner of the curvg. Suppose that the line is
defined by resourcg, so that it has the form,;z1 + rojze = 1.
Obviously the tangent tg at the point(z7, z3) on the line is just
the line itself, so we have,; = ri; andvs = r2;. Thus, we will
have founde} andz3 such that ;27 = ey andrg;x5 = ez, which
means that (2) holds (and moreover, the same resource psovid
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Figure 4: Rounding off the boundary @b.

justification for both users).

Next, suppose thatri, z3) is not on one of the original lines,
but we can find such a point for all functiorfsapproximatingg.
Straightforward continuity arguments show that small gestof
result in small changes to the point, so thaf agets closer tg, we
get a sequence of points that approach a poinj.orhus the limit

is a point ong. We actually get even more. What we really have
for each functionf that approximateg is two pairs(x7, z5) and
(v1,v2), where(x1, x5) isapointonf, vizi1+reze = listhe tan-
genttof at(zi,z3), viz] = e1, andvexs = e2. As f approaches
g, we will get a sequence of such pairs of points. (€}, 2§) and
(v{,v3) be the limit of this sequence of pairs of pairs. Itis clearly
the case thatz{, =) is a point ong, v{z{ = e1, vjz§ = ez, and
vixzy + vize = 1. Now if (29, 29) is in the interior of one of the
lines that make up the boundary of the region — let's assurnse it
the line associated with resourge— then, as the argument above
suggestsy{ = r1; andvy = ro;. Thus, resourcg is a bottleneck,
and provides a justification for both users.

Now suppose thatz{, =) is at the intersection of two lines, say,
representing resourcgsand j'. Thus,z{ri; + zJrs; = 1 and
xyri +x§ra; = 1, so both resources are bottleneckédt =3).
Moreover, we still have//z{ = e, andviz) = es. Finally, it
is clear thaty must be a convex combination ef; andr,;, for

1 € {1, 2}, since, for each approximatighto g, the tangent in the
region that we have “rounded off” is a convex combinationhaf t
tangents of the lines that make yghat are being approximated.
It follows that each user € {1, 2} gets at least his entittement on
one of resourceg or j'; that is, either;;z¢ > e; orr;iz? > e;.
Forif rijzf < e; andr;; zf < e, thenvfz! < e;, and we have a
contradiction.

The fact that we can find such a poifit;, xz3) on eachf fol-
lows from another easy continuity argument. Consider thatpo
on the functionf in the first quadrant. Suppose thatstarts at
the Y-axis at some poinf0, ') and ends at thé-axis at some
point (z’,0). Let the equation of the tangent ¢f at the point
x° = (29,23) bev™ - x = 1. Consider the terng(z®) =
WE ))& x%) = —f'(29)a$ /x5 asz® goes from(0,y') to
(«’,0). Asz® approaches0, y') from the right,q(z®) approaches
0; asx® approachegz’,0) from the left, (=) approachesxc.
Since f’ is continuousy varies continuously in the first quadrant
betweerD andoo. Thus, at some point it must have valg/es. If
q(z*) = e1/ea, then we must have? =} /vE x5 = e1/es. Since
we also have? 2} + v¥ 25 = 1 ande; + ez = 1, it easily fol-
lows that we must have® 2zt = e; andv® z% = e», as desired.

point corresponding

i 72:
X, to ratio e 1.5

1 {
O . 9 B

0

0 0.6

Figure 5: Simple example of a poirci, z5). Different points
correspond to different ratio%, as indicated by the slopes of the
line segments.

This completes the proof in the case that= 2.

We can actually say more in the case that= 2. Sincef is con-
cave,f’ is decreasing, se-f’ is increasing. It easily follows that
g is an increasing function. Thus, there is@iquepoint (z7, z3)
with the desired properties. It easily follows that, in these of
two users, the solution to (1) and (2) is unique. Uniqueness h
an important consequence. In the problem definition, théesot
neck resources in (1) are not known in advance. In particitlar
might seem that different solutions may lead to differesbreces
becoming bottlenecks. Uniqueness guarantees that thist ihe
case, and that the set of resources that will become botl#erie
uniquely defined by the problem parameters (that is, thelenti
ments and request profiles). We remark that the uniquenass cl
does not hold in general fav > 2; see Section 5.5.

