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ABSTRACT

Several new logics for belief and knowledge are introduced and studied, all of which have the
property that agents are not logically omniscient. In particular, in these logics, the set of beliefs of an
agent does not necessarily contain all valid formulas. Thus, these logics are more suitable than
traditional logics for modelling beliefs of humans (or machines) with limited reasoning capabilities.
Our first logic is essentially an extension of Levesque's logic of implicit and explicit belief, where we
extend to allow multiple agents and higher-level belief (i.e., beliefs about beliefs). Our second logic
deals explicitly with “‘awareness,” where, roughly speaking, it is necessary to be aware of a concept
before one can have beliefs about it. Our third logic gives a model of *‘local reasoning,” where an
agent is viewed as a ‘‘society of minds,” each with its own cluster of beliefs, which may contradict
each other.

The animal knows, of course. But it certainly does not know that it knows.

Teilhard de Chardin

1. Introduction

There has long been interest in both philosophy and Al in finding natural
semantics for logics of knowledge and belief. The standard approach has been
the so-called possible-worlds model. The intuitive idea, which goes back to
Hintikka [17], is that besides the true state of affairs, there are a number of
other possible states of affairs, or possible worlds. Some of these possible
worlds may be indistinguishable from the true world to an agent. An agent is
then said to know or believe fact ¢ if ¢ is true in all the worlds he thinks
possible.

* A preliminary version of this paper appeared in the Proceedings of the Ninth International Joint
Conference on Artificial Intelligence (IJCAI-85), Los Angeles, CA, 1985. Editor’s note: This paper
won the best paper award for the conference.
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As has been frequently pointed out in the literature (see, for example, [18]),
possible-worlds semantics for knowledge and belief do not seem appropriate
for modelling human reasoning since they suffer from the problem of what
Hintikka calls logical omniscience. In particular, this means that agents are
assumed to be so intelligent that they must know all valid formulas, and that
their knowledge is closed under implication, so that if an agent knows p, and
knows that p implies g, then the agent must also know g.

Unfortunately, in real life people are certainly not omniscient. Indeed,
possible-worlds advocates have always stressed that this style of semantics
assumes an ‘“‘ideal” rational reasoner, with infinite computational powers. But
for many applications, one would like a logic that provides a more realistic
representation of human reasoning.

Various attempts to deal with this problem have been proposed in the
literature. One approach is essentially syntactic: an agent’s beliefs are just
described by a set of formulas, not necessarily closed under implication [6, 32],
or by the logical consequences of a set of formulas obtained by using an
incomplete set of deduction rules [20]. Another approach has been to augment’
possible worlds by nonclassical “‘impossible’” worlds, where the customary rules
of logic do not hold (see, for example, [4,34,35]). The syntactic approach
lacks the elegance and intuitive appeal of the semantic approach. However, the
semantic rules used to assign truth values to the logical connectives in the
impossible-worlds approach have tended to be nonintuitive, and it is not clear
to what extent this approach has been successful in truly capturing our
intuitions about knowledge and belief.

Recently, Levesque [26] has attempted to give an intuitively plausible
semantic account of explicit and implicit belief (where an agent’s implicit beliefs
include the logical consequences of his explicit belief), essentially by taking
partial worlds and a three-valued truth function rather than classical two-
valued logic. While we have a number of philosophical and technical criticisms
of Levesque’s approach (these are detailed in Section 3), it seems to us to be in
the right spirit.

Part of the reason that previous semantic attempts to deal with the problem
of logical omniscience have failed is that they have not taken into account the
fact that it stems from a number of different sources. Among these are:

(1) Lack of awareness: How can someone say that he knows or doesn’t
know about p if p is a concept he is completely unaware of? One can imagine
the puzzled frown on a Bantu tribesman’s face when asked if he knows that
personal computer prices are going down! The animal (in the quotation at the
beginning of the paper) does not know that it knows exactly because it is
(presumably) not aware of its knowledge. Similarly, a sentence such as
“You're so dumb, you don’t even know that you don’t know p!” is perhaps
best understood as saying “You’re not even aware that you don’t know p”.

(2) People are resource-bounded: They lack the computational resources to
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deduce all the logical consequences of their knowedge (we still don’t know
whether Fermat’s last theorem is true).

(3) People don’t always know the relevant rules: As pointed out by
Konolige [20], a student may not know which value of x satisfies the equation
x+a=1b simply because he doesn’t know the rule of subtracting equal
quantities from both sides.

(4) People don’t focus on all issues simultaneously: Thus, when we say “a
believes p,”” we more properly mean that in a certain frame of mind (when a is
focussing on the issues that involve p), it is the case that a believes p. Even if a
does perfect reasoning with respect to the limited number of issues on which he
is focussing in any given frame of mind, he may not put his conclusions
together. Indeed, although in each frame of mind agent @ may be consistent,
the conclusions a draws in different frames of mind may be inconsistent.

In this paper we present a number of different approaches to modelling lack
of logical omniscience. These approaches can be viewed as attempting to
model different causes for the lack of omniscience, as suggesed by the
discussion above. Our first approach is essentially an extension of Levesque’s
logic (26] to the multi-agent case, which in addition avoids some of the
problems we see in Levesque’s approach. This approach is one that attempts to
deal with awareness ((1) above). Our second approach combines the possible-
worlds framework with a syntactic awareness function. The notion of awareness
we use in this approach is open to a number of interpretations. One of them is
that an agent is aware of a formula if he can compute whether or not it is true
in a given situation within a certain time or space bound. This interpretation of
awareness gives us a way of capturing resource-bounded reasoning in our
model. By adding time into the picture, we can extend the second approach to
one that can capture how knowledge is acquired over time, perhaps through
the use of a particular (possibly incompiete) set of deduction rules as in [20].
Finally, we present an approach that could be called the society-of-minds
approach [2,5,31], which attempts to capture the type of local reasoning
discussed in (4) above (a similar idea has been independently suggested by a
number of authors, including Levesque [27], Stalnaker [41], and Zadrozny
[44]). The second and third approaches can easily be combined to give a
semantics which captures both awareness and local reasoning.

We do not see any of these approaches as being the unique “right” approach
to modelling lack of logical omniscience. Rather our philosophy is somewhat
more pragmatic. Different notions of knowledge and belief will be appropriate
for different applications. We believe that one of the contributions of this
paper is providing tools for constructing reasonable semantic models of notions
of knowledge with a variety of properties.

The rest of the paper is organized as follows. In the next section we review
the “classical” possible-words model of knowledge and belief, to set the stage
for our work, while in Section 3 we review Levesque’s logic and detail our
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criticisms of it. In Sections 4, 5, and 6 we describe our three approaches to
modelling lack of logical omniscience. In Section 7, we show how we can
incorporate time into the picture, allowing us to describe even more situations.
In Section 8, we give decision procedures and complete axiomatizations for all
the logics we introduce. We conclude in Section 9 with some discussion of our
approach and some suggestions for further work.

2. The Possible-Worlds Model

In this section we briefly review possible-worlds semantics for knowledge and
belief. The interested reader is encouraged to consult references such as [3, 14]
for more details.

Recall that the intuitive idea behind the possible-worlds model is that,
besides the true state of affairs, there are a number of other possible states of
affairs, or possible worlds. In order to formalize this situation, we first need a
language. We stick to propositional logic here, since most of the issues we are
interested in dealing with already arise at this level. Besides the standard
connectives such as A, ~, and v from propositional logic, we also need some
way to represent belief. We do this by augmenting the language with modal
operators L,,...,L,. A formula such as L,¢ is read “agent i believes ¢.”

Formally, we start with a set @ of primitive propositions, a special formula
true (this is for convenience only), and close off under negation, conjunction,
and the modal operators L,, ..., L,. Thus, if ¢ and ¢ are formulas, then so
are ~¢, ¢ Ay, and Lo, i=1,...,n. Of course, Boolean connectives such as
= and v are defined in terms of ~ and A as usual; we take false to be an
abbreviation of ~frue. Note we are considering a multi-agent situation here
because for many applications we need to reason not only about our own
beliefs, but those of other agents. From time to time we consider knowledge
rather than belief; in this case we use K, rather than L,.

Kripke structures |22] provide a useful formal tool for giving semantics to this
language. A Kripke structure M is a tuple (S, m, 4,, ..., %B,), where S is a set
of states or possible worlds,  is an assignment of truth values to the primitive
propositions for each state s € S (so that m(s, p) € {true, false} for each state
s),and B,,i=1,...,n,is a binary relation on S which is serial, transitive, and
Euclidean. A relation R is serial if for each s € § there is some f € S such that
(s, 1) € R; R is transitive if (s, u) € R whenever (s, t) € R and (t, uy) ER; R is
Euclidean if (t, u) € R whenever (s, t) € R and (s, 1) € R. Intuitively, (s, 1) €
3, if in state s, agent i considers state ¢ possible (i.e. if s were the actual state of
the world, agent { would consider ¢ a possible state of the world). As we shall
see, the conditions on 9, enforce certain axioms associated with belief. For
example the fact that %, is serial means that in all worlds, agent i always
considers some world possible; from this it will follow that he cannot believe in
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falsehood. By modifying these conditions, we can get different axioms for
belief.

We now define a relation |= , where M,s k= ¢ is read “@is true, or satisfied, in
state s of structure M’’:

M.,s E true,

M.,s | p, where p is a primitive proposition, iff m(p,s) = true,
MskE~¢ iff M,sH o,

MsEoay iff MskEgand MskE 4§,

MskE L iff M, ¢ for all ¢ such that (s, 1) € B,.

The last clause is designed to capture the intuition that agent i believes ¢
exactly if ¢ is true in all the worlds that i thinks are possible.'

We say a formula ¢ is valid in structure M if M,s E ¢ for all states s in M; ¢ is
satisfiable in M if M,s = ¢ for some state s in M. We say ¢ is valid if it is valid
in all Kripke structures; ¢ is satisfiable if it is satisfiable in some Kripke
structure.

This notion of belief can be completely characterized by the following sound
and complete axiom system, traditionally called weak S5 or KD45 (cf. [3]). All
the axioms given below are valid, the inference rules preserve validity, and
every valid formula can be proved from using these axioms and inference rules.

All instances of propositional tautologies. (A1)
LenL(e=>¥)> L. (A2)
~L,( false) . (A3)
Le=>L,Le. (A4)
~Leo>L,~L¢. (AS)
&(’D‘!j—?dl (modus ponens) . (R1)
£

Lo (R2)

(A1) and (R1), of course, are holdovers from propositional logic. (A2) says

! We remark that for the notion of belief we are considering here, the structure can be simplified
if we restrict attention to the one-agent case. Instead of a relation on S, we can simply designate a
nonempty subset of S, which we also call %, to be the set of states that the agent considers
possible. We can associate with the set 98 the binary relation consisting of {(s, ) |seS, teRB). It
can easily be checked that this relation is serial, Euclidean, and transitive. All the clauses in the
definition of |= remain the same, except now the last clause becomes M,s = L (we do not need to
subscript the L since there is only one agent) iff M,tF ¢ for all 1€ R.
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that an agent’s beliefs are closed under implication. (A3) says that an agent
cannot believe in falsehood. (A4) and (AS5) are axioms of introspection.
Intuitively, they say that agents are introspective; each agent has complete
knowledge about his set of beliefs.

The validity of (A3), (A4), and (AS) is due to the fact that we have taken
the 9, to be serial, transitive, and Euclidean. In a precise sense, (A3) follows
from the fact that 93, is serial, (A4) from the fact that it is transitive, and (A5)
from the fact that it is Euclidean. By modifying the properties of the %,
relations, we can get notions of belief that satisfy different axioms. In
particular, the major characteristic taken to distinguish knowledge from belief
is that if you know something, then it must be true;i.e., K;¢ = ¢ holds. This is
a stronger statement than (A3). If we take the %, relation to be reflexive rather
than serial, then it turns out that we capture this stronger axiom. (Recall that a
relation R on § is reflexive if (s, s) € S for all s € §, so that a reflexive relation
is necessarily serial.)

The classical modal logic of knowledge, called S5, is characterized by the set
of axioms above with (A3) replaced by K,¢ = ¢ (and all occurrences of L,
replaced by K;). As suggested above, this can be captured by taking 9, to be
reflexive, transitive, and Euclidean. It is easy to check that a relation is
reflexive, transitive, and Euclidean iff it is reflexive, transitive, and symmetric,
i.e., an equivalence relation. (See 3, 14] for a survey of these issues, as well as
a review of the standard techniques of modal logic which give completeness
proofs.)

Note that although in KD45 it is possible to have false beliefs (i.e.. it is
possible that L,¢ and ~¢ are simultaneously satisfied), it is not possible to
believe the negation of a valid formula. Thus, if ¢ is valid, then we cannot have
L,~¢. This follows directly from our assumption that %, is serial. For some
applications this is unreasonable (for example, there may be some theorems of
mathematics that I believe are false); for such applications, we would drop the
assumption that 2, is serial. We can similarly drop the assumption that %, is
transitive and Euclidean in cases where axioms (A4) and (AS) are inappro-
priate. The major advantage of the possible-worlds approach is its flexibility in
this regard.

However, the possible-worlds approach seems to commit us to (A2) and
(R2). No matter how we modify the 2, relations. the fact that we say an agent
knows or believes a fact exactly if that fact is true in all the worlds the agent
considers possible seems to force us to the situation where an agent knows all
tautologies and his knowledge is closed under implication. In the remainder of
this paper, we show that we can retain the basic intuitions of the possible-
worlds approach and still have a logic that avoids the problem of logical
omniscience. We present our results in a Kripke-style framework, but we
remark that we could have also used the modal structures framework of [8, 9].
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3. Levesque’s Logic of Implicit and Explicit Belief

Before we describe our models for knowledge and belief, we briefly review
Levesque’s logic of implicit and explicit belief, and discuss our criticisms of it.
(We take the liberty of slightly changing Levesque’s notation, to make it more
consistent with our later development.)

The formulas of the language considered by Levesque are formed in the
obvious way, using two modal operators B and L (standing for explicit belief
and implicit belief respectively; an agent’s implicit beliefs include all the logical
consequences of his explicit beliefs). However, Levesque restricts the language
so that no B or L appears within the scope of another. Thus, if ¢ is a
propositional formula (does not contain B or L), then By and L¢ are also
formulas. Levesque does not assume his logic contains the formula true.”

A structure for implicit and explicit belief is a tuple M = (S, %, T, F), where S
is a set of (primitive) situations, R is a subset of S (the situations that could be
the actual ones according to what is believed), and T and F are functions from
@ (the set of primitive propositions) to subsets of S. Intuitively, T( p) consists
of all situations that support the truth of p, while F( p) consists of all situations
that support the falsity of p. We can view this as a modification of the
possible-worlds approach (for the one-agent case); instead of possible worlds
we have possible situations. It is not the case that a primitive proposition is
either true or false in a situation; it may be true, false, both, or neither. In
particular, we can have a partial situation s, that supports neither the truth nor
falsity of some primitive proposition p (so that s & T(p)UF(p)) and an
incoherent situation t that supports both the truth and falsity of some primitive
proposition g (so that t € T(q) NF(g)).

A complete situation (called a possible world in [26]) is one that supports
either the truth or falsity of every primitive proposition and is not incoherent
(i.e., s is a member of exactly one of T(p) and F(p) for each primitive
proposition p). A complete situation s is compatible with a situation s’ if s and
s' agree wherever s’ is defined; i.e. if s' € T( p) then s € T(p), and if s’ € F( p)
then s € F( p), for each primitive proposition p. Let B * consist of all complete
situations in § compatible with some situation in %.