The example in Fig. 5 may help in gaining an intuition for the
derivation above. Consider a single limiting resource, ighmth
users request; = rp = % of its capacity. The boundary line
representing the capacity limit of the resource has the temua
221 + 225 = 1. Different points along this line correspond to
different ratios of the users’ entitlements. For examglengy have
entitlements of).4 and0.6, the point(0.6, 0.9) satisfies the equa-
tions 2 - 0.6 = 0.4 and2 - 0.9 = 0.6, and indeed using these
values forz; andz» leads to sharing the resource in the desired
proportions. If the ratio of entitlements is such t@t > 2, then
user 2 is not requesting his full entittlement, and is elirteéderom
consideration. He is given his full request, and user 1 dgetsdst,
which is more than his entitlement (so they are both satisfiEuis

is in fact an example of a solution based on a dummy resoutee. T
opposite happens * < 3.

5.4 Proof of Theorem 1

We now prove Theorem 1 for arbitrary.

Construction 1. To every allocatiorx in the interior of the domain
D, we assign a value

f(a:) = — Zlog <1 — Zl’]ﬂ"]ﬂ) .
j=1 k=1

Remarkl. The functionf is positive in the interior oD, diverging

®)
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Figure 6: lllustration of level-sets of fromt =0tot = oo

to infinity asz tends to the boundary @.2

Remark2. Clearly, there are other choices ffthat satisfy these
desired properties. This choice seems like the simplesfaraur
purposes.

Definition 1. To every numbet > 0, there corresponds a level set
of f, namely,

Ii={xeD: f(zx)=t}
Remark3. This is an(N — 1)-dimensional hypersurface. (Fig. 6
illustrates this forv = 2.)

Definition 2. To every pointz € D, there corresponds a unique
unit vectorv(z) = (v1(x), ..., v~ (x)), normal to the level set of
fatx.

The unit normalv () is proportional to the gradient of at «,
implying that

m

R

= Zk 1 TkTkj

. Yi=1,...,N,

(6)

vi(e) = 817

Intuitively, x(t) is a “trajectory” that takes us from the origin= 0
to a point on the boundary @ ast grows fromo0 to co.

The formal proof now follows from the following sequence lofde
lemmas, proved below. First, we show that a trajectory whith t
required properties exists (Lemma 4). Given such a trajgctee
show that a subsequence of this trajectory converges tora oi
the boundary o (Lemma 2). Finally, this accumulation point is
shown to be a solution to our allocation problem (Lemma 3).

Itis convenient to delay the question of whether there iddeésts
a trajectoryx(¢) satisfying the required properties, and consider
convergence first.

Lemma 2. Let0 < t; < t2 < --- be a sequence tending to infin-

ity. Letz(t) be a vector-valued function as defined in Construction
2. Then, the sequencet;) has a subsequence that converges to
an allocationz™ on the boundary ob.

PROOF. Consider what happens as— oco. Sincex(t) €
T, it follows thatx(t) approaches the boundary Bt However,
the functionz(t) may not tend to a limit ag — oco. Neverthe-
less, sinceD is a compact domaing(t) has a convergent subse-

guence. That is, there exists an allocatish= (z7,...,x}) on

the boundary o> and a subsequeneg, < t,, < ... such that
len;lo w(tng) - :l:*.

|

The next lemma shows that this accumulation point is a soiutt
the fair allocation problem.

Lemma 3. An allocationz™ as resulting from Lemma 2 is a fair
allocation according to our definition.

PROOF. Sincex™ is on the boundary D, it has a non-empty
setJ(x*) of bottleneck resources such that

xiryy + -+ anrn; =1 Vie J(x") # 0.

where the normalization constans chosen so asto guarantee that We then rewrite (8) by splitting the resourcgmto bottleneck re-

v is a unit vector, that isy? + - - - + v = 1.
Construction 2. We now construct a vector-valued function
x(t) = (x1(t),...,xn(t)), t>0,

satisfying the following properties:

1. x(t) lies on the level sef; for all ¢ > 0 (and, in particular,
remains inD).

2. Forallt > 0, there exists a-dependent normalization factor
c(t), such that forevery =1,..., N,
xi(t) vi(x(t)) = ce(t)es. @)
Remark4. Note that sincef(«(0)) = 0 it follows thata(0) = 0,
that is, the vector-valued functian(t) “starts” at the origin.

Remark5. substituting (6) into (7) and summing over the index
determines ¢(¢). After simple algebraic manipulations, summing
the expressions (7) ovegives us

Z )7'17 - (Zk 1 mk( )Tkj)ei

j=1 - Zk:l T ()T

=0,Vi=1,...,N, Vt>0.