We can now define the support relations |, and | between situations and
formulas. Intuitively, M,s = ¢ when situation s in structure M supports the
truth of ¢, while M,s = ¢ when s supports the falsity of ¢. The definition is:

M,s = p, where p is a primitive proposition, iff s€&T(p),
M,s ¢ p, where p is a primitive proposition, iff s€& F(p);

’We remark that in the “classical” logic described in the previous section, we could have
replaced true by p v ~p throughout, where p is any primitive proposition. However, this is not
true for Levesque’s logic, nor for the logics we present in Sections 4 and 5.
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MskE.~¢ iff MsELo,
MskEp~¢ iff MskE,¢;

MsELro Ao iff MsFEr@ and MskE=L o, ,
MskEg o A, iff M,s k¢ ¢, or MiskEw @, 5

M,sE.Be iff Mt ¢ for all t€ B,
M,;sEpBe iff M,k Bg;

Msk, Lo iff Mk, forall i€ B*,
MskE Lo iff M, Le.

We say that the formula ¢ is true, or is satisfied, at situation s if M,s =, ¢
holds. Levesque defines a formula ¢ to be valid, written k= ¢, if ¢ is true at s
for all structures M = (S, B, T, F), and all complete situations s € §.

As Levesque points out, it is easy to see that with this semantics
F (Be > L), i.e., explicit belief implies implicit belief. It is also easy to see
that implicit belief is closed under implication and that all valid propositional
formulas are implicitly believed. Thus we have

(1) F(Le A L(¢=> )= Ly, and

(2) if F ¢ (where ¢ is propositional), then | Le.

Explicit belief does not seem to suffer from the problems of logical omni-
science. Before we go on, let us discuss what we mean by ‘“logical omni-
science.” An agent is logically omniscient if whenever he believes all of the
formulas in a set 3, and X logically implies the formula ¢, then the agent also
believes ¢. There are three cases of special interest: (1) what we have been
calling closure under implication (namely, whenever both ¢ and ¢ = ¢ are
believed, then ¢ is believed), (2) closure under valid implication (if ¢ = ¢ is
valid, and if ¢ is believed, then ¢ is believed), and (3) belief of valid formulas
(if ¢ is valid, then ¢ is believed). Explicit belief has none of these three
properties. Thus, explicit beliefs are not closed under implication (for example,
Bp A B(p=> q) A ~Bgq is satisfiable), nor under valid implication (although
p=>(p A(gv~q))isvalid, Bp A ~B(p A (g v ~q)) is satisfiable), and valid
formulas are not necessarily believed (~B(p v ~p) is satisfiable). Moreover, it
is also possible to explicitly believe simultaneously unsatisfiable statements
(Bp A B~p is satisfiable, as, for that matter, is B(p A ~p)).

A closer examination of Levesque’s semantics shows that the lack of closure
under implication and the possibility of believing unsatisfiable statements both
stem from the presence of incoherent situations. Indeed, as Levesque points
out in [27], while

Bo A B¢ > ¢) > By

is not a valid formula, it is easy to check that

Be A Ble=>¢)> B(y v (¢ A ~¢))
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is valid. Thus, either the agent’s beliefs are closed under implication, or else
some situation he believes possible is incoherent. (If all the situations that the
agent believed possible were coherent, then ¢ A ~¢ would not hold in any of
them, so ¢ would hold in all of them and B¢ would be true.) Similarly, since
B A B(~¢)= B(¢p A ~¢), inconsistent beliefs are only possible if every situa-
tion the agent believes possible is incoherent (since ¢ A ~¢ must be true in
every situation the agent believes possible). However, to the extent that & is
viewed as the set of situations that the agent considers possible, it seems
unreasonable to allow incoherent situations. It is hard to imagine an agent that
woud consider an incoherent situation possible. As Levesque notes in [27],
there is a big difference between believing both p and ~p, and believing
p A~p.

On the other hand, in Levesque’s logic, an agent’s lack of knowledge of valid
formulas is not due to incoherent situations, but is rather due to the lack of
“awareness’” on the part of the agent of some primitive propositions; similar
reasons hold for the lack of closure under valid implication. Let us say that an
agent is aware of a primitive proposition p, which we abbreviate Ap, if
B(p v ~p) holds. Thus Ap is true in exactly those situations that support
either the truth or falsity of p (they may of course support both the truth and
falsity of p). Intuitively, this means that p is somehow relevant to the situation
and that the agent is “aware’ of p in that situation. In the following discussion
we use the word ‘“‘aware’ both in the precise mathematical sense just defined,
and in the more usual English sense. The reader should be warned, however,
that although our mathematical definition does seem to capture some of the
properties of the English word, there are several connotations that are
certainly not captured by the definition. Indeed, in Section 5 we discuss a
number of other possible interpretations for the notion of awareness.

Although not every valid formula is believed, it is the case that a valid
formula is believed provided that an agent is aware of all the primitive
propositions that appear in it. In order to make this precise, given a formula ¢,
let Prim(¢) be the set of primitive propositions appearing in ¢, and let A¢ be
an abbreviation for the conjunction of Ap over all p € Prim(¢).

Proposition 3.1. If ¢ is a valid propositional formula, then |F Ap = Bop.
Proof. Sece Appendix.3 |

Proposition 3.1 suggests that Levesque’s semantics may be appropriate for
capturing the lack of logical omniscience that arises through lack of awareness,

> We remark that the formula ~A¢ = ~Bg is not valid. For example, if we take ¢ to be
(pv~p)v(qv~q), then ~Agp A B is satisfiable in a structure where % consists of two states,
say s and ¢, such that the agent is aware of only p at s and only g at ¢.
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but not for capturing the type that arises due to lack of computational
resources. There may well be a very complicated formula whose truth is hard
to figure out, even if you are aware of all the primitive propositions that appear
in it.

We have a number of other criticisms, both philosophical and technical, of
Levesque’s logic:

(1) Although truth (i.e. the [= relation) is defined for all situations, only
complete situations are considered when checking for validity. This means that
there are “valid” formulas ¢ of Levesque’s logic (for example, p v ~p) such
that M,s . ¢ for some situation s. While restricting to complete situations
ensures that all propositionally valid formulas continue to be valid in Leves-
que’s logic, it seems inconsistent with the philosophy of looking at situations.

(2) As usual with nonclassical worlds, while the intuitions behind | seem
fairly clear for primitive propositions, they are not so clear for the proposition-
al connectives. For example, suppose that the agent is unaware of the primitive
proposition p, so that neither M,s|=, p nor M,sk=. p hold. Thus, by the
semantic definitions given above, M,s .. ( p = p) does not hold either. Yet we
can still imagine an agent that is unawarc of p but is aware of some
propositional tautologies, in particular ones like p = p. It is interesting to note
that in the classical three-valued logic of Lukasiewicz {28], = is usually taken
to be a primitive along with A and ~, and the semantics is defined so that
p=p is a tautology, even though p v ~p is not. Even though Levesque’s
semantics could be redefined in this way, the question of motivating the
semantics of the connectives still remains.

(3) As Vardi observes [42], although an agent in Levesque’s model does not
know all the logical consequences of his beliefs (if we understand “‘logical
consequence” to mean ‘‘consequence of classical propositional logic™), it
foliows from Levesque’s results [26] that agents in Levesque’s logic are perfect
reasoners in relevance logic [1]. Unfortunately, it seems no more clear that
people can do perfect reasoning in relevance logic than that they can do perfect
reasoning in classical logic!

Besides the criticisms mentioned above, the current presentation of Leves-
que’s logic suffers from another serious drawback: namely, it deals with only
depth-one formulas and with only one agent. But a viable logic of knowledge
or belief should be able to capture—within the logic (!)-—meta-reasoning about
one’s own beliefs and reasoning about other agents’ beliefs. Meta-reasoning is
crucial for planning and goal-directed behavior, since one has to reason about
the knowledge that one has and needs to acquire. And a knowledge represen-
tation utility that does not have certain information may need to reason about
where that information is located, and thus about the knowledge of other
systems. Such reasoning can quickly get quite complicated, and it is not
immediately obvious how to extend Levesque’s model to deal with it.