®)

2Note that this functiory is not the curvef of Section 5.3.

sources and non-bottleneck resources, and setting,, :

v Ti(tn)rij — (g Tltn)ris)ei .

1= 30 @k (tn)r;

g (@)
N 9)
3 i(tn)rig — (g @r(tn)rrsei 0
jed(x*) 1= 30 wn(tn)re

The two summations behave very differentlynas> co. For a non-
bottleneck resourcg, S, zir; < 1, so the summation over
the non-bottleneck resources tends to a limit obtained tiinde
x(tn) — x* term-by-term:

lim Z xi(tn)rij — (Eszl Tk (tn)Thj )i

N
nﬁoojg](m*) 1=>0 @r(tn)re;

T wiriy — (o, Thrks)ei

N *
jgJ(x*) 1- Zk:l LpTkj

(10)

For a bottleneck resourgethe denominatot— S| ary,; tends
to zero asc — z™, so the limit exists only if the numerator vanishes
as well. But if it were the case that, for a given uger

ziri; < e forall j € J(z™),



then

T i(tn)ris — (Dhey Tk (tn)Trs)es
jeJ(2*) 1- Eivzl Lk (t")rkj
This is a contradiction to the fact that, by (9), the limit altbbe
the negative of the right-hand side of (10). Hence we corecthet

x* has the property that for all useisthere exists a bottleneck
resourcej such thate;r;; > e;. Thus,z” is a fair allocation. O

lim
n—r oo

= —OQ.

It remains to show that the trajectoryt) is indeed well-defined for
all system parametees andr;;. This is handled by the following
lemma.

Lemma 4. There exists a functiom(¢) with the properties speci-
fied in Construction 2.

PROOF To prove this we show that we can find points satisfying
property 1 that also satisfy property 2. Sincé) € I't, we have
f(z(t)) =t, thatis,

m N
— log {1— xE(t)re; | =t (11)
3 ( S et )
j=1 k=1
By (7),
i zi(t)rij = c(t)es, Vi=1,...,N. (12)

1- lecvzl Tk (t)Tr)

Differentiating both equations with respectttave obtain a linear
system of equations for the derivatide /dt. Differentiating (11),
we get

Jj=1

ZN dxy, .
k=1 "at 'ki__ _

1- ZkN:1 Ti(t)Tk;
Differentiating (12), we get

m %Tij m TiTij Eivzl %7’1@1 _ de
> R ’ ;= e (19)
1-— Zk:l .I'M“k]' (1 — Zk:l mkrkj) t

=1 j=1

Observe that, without loss of generality, we candetdt = 1,
compute the resulting vector of derivativés/dt, and then multi-
ply it by a constant for the normalization condition to holdhus, it
remains only to show that (13) has a unique solution whefdt =
1. To do so, we define am-dependent matrix with entries

Tij

N )
L= ThTh;
These entries are non-negative oK D. We now rewrite (13) in
a more compact form,

m N
<Z bijdir + Z -Tibijbkj> = €.
j=1 j=1

The term inside the brackets is tlig, i) entry of a symmetric
positive-definite N x N matrix, which immediately implies that
there exists a unique solutief/dt. Moreover, since the depen-
dence ofdxz/dt on « is continuous, the existence and uniqueness
of z(t) follows from the Fundamental Theorem of Ordinary Differ-
ential Equations [9]. (More precisely, the fundamentabtieen of
ODEs guarantees only the existence and uniqueness of @solut
for some smalt; global existence follows from the boundedness of
the domairD.) O

bij = i=1,...,N, j=1,...,m.

m

>

k=1

dzx
dt

This completes the proof of Theorem 1.
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We note that our proof that a fair allocation exists is alnust-
structive. The trajectories(t) can easily be computed numerically
using standard ODE integrators (for example, Matlalle45 func-
tion). If z(¢) is found to tend to a limit for large then this limit is

a fair allocation. The only reservation is that numeric&gnation
only provides approximate solutions (however, with a colfable
error), and can only be carried out over a firtiiaterval.

5.5 Uniqueness of the Solution

As we mentioned in Section 5.3, unlike the cage= 2, in the
general case the solution is not unique. This is easily sesn f
the following counterexample. Assumé = 3 andm = 2, with
r = (1,1), r2 = (0,1), r3 = (1,0), ande = (0.5,0.3,0.2).
This has the the family of solutions = (2,1 — 2,1 — z) for z
that satisfie9.5 < z < 0.7, where in all these solutions both
resources are bottlenecks. Note that this does not cootthdifact
that our solution method finds a unique trajectory. Thist&jry
corresponds to the choice of the functigrin (5). Other choices,
e.g. by adding different weighting factors to each term msbm,
could lead to other trajectories and other solutions.