In the next three sections we present three other approaches to dealing with
the problem of logical omniscience, each of which attempts to solve aspects of
the problem. All of them deal with the multi-agent case and nested beliefs.
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4. A Logic of Awareness

The first logic we consider, a logic to reason about awareness, is essentially an
extension of Levesque’s logic. It allows multiple agents and nested beliefs, both
implicit and explicit, while still maintaining many of the properties of Leves-
que’s logic; in particular, it is still the case that explicit belief implies implicit
belief. However, we dispense with both partial and incoherent situations.
Formally, we proceed as follows. Since we wish to deal with the multi-agent

case, we have operators B,,...,B,, L,,...,L,. We allow arbitrary nesting
of the B, and L, in formulas. A Kripke structure for awareness is a tuple
M=, = A,.... 4, B,...,RB,), where, as in the “classical” possible-

worlds model, § is a set of states, m is a truth assignment to the primitive
propositions for each state s€ S, and 9, is a serial, transitive, Euclidean
relation on § fori=1, ..., n. We again assume that there is a special formula
true. The new feature here is &, which is a function that associates with each
state 5 a set of primitive propositions. Intuitively, ,(s) consists of the primitive
propositions of which agent / is aware at state s.

Note that a state corresponds to a complete situation or possible world.
There are no partial states. However, we get some of the effects of taking
partial states by defining support relations =¥ and k= relative to each set ¥ of
primitive propositions. Intuitively, the effect of =% and = is to restrict every
state to a partial situation where only the primitive propositions in ¥ are
defined. The awareness functions come into play when we consider the
semantics of a formula such as B,p. A state s supports the truth of B, ¢ relative
to ¥ if all the states agent i considers possible in s support the truth of ¢
relative to ¥ M o,(s), i.e., ¥ further restricted to the set of primitive proposi-
tions of which i is aware in state s. We define the set of worlds that agent i
considers possible in state s via the 9%, relation, just as in the classical logic of
belief. We also define a standard two-valued truth relation =. We define B,¢ to
be true in state s (i.e., M,s = B,¢) exactly if s supports the truth of B, ¢ relative
to o, (s). Implicit belief differs from explicit belief in that for implicit belief we
do not take the awareness function into account; all that is relevant is the set of
possible worlds.

We now formally define the support relations =% and |y, and the two-
valued notion of truth |=:

M,s =Y true
M,s b true
M,s = true ;

M,s EY p, where p is a primitive proposition ,
iff w(s, p)=true and pE ¥,

M,s =Y p, where p is a primitive proposition ,
iff (s, p)="_false and pE V¥,

M,s = p, where p is a primitive proposition ,
iff (s, p) = true;
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MskEY~p iff Mskre,
MskEY~p iff MsEYe,
MsE~¢ iff MskH e,

MsEY o A, iff Ms |=‘£<p, and M,s}j;’ ®,
M,S}:‘é,%/\% iff MskE! ¢ or MskEL ¢,
MskE o A@, iff MsE @ and MskE ¢, ;

MsEYB,p iff M,EY""" ¢ for all ¢ such that (s, 1) € %; ,

MskE! B iff Ml ¢ for some r such that (s, 1) € &, ,

MskE B iff M. E? B,p, where @ is the set of all primitive
propositions ;

MsEY Lo ifft M,EY e for all r such that (s, 1) € %, ,
MskEY Lo iff Mty ¢ for some ¢ such that (s, 1) € %,
MskE Le iff M.,[ ¢ for all t such that (s, 1) € %, .

Again, we say that ¢ is valid if M.s k= ¢ for all structures M and all states s in M.
We note a number of properties of this definition.

Proposition 4.1.
(1) | is complete, i.e., for each M.s,¢, either M,s|= ¢ or M.s E~e.
(2) (@) If ¥C ¥ and if MsEY ¢, then MskEY ¢ .
(b) If ¥ C V' and if M,sk=) @, then MsEY ¢.
(3) (a) For each set W of primitive propositions, if M,s =y ¢ then M,s = .
(b) For each set W of primitive propositions, if M,s Y othen Ms|E~¢.
(4) EBe> L.

Proof. Part (1) is immediate from the definition since M,s =~ iff M,s  ¢.
The proof for parts (2) and (3) proceeds by a straightforward induction on the
structure of ¢. Part (4) follows easily from 3(a). O

Thus we see that, just as in Levesque’s logic, explicit belief implies implicit
belief. As we mentioned above, our logic shares a number of other properties
with Levesque’s. As before, agent i implicitly believes all valid formulas and all
the logical consequences of his beliefs. Not all valid formulas are necessarily
explicitly believed; in particular, ~B,(p v ~p) is still satisfiable. Neither are
an agent’s explicit beliefs closed under valid implications; for example,
B,p A ~B,(p A (q Vv ~q)) is satisfiable. Indeed, all of the axioms of Leves-
que’s logic are still sound in our system. (A complete axiomatization for our
system is presented in Section 8.) However, because we do not have incoherent
situations, our notion of explicit belief differs from Levesque’s in that (a) for
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us, an agent’s set of explicit beliefs is closed under implication, and (b) in our
system, an agent cannot hold inconsistent beliefs; thus, a formula such as
B;,(p A ~p) is not satisfiable.

Unlike Levesque’s logic, our logic allows nested beliefs. As expected,
(nested) implicit beliefs satisfy all the axioms of weak S5 described in Section
2. We also have = (B,L;¢ = B,¢), so that agent i explicitly believes that he
implicitly believes ¢ exactly if he explicitly believes ¢. Thus, our semantics
extends to nested formulas in a reasonable way.

The careful reader will have also noticed one more difference between our
logic and Levesque’s: namely, the treatment of =} for formulas of the form
B¢ and L,p. For Levesque, M,s | Bo iff M,s}; Be, so that a situation
supports the falsity of explicit belief exactly if it does not support its truth. For
us, M,s |=§ B,piff M.t |=§'°”‘ﬂ"(“°)<p for some ¢ such that (s, t) € %,. Thus, for us,
a situation supports the falsity of B,¢ iff there is a situation that agent i believes
possible that supports the falsity of ¢. Essentially this means that the agent has
to have positive evidence supporting the falsity of B,¢, rather than just no
evidence to support the truth of B,¢. It turns out that this change has no effect
on the valid depth-one formulas (which is why we did not mention it above),
but does affect nested formulas. If we had extended Levesque’s semantics for
M,s ¢ Be in the obvious way, then it would turn out that a formula such as
B,(B;p v ~B;p) would be valid. Our formulation allows a formula such as
~B(B;p v ~B;p) to be satisfiable (for example, if i is not aware of p).
However, since it is not possible for a situation to support the falsity of p v ~p
in our formulation (although it can fail to support its truth), it must be the case
that for all sets ¥ of primitive propositions, M,s Y B(p v ~p). Thus it
follows that ~B,~B,(p v ~p) is a valid formula in our logic of awareness.
Intuitively, this says that no agent can have positive evidence that an agent is
not aware of p. While certainly this may be an unreasonable property for some
applications, it might be quite reasonable for others. We remark that the logic
of general awareness presented in the next section does not have this property.’

What about the relationship between belief and awareness? Suppose we
again define A;p to be an abbreviation for B,(p v ~p). Note that M,s = A,p
ift p € A,(s). Again let A,p be an abbreviation for the conjunction of A,p
taken over all the primitive propositions p that appear in ¢. Then it is easy to
see that the analogue to Proposition 3.1 holds: if ¢ is a valid propositional
formula, then = A,¢ = B,¢. (The proof is straightforward. The key step is to
show, by induction on the structure of ¢, that if all the primitive propositions in

* Lakemeyer [24] has recently presented another extension to Levesque’s logic which deals with
nested beliefs. He has two types of possibility relations, % and %, to deal with positive beliefs and
negative beliefs. Lakemeyer’s logic can be extended to deal with multiple agents in such a way that
~B,~B,(p v ~p) is not valid.
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the propositional formula ¢ appear in ¥, then M,sp ¢ iff M,sFEY ¢ iff
M. s Y ¢. The result easily follows.)

There is actually a much deeper relationship between awareness, implicit
belief, and explicit belief. For example, it is not hard to show that

FBi(pvaq)
=[(A;prLp)v(AgnrLg)v(AprAgnL(pvq)l

and that
= B.B;p= (A;p A Li(A;p A Lip)).

Note that in both these cases we were able to capture explicit belief using a
combination of implicit belief and awareness. This can always be done. In fact
we have:

Proposition 4.2. Given a formula , we can effectively find a formula * such
that =4 = ¢* and B, occurs in ¢* only in the context B,(p v ~p), where p is a
primitive proposition.

Proof. See Appendix. U

5. A Logic of General Awareness

The logic defined in the previous section limits awareness to primitive proposi-
tions. This prevents it from capturing general resource-bounded reasoning. We
now present a logic that gives us more fine-grained control over an agent’s
explicit belief. In particular, in this logic an agent’s explicit belief is not closed
under implication. The main feature of this logic is an (essentially syntactic)
awareness operator. Thus, in addition to the modal operators B, and L, of the
previous logic, we also have a modal operator A, for each agent i. We can give
the formula A,¢ a number of interpretations: ““/ is aware of ¢,” ““/ is able to
figure out the truth of ¢,” or even (when reasoning about knowledge bases) “i
is able to compute the truth of ¢ within time 7.7

A Kripke structure for general awareness is a tuple M = (S, m, A, ..., A,
B,, ..., B, ), where, as before, S is a set of states, (s, ) is a truth assignment
for each state s € S, and %, is a serial, transitive, Euclidean relation on § for
each agent i.° However, we now take ,(s) to be an arbitrary set of formulas
(not just primitive formulas). We do not (yet) place any restrictions on #(s).

* Again, to capture knowledge rather than belief, we would take 2, to be an equivalence relation
on S.
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In particular, it is possible for both ¢ and ~¢ to be in #,(s) (so that the set of
formulas an agent is aware of can be inconsistent), for only one of ¢ and ~¢ to
be in (s), or for neither one of ¢ and ~¢ to be in &, (s). It is also possible,
for example, that ¢ A ¢ is in &,(s) but ¢ A @ is not in &,(s). The formulas in
A,(s) are those that the agent is “‘aware of,” not necessarily those he believes.

We have not yet discussed exactly what “awareness” really is, and indeed,
we do not intend to do so here at all! The precise interpretation we give to the
notion of awareness will depend on the intended application of the logic. By
placing various restrictions on the awareness function, we can capture a
number of interesting distinct notions. We discuss some interesting restrictions
below.

This logic does not have support relations, just a standard two-valued truth
relation |=, defined inductively as follows:

M,s | true

M,s k= p, where p is a primitive proposition, iff (s, p) =true,
MsE~¢ iff Msk e,

MsE o Ag, iff MskEe and M sk o, ,

MsEAe iff ¢€d(s),

MskE Lo iff M,tF ¢ for all ¢ such that (s, 1) € %8, ,

M,sE Bp iff ¢ € d,(s) and M,t}= ¢ for all ¢ such that (s, t) € B, .

Note that in this logic, agent i explicitly believes ¢ iff (1) agent i implicitly
believes ¢ (i.e., ¢ is true in all the worlds he considers possible) and (2) agent i
is aware of ¢; thus B,o=L.¢ A A,;¢. You cannot have explicit beliefs about
formulas you are not aware of! If we assume that agents are aware of all
formulas, then explicit belief reduces to implicit belief.

It is easy to see that L, acts like the classical belief operator. Of course, B,
does not. Just as for our previous logic, agents still do not explicitly believe all
valid formulas; for example, ~B,(p v ~p) is satisfiable because the agent
might not be aware of the formula p v ~p. However, unlike the previous logic,
an agent’s explicit beliefs are not necessarily closed under implication; B, p A
B.(p=q) A ~B,q is satisfiable, since i might not be aware of g. Since
awareness is essentially a syntactic operator, this approach does suffer from all
the shortcomings of the syntactic approach mentioned by Levesque [26]. For
example, there is no reason to suppose that B,(¢ A ¢)= B,(¢¥ A ¢), since
A, (¢ A ) might hold without A,(¢ A ¢) holding. But in fact, people do not
necessarily identify formulas such as ¢ A ¢ and ¢ A . Order of presentation
does seem to matter. And a computer program that can determine whether
¢ A ¢ follows from some initial premises in time 7 might not be able to
determine whether ¢ A ¢ follows from those premises in time 7.

Up to now we have placed no restrictions on the set of formulas that an
agent may be aware of. Once we have a concrete interpretation in mind, we
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may well want to add some restrictions to the awareness function to capture
certain properties of “awareness.” Because of the clean separation in our
framework between belief (captured by the binary relation 98,) and awareness
(captured by the syntactic functions &), this is quite easy to do. Some typical
restrictions we may want to add to &, include:

(1) If order of presentation of conjuncts is irrelevant, we could have
e Ay E A(s) iff ¢y A ¢ € A(s). Similarly, we could decide that an agent is
aware of a formula iff he is aware of its negation, so that ¢ € o, (s) iff
~¢ € d(s).

(2) Awareness could be closed under subformulas; i.c., if ¢ € «,(s) and ¢ is
a subformula of ¢, then ¢ € #.(s). Note that this makes sense if we are
reasoning about a knowledge base that will never compute the truth of a
formula unless it has computed the truth of all its subformulas. But it is also
easy to imagine a program that knows that ¢ v ~¢ is true without needing to
compute the truth of ¢. Perhaps a more reasonable restriction is simply to
require that if ¢ A ¢ € ,(s) then both ¢, ¢ € #,(s).]

(3) Agent { might only be aware of a certain subset of the primitive
propositions, say V. In this case we could take «;(s) to consist of exactly those
formulas which only mention primitive propositions that appear in ¥. This type
of awareness function gives a logic in somewhat the same spirit as Levesque’s
logic or the logic of awareness presented in Section 4, but there are some
crucial differences. For example, in the awareness logic, the formula
B¢ > B,(¢ v ¢) is valid, whether or not i is aware of ; but this formula is not
valid in the logic we have just described.

(4) We can allow awareness of agents as well as primitive propositions, so,
for example, agent j might not be aware of any formula that mentioned agent i.

(5) A self-reflective agent will be aware of what he is aware of. Semantical-
ly, this means that if ¢ € #,(s), then A,p € o4, (s). This corresponds to the
axiom A;¢ > A A, .

(6) Similarly, an agent might know what formulas he is aware of. Semanti-
cally, this means that if (s, 1) € %, then &,(s) = #,(¢). This corresponds to the
axioms A, = L,A,¢ and ~A,p = L,~A,¢. This restriction seems particularly
appropriate when awareness is generated by a subset of primitive propositions
or a subset of agents, as discussed above.

(7) The elements of &, (s) could be exactly those formulas such that agent i
can determine in some specified time or space bound whether or not they
follow from his information in state s. (See the example at the end of this
section for a worked-out example using this notion of awareness.) This type of
“awareness” should enable us to provide an abstract model for the notions of

® As was pointed out to us by Peter van Emde Boas, without this latter restriction the
“pragmatically paradoxical” formula B,(p A ~ B, p) (“agent i believes both that p is true and that
he doesn’t believe it”) is satisfiable in the logic (at a state s where p A ~B,p € &(s), but

pZ ds)).
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polynomial-time knowledge used in [33]. It might also provide a tool for
formalizing the recent advances in cryptography theory. Here the problem is in
making sense out of what it means that an adversary does not know how to
read a message which is encoded using a public-key cryptosystem (cf.
[10,30,36}). Such a system is completely insecure from an information-
theoretic point of view, but is deemed to be difficult to break in a reasonable
amount of time for complexity-theoretic reasons.