There also exist cases where different solutions dependfenemt
bottlenecks. Consider the following example, with fourrssand
four resourcesi¥ = m = 4). Assume all users have the same enti-
tlements, thatig; = 0.25 fori = 1, ..., 4. Arrange the users and
resources in a circle, and make each user request the fatitpp
of its resource and those of its neighbors. Thus the reqeintsn
matrix becomes

—
=)

1
0
1
1

—_ O = =

0

This instance is completely symmetric, and the obvioust&wius
a symmetric allocation where; = 1 fori = 1,..., 4. In this so-
lution, all 4 resources are bottlenecks, and all users ge¢ itian
their entitlements on all the resources they use. But theré ad-
ditional solutions. Pick any two useisandj, and setv; = z; =
0.25. Letk andl be the other two users, and sgt= z; = 0.375.
Now two resources are bottlenecks25 + 0.375 + 0.375 = 1)
but the other two are nod25 4 0.25 + 0.375 = 0.875). Which
resources become bottlenecks depends on the choikeanfl .
If they are adjacent, then resourdesnd! are the bottlenecks. If
they are opposite each other, then resouicawdj are the bottle-
necks. In any case, every user gets his entitlement on datdaas
bottleneck resource. This demonstrates that the set déhetk
resources is not unique.

The finding that there may be multiple solutions opens theeisé
selecting among them. In particular, once one accepts dimi-de
tion of fairness and finds a set of fair solutions that satidifysers,
it becomes possible to use the remaining freedom to selestt-
cific solution that optimizes some other metric. For example
can decide that the secondary goal is to maximize systemautil
tion; in the above example, this will lead to preferring tlyens
metric solution where all resources are bottlenecks oweiother
solutions where only two are bottlenecks. This providesraeri
esting way to combine user-centric metrics (the entitlesjenith
system-centric metrics (resource utilization).

Of course, making such optimizations hinges on our abititglen-
tify and characterize all the possible solutions. At présmw to
do this remains an open question.



6. CONCLUSIONS

To summarize, our main contribution is the definition of wiat
means to make a fair allocation of multiple continuouslyisible
resources when users have different requirements for Hoeirees,
and a proof that such an allocation is in fact achievable. défii-
tion is based on the identification of bottleneck resouraes, the
allocation guarantees that each user either receives allidtes
for, or else gets at least his entitlement on some bottleresturce.
The proof is constructive in the sense that it describes aodeb
find such a solution numerically. The method has in fact been p
grammed in Matlab, and was used in our exploration of various
scenarios. While this method has seemed efficient in pegatice
obvious open question is whether we can get a method thalyis po
nomial in N andm.

Note that, in the context of on-line scheduling, we may nache
to find an explicit solution in advance. Consider for exanmpie
RSVT scheduler described by Ben-Nun et al. [5]. This is a fair
share scheduler that bases scheduling decisions on thetyapdn
what each user has consumed and what he was entitled toeeceiv
To do so, the system keeps a global view of resource usagesby th
different users. If there is only one bottleneck in the systthis
would be applied to the bottleneck resource. The questiormat

to do if there are multiple bottlenecks. Our results indicttat

the correct course of action is to prioritize each procesedtan

the minimal gap on any of the bottleneck devices, because this is
where it is easiest to close the gap and achieve the desitiié-en
ment. Once the user achieves his target allocation on anlyeof t
bottleneck devices, he should not be promoted further. Gtis
tradicts the intuition that when a user uses multiple resesirhis
global priority should be determined by the one where hertbéat
behind.

It should also be noted that our proposal pertains to theyptdiel,
and only suggests the considerations that should be applied
fair allocations are desired. It can in principle be usechveihy
available mechanism for actually controlling resourceddtion,
for example, resource containers [3].

A possible direction for additional work is to extend the rabdn
particular, an interesting question is what to do when thetive
usage of different resources is not linearly related. Irhsacase,
we need to replace the user-based factorsy specific factors:;;

for each user and resource. This also opens the door for a gamg15]

where users adjust their usage profile in response to sydtem a
cations — for example, substituting computation for bartivby
using compression — and the use of machine learning to predic
performance and make optimizations [6]. Finally, we mighin-c
sider approaches where users have specific utilities adedaivith
each resource.
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