We now turn to examining the properties of belief in this logic. First observe
that since the semantics of implicit belief (L,) is identical in the logic of general
awareness and in the classical possible-worlds model discussed in Section 2, it is
clear that the classical axioms still hold. Indeed, using standard techniques of
modal logic, it is easy to show that we can obtain a complete axiomatization of
the logic of general awareness simply by adding the axiom B, = L,¢ A A,¢ to
the axioms of KD45 discussed in Section 2 (cf. Section 8). However, these
axioms do not give us much insight into the properties of explicit belief. In fact,
despite the syntactic nature of the awareness operator, explicit belief retains
many of the same properties as implicit belief, once we relativize to awareness.
For example, corresponding to the axiom Lo A L(¢ = )= L, we have:

BoAB(e=>¥)N AY=> B

Thus, if you explicitly believe ¢ and ¢ = ¢, then you will explicitly believe
provided you are aware of ¢. Similarly, corresponding to the inference rule
that lets us infer L,¢ if we have already inferred ¢ we have:

From ¢ infer A,¢ = B,¢ .

Again, an agent must be aware of the relevant formula before he explicitly
believes it.

Further insight into the relationship between awareness and explicit belief is
provided by considering the introspection axioms L,¢= L,L,¢ and
~L,o=> L,~L,;p. Here the most interesting situation arises if we assume
(s, 1) € B, implies o,(s) = &,(¢), so that an agent knows what formulas he is
aware of. In this case, the corresponding properties of explicit belief become:

B A ABio= BB,¢g
and
~B,¢ A A(~B,¢)=> B~B,¢p.

Again, note that an agent must be aware of the relevant formula before he
explicitly believes it. The first of these two axioms shows how, as in the quote
from de Chardin, an animal may know, but not know that it knows, while the
second indicates how an agent may be “so dumb that he doesn’t even know
that he doesn’t know ¢.”’

7 Of course, we can construct analogous axioms even if we do not assume that an agent knows
what formulas he is aware of, although they are not quite as elegant (cf. [21]).
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Naturally, explicit belief will have additional properties once we put some
further restrictions on the awareness functions. We now briefly discuss the
impact of some of the restrictions discussed above on the properties of explicit
knowledge.

The fact that the order of presentation of the conjuncts does not matter can
be captured by the axiom A, (¢ A )= A,(¥ A @). It is easy to see that in
structures satisfying this restriction B,(¢ A ¢) = B,( A ¢) is a valid formula. If
an agent is aware of a formula iff he is aware of its negation, this can be
captured by the axiom A.¢ = A,~¢. In structures satisfying this restriction,
B¢ = B,~~¢ is valid.

Taking awareness to be closed under subformulas has some interesting
consequences. First note that this property can be captured axiomatically by
the axioms schemas

Al(~¢)=> A0,
Aler )= (Ao n AY),
A(Be)=> A,
A(Lie)=> A,
A(Ae)> A’

Although agents still do not explicitly believe all valid formulas if awareness is
closed under subformulas, it is not hard to show that an agent’s beliefs are
closed under implication; i.e., B,¢ A B,(¢ = ¢)=> B, is valid. Thus the
seemingly innocuous assumption that awareness is closed under subformulas
has rather powerful consequences on the properties of explicit belief. Certainly
this assumption is inappropriate for resource-bounded notions of awareness.
As we remarked above, it may be easy to see that ¢ v ~¢ is a tautology
without having to compute whether either ¢ or ~¢ follows from some
information. Nevertheless, this observation shows that there are some natural
interpretations of awareness and explicit belief (for example, an interpretation
of awareness that is closed under subformulas and an interpretation of explicit
belief that is not closed under implication) that cannot be simultaneousty
captured in this framework (cf. [11]). We remark that the model we introduce
in the next section overcomes this problem.

* We remark that by changing = to = in these axioms, we can capture a notion of awareness
generated by a set of primitive propositions (i.e. where A (s) consists precisely of the formulas
where the only primitive propositions that appear are those in some subset ¥ of primitive
propositions).
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We close this section with a brief example of an application of this model.
Up to now, we have taken an “internal” view of awareness, knowledge, and
belief. That is, we have spoken of an agent knowing the formulas he is aware
of and having beliefs about his beliefs. This corresponds to the classical view of
a reflective agent reasoning about his knowledge and belief. Recently it has
been argued that a useful way of analyzing distributed systems and machines is
by ascribing knowledge to the processes or components (cf. {13, 37]). The idea
here is that we view each process in the system as being in some local state; the
system as a whole is in a global state. Let us use s(i) to denote process i’s local
state in global state s. Process i is said to know ¢ in global state s if ¢ is true in
all global states s’ where s(i) = s'(i). The global states of the system corres-
pond to the possible worlds in a Kripke structure. If we define %, so that
(s, s") € B, iff s(i)=s'(i), then it is easy to see that this definition makes %,
into an equivalence relation on the global states. Our definition of knowledge
in distributed systems then corresponds precisely to the definition of knowledge
in Kripke structures. Thus, this information-based notion satisfies all the
axioms of S5, the classical logic of knowledge.

We can augment this picture with awareness by assuming that each process is
running some algorithm to figure out what it knows. We assume that each
process’ local state includes some information (perhaps encoded as a set of
formulas, although we do not need to assume this). The formulas that i is
aware of in global state s (i.e., #,(s)) are precisely those formulas for which i
can determine, using its algorithm, whether or not they follow from the fact
that its local state is s(¢). In general, i’s algorithm will be resource bounded, so
that «/,(s) will not include all formulas. &/,(s) clearly depends only on s(i), so
that if (s, ) € B, (i.e., s(i) = (i), then we must have «,(s) = (). Intuitive-
ly, we would now like to say that B¢ is true in state s if the algorithm that
processor [ is running would say that ¢ is true in state s. However, for this
interpretation to be appropriate, we must assume that the algorithm is correct:
if the algorithm says that ¢ is true in global state s, then ¢ must be a
consequence of the information contained in the local state s(i), and hence true
of all global states where i has the same local state. In particular, L,(¢) must
hold. Note we do not need to make any further assumptions on how the
algorithm operates. We could imagine that the information in local state s(i) is
encoded as a set of formulas and the algorithm applies some deductive
procedure to these formulas. Alternatively, we could imagine that the al-
gorithm has information about the set of possible global states and does some
“semantic” reasoning about the set of global states ¢t where s(i) = #(i}. Using
this framework, we now have a way of ascribing explicit as well as implicit
knowledge to processes. This might be useful in analyzing systems where we
want to view the actions of processes as depénding on certain explicit know-
ledge (cf. the knowledge-based protocols discussed in [12]).
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6. A Logic of Local Reasoning

Although the logic of general awareness is quite flexible, it still has the
property that an agent cannot hold inconsistent beliefs. In this section we
present a logic in which agents can hold inconsistent beliefs that does not make
use of incoherent situations.

Our key observation is that one reason that people hold inconsistent beliefs
is that beliefs tend to come in non-interacting clusters. We can almost view an
agent as a society of minds, each with its own set (or cluster) of beliefs, which
may contradict each other.

This phenomenon seems to occur even in science. The physicist Eugene
Wigner [43] noted that the two great theories physicists reason with are the
theory of quantum phenomena and the theory of relativity. However (cf. [35,
p. 166]), Wigner thought that the two theories might well be incompatible!

In our previous logics, given a state s, we viewed {¢] (s, 1) € B,} as the set of
states that agent i thought possible in state s. In our next logic, there is not
necessarily one set of states that an agent thinks possible, but rather a number
of sets, each one corresponding to a different cluster of beliefs. Alternatively,
as discussed in the introduction, we can view these sets as representing the
worlds the agent thinks are possible in a given frame of mind, when he is
focussing on a certain set of issues.

More formally, a Kripke structure for local reasoning is a tuple M = (S, w,
€,,...,%€,) where S is a set of states, (s, ) is a truth assignment to the
primitive propositions for each state s € S and %,(s) is a nonempty set of
nonempty subsets of S. If we wish to capture knowledge rather than belief, we
need to impose the added condition that s is a member of every set in €,(s).
Intuitively, if 6,(s)={T,, ..., T,}, then in state s agent i sometimes (depend-
ing perhaps of his state of mind or the issues on which he is focussing) believes
that the set of possible states is precisely T ; sometimes he believes that the set
of possible states is precisely 7,, etc. Or we could view each of these sets as
representing precisely the worlds that some member of the society in agent i’s
mind thinks possible. If €,(s) is just a singleton set for each state s, say {7},
then this structure is equivalent to the structures of the previous section, where
we interpret (s, ) € B, exactly if t€ T,

The modal operators that seem appropriate for capturing the viewpoint of an
agent as a “‘society of minds” are exactly those discussed in [13] for capturing
the knowledge of a group. We now interpret B, ¢ as “agent [ believes ¢ in some
frame of mind”; i.e., some member of the society of minds making up i
believes ¢. Note that although we are using the same symbol in the language,

° As we mentioned in the introduction, similar approaches to avoiding logical omniscience were
independently discussed by Levesque [27], Stalnaker [41], and Zadrozny [44]. In fact, these models
can also be viewed as special cases of minimal models (also known as ‘‘neighborhood” or

“Scott-Montague” models) that satisfy the added conditions that the set of sets is closed under
supersets and is nonempty (cf. [3, Chapter 7]).
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this notion is quite different from the notion of explicit belief discussed above.
We call this form of explicit belief local belief, since it is local to one of the
members of the society. We can also imagine a stronger notion where i believes
¢ in all frames of mind or an even stronger notion where it is common
knowledge that ¢ is true in all frames of mind. We could easily add modal
operators to the language to describe these notions (and indeed, in an earlier
version of this paper, [7], we did have a modal operator to describe the
situation where ¢ was believed in all frames of mind), but in order to be
consistent with the operators used in the previous section, we add here only an
operator for implicit belief. An agent i implicitly believes ¢, which we again
write L;¢, if i would know ¢ as a result of pooling together the information of
his various frames of mind. Although again, this notion has a somewhat
different flavor from the notion of implicit belief discussed in previous sections,
it does correspond directly to implicit knowledge as defined in [13, 14];
moreover, it is easy to show that explicit (local) belief implies implicit belief.
We capture implicit belief formally by saying that agent i implicitly believes ¢ if
¢ is true in every world that is considered possible in all frames of mind. By
intersecting the set of worlds in this way, we are using the information in each
frame of mind to help eliminate possibilities. Of course, if an agent holds
inconsistent beliefs in different frames of mind, there will not be any worlds in
this intersection, so that he will implicitly believe false.
We formally define |= for these structures as follows:

M,sk= p, where p is a primitive proposition, iff (s, p)=true,

MskE~¢ iff Msk o,

MskE o A, iff MskE @ and MskE ¢,

M,sk= B,p iff there is some T € €,(s) such that M,t|= ¢ for all
te T,

MyskE L iff MitEgforallte (| T.

TE%(s)

It is easy to see from the semantic definitions given that explicit belief is not
closed under implication, but in this case the reason has nothing to do with
awareness. The formula B;p A B,(p = q) A ~B,q is satisfiable simply because
in one frame of mind agent i might believe p, in another he might believe
p = q, but he might never be in a frame of mind where he puts these facts
together to conclude g."

More importantly for our purposes, note that an agent may now hold
inconsistent beliefs: B,p A B, ~ p is satisfiable, since in one frame of mind

'"We could guarantee closure under implication by requiring that there is always a frame of mind

where an agent puts together information that he knows in other frames. Formally this would
correspond to the set of sets of possible worlds being closed under intersection, so that if T,
T' € %,(s), then TN T' € €(s) (cf. [3,42]).
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agent { might believe p, while in another he might believe ~p. On the other
hand, B,(p A ~p) is impossible: agents do not believe in incoherent worlds. If
we consider knowledge rather than belief (so that s is an element of every
member of €.(s)), then inconsistent betiefs are impossible. Indeed, in this case
we get the axiom B¢ = ¢.

Since implicit belief results by pooling together the information available in
each frame of mind, we clearly have B,¢ = L,¢. In particular, it follows that if
an agent holds inconsistent beliefs, he implicitly believes everything for vacu-
ous reasons. Thus we get B¢ A B,(~¢)=> L,( false). (Note that this situation
is impossible if we consider knowledge rather than belief, since with knowl-
edge we still have the axiom B¢ = ¢.)

It is easy to see that as defined here, L, does not satisfy the axioms of KD45,
the classical logic of belief. We have just pointed out that L (false) is
consistent, so the axiom (A3) of Section 2 does not hold. (A4) and (A5) do not
hold either, although (A1) and (A2) do.

In the classical possible-worlds framework, we can capture various properties
of knowledge and belief by imposing various conditions on the binary relation
PB.. Analogously, in this framework, we can capture various properties of
knowledge and belief by imposing conditions on the set of sets €,(s). In the
possible-worlds model we have the condition of seriality, which results in the
axiom ~L,( false). The fact that €.(s) consists of nonempty sets ensures the
validity of ~ B,( false). If we want ~ L ( false) to hold in this logic, we must add
the condition that the intersection of the sets in €.(s) is nonempty. As
remarked above, if we want to capture knowledge rather than belief (so that
both L,¢ = ¢ and B,¢ = ¢ are valid), then we must add the further restriction
that s is a member of every member of €,(s). It is also not hard to check that if
we require that in each frame of mind an agent considers it possible that he is
in that frame of mind (that is, if s € T € €,(s), then T € €,(s")), this ensures
the validity of both B.¢ = B;B;¢ and L,¢ = L,L;¢. Finally, adding the condi-
tion that for all 7€ €,(s) and all 1 € T we have €,(¢) C €,(s), then we have
both ~B,o=> B,~B,¢ and ~L,¢o=> L,~L,p. (See |3,42] for a related dis-
cussion.)

A particularly interesting special case we can capture is one where in each
frame of mind, an agent refuses to admit that he may occasionally be in
another frame of mind. (This phenomenon can certainly be observed with
people!) Semantically, we can capture this by requiring that if s' € T € 4,(s),
then €,(s’) is the singleton set {T}."" A Kripke structure for local reasoning
that satisfies this additional restriction is called a Kripke structure for narrow-
minded agents.

A narrow-minded agent will believe he is consistent (even if he is not), since

' Note that this restriction is not possible in general when dealing with knowledge rather than
belief. You cannot refuse to know the truth, although you can refuse to believe it!
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in a given frame of mind he refuses to recognize that he may have other frames
of mind. Thus, B,(~(B;p A B;~p)) is valid in this case, even though
B;p A B,~p is consistent. In fact, a stronger statement is true. In a// frames of
mind an agent believes he is consistent. Moreover, since an agent can do
perfect reasoning within a given frame of mind, a narrow-minded agent will
also believe he is a perfect reasoner. Thus B,(B;p A B(p=> q)=> B,q) is a
valid formula in all Kripke structures for narrow-minded agents.

Note that in both the general and the narrow-minded versions of the logic of
local reasoning, an agent’s beliefs are closed under valid implication (so that if
¢ = ¢ is valid, so is B,¢ = B,) and agents believe all valid formulas. This is
because we have assumed that agents can do perfect reasoning within each
cluster. By adding an awareness function to a structure for local reasoning, we
can get a model for belief where agents do not necessarily believe all valid
formulas. We can then construct a model for a notion of belief and awareness
where an agent’s awareness is closed under subformulas, but his explicit (local)
beliefs are still not closed under logical consequence.

7. Incorporating Time

Even greater flexibility can be attained by incorporating time into the lan-
guage. Once we can explicitly talk about time, we are in a position to discuss
notions like knowledge acquisition and forgetting. Fortunately, it is easy to
incorporate time into the possible-worlds framework by adding a relation, and
a corresponding modal operator, to capture time. For example, a Kripke
structure for general awareness and time is a tuple M =(S, =, A,,..., A,
Byy...,B,, T), where T is a deterministic, serial relation; i.e. for all sE€ S,
there is a unique ¢ € S such that (s, ) € J. Intuitively, (s, t) € T if ¢ describes
the state of the world at the “‘next” time instant after s."> We also add unary
modal operators O and < into the language, where Qg is true if ¢ is true at the
next time instant (or “tomorrow’’), and e is true if ¢ is eventually true. We
define J* to be the reflexive, transitive closure of 7, that is, the binary
relation on S defined by (s, r) € 7™ iff there exist states s,, ..., s, such that
s=35y, t=5,, and (s,, 5,.,) € J for i < k. More formally, we have:

M,s|FO¢ iff M,tE ¢ for (the unique) ¢ such that (s, r)€ T,
M,s|E <O iff M,t|= ¢ for some ¢ such that (s, 1) € T*.

As usual in the literature, we define [ to be the dual of <, so that (g is
~O~¢. Thus Oe is true if ¢ is true now and forever in the future.

Once we have time in the picture, we can consider investigating what
happens when we impose a number of additional constraints on the relation-

"* Thus we have taken time to be linear rather than branching, discrete rather than continuous.
and with no endpoint. However, easy modifications can be made to the model presented above to
allow us to deal with all of the possibilities (cf. [19]).
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ship between belief (or knowledge), time, and awareness. When considering
knowledge rather than belief, in some treatments (for example [16, 25, 38]), an
additional requirement is placed on the interaction between knowledge and
time, which, roughly speaking, captures “not forgetting.” The intuition is that
the set of worlds an agent thinks possible should decrease over time, as the
agent acquires more information. In particular, this means that at a given time,
the set of worlds that an agent now thinks could possibly describe the situation
of tomorrow is a superset of the set of worlds that he actually thinks possible
tomorrow. Syntactically this corresponds to the axiom

K(OC¢)=>OKp; (1)

if agent i knows (today) that ¢ will be true tomorrow, then tomorrow he will
know ¢ (where we use K, since we are dealing with knowledge rather than
belief). Semantically, this corresponds to the following restriction (where %, is
an equivalence relation, since we are dealing with knowledge):

If for some states s, t, u we have (s, 1) € 7 and (t, u) € 4,,
then there exists a state w such that (s, w) € B, and (w, u) € 7;
ie. ToBCBooT . (2)

It is easy to check that axiom (1) holds in all structures that obey the restriction
(2) (and, as shown in [16], (1) essentially characterizes such structures). As
pointed out to us by Elias Thijsse, (1) is not immediately applicable to belief.
For example, I may believe now that I may finish writing this paper by
tomorrow, but tomorrow [ may realize that this belief is false, and no longer
believe it. But even with regards to knowledge, (1) is not often not a realistic
assumption. People certainly forget! And (2) seems to have rather unpleasant
consequences for the decision procedure of the resulting logic (see [16] and
Section 8).

Recall that one interpretation we gave the awareness function in Section 5
was in terms of the formulas whose truth could be computed within a certain
amount of time. Since we are dealing with a decidable language, we can
imagine a program that will eventually be able to compute the truth value of
every formula. We can capture this very easily in our present framework by
simply requiring that the awareness functions satisfy the following constraints:

if (5,1)€ 7 then &,(s) C A,(1) 3)
and

for all s € § and all formulas ¢, there is some ¢ with (s, 1) € T*

and ¢ € (1) . (4)

Intuitively, constraint (3) says that agent i’s awareness never decreases over
time, while (4) says that i is eventually aware of every formula. In a structure
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satisfying these constraints, we have the following sound inference rule: from ¢
infer OB,p. Thus, all valid formulas are eventually believed. Moreover, the
obvious weakening of closure under implication also holds. Specifically, as long
as B¢ and B,(¢ = ) are stable formulas (once true, they remain true), then if
¢ and ¢ = ¢ are believed, it follows that eventually ¢ will be believed too.
Thus, if B,¢ and B,(¢ = ) are stable, then we have

(Bip A Ble=> y)> OBy

Other variations on these restrictions are also possible. For example, we may
want to drop (4) while retaining (3), so that while an agent’s awareness
increases, he might not be eventually aware of every formula. We may also
want to impose conditions on how awareness increases, say by allowing
application of a particular deduction rule at every step, where the deduction
rule applied might depend on current knowledge or past history (this was
suggested to us by Kurt Konolige). There is clearly room for further work here.

If we combine awareness, time, and clusters of belief, we can capture even
more complicated situations. For example, it has frequently been observed that
people do not like inconsistencies. Yet occasionally they become aware that
their beliefs really are inconsistent. When this happens, people tend to modify
their beliefs in order to make them consistent again. In a system with local
belief, time, and awareness, this can be captured by an axiom such as:

(Bio A Bi~¢) A A(B.o A Bi~¢)=> O(~(B,¢ A B/~¢)) .

This axiom says that if agent / has an inconsistent belief of which he is aware,
then at the next state he will modify his belief so that it is not inconsistent.

8. Decision Procedures and Complete Axiomatizations

In the case of the classical logics of belief and knowledge, KD45 and S5, it is
known that the problem of deciding whether a formula is satisfiable is
NP-complete in the case of one agent, and PSPACE-complete if there is more
than one agent (see [14] for a discussion of these results and techniques, many
of which go back to Ladner [23]). Despite the apparent extra machinery we
have introduced in our models, we can show in most cases that the decision
procedures get no harder.

Theorem 8.1.

(1) The problem of deciding satisfiability of formulas in each of the following
logics is NP-complete (and hence the problem of deciding validity is co-NP-
complete):

(a) Levesque’s logic of implicit and explicit belief,
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(b) the one-agent case of the logic of awareness,

(c) the one-agent case of the narrow-minded version of the logic of local
reasoning.

(2) The problem of deciding satisfiability and validity of formulas is
PSPACE-complete in each of the following logics:

(a) the multi-agent case of the logic of awareness,

(b) the one-agent and multi-agent case of the logic of local reasoning,

(c) the multi-agent case of the narrow-minded version of the logic of local
reasoning,

(d) the one-agent and multi-agent case of each of these logics with time.

Proof. The proof of these results uses the techniques described in [14, 16], so
we only sketch the details here. Since in all of these logics a propositional
formula is a tautology iff it is a tautology of propositional logic, the satisfiability
problem is NP-hard. The key idea in proving NP-completeness is to show that
for each of the logics mentioned in part (1), a satisfiable formula is satisfiable
in a small structure: one that has at most polynomially many states (or
situations, in the case of Levesque’s logic) as the size of the formula. (For all
the logics the number of states is in fact linear in the size of the formula except
for the narrow-minded version of the logic of local reasoning, where it is
quadratic.) We can thus guess a structure for a satisfiable formula in polyno-
mial time, so the problem is in NP.

The PSPACE-completeness results for all the many-knower versions of the
logics not involving time follow the same pattern as the PSPACE-completeness
result for the many-knower version of S5 discussed in [14]. In particular, the
upper bound is proved by showing the existence of a tree-like structure of at
most linear depth, while the lower bound involves encoding the operation of a
Turing machine that runs in alternating linear time, or alternatively, encoding
the satisfiability of QBF formulas (cf. [23]). Because in the logic of local
reasoning we have a ‘“‘society of minds,” cven the one-knower version of the
unrestricted version of this logic has all the necessary features required to get
the PSPACE lower bound. Indeed, we could get the lower bound even if we
restricted to formulas involving only the L, operator.

The PSPACE lower bound for the all the logics with time follows from a
PSPACE lower bound for the temporal component alone (cf. [15, 40]); the
upper bound is proved using techniques similar to those sketched in [16]. O

The logic of general awareness is missing from the list above. Although we
conjecture that the one-agent version for this logic is also NP-complete, and
the multi-agent version is PSPACE-complete, we have not been able to prove
this. The lower bounds still hold, of course, but the best upper bounds we have
been able to obtain are nondeterministic exponential time for the one-agent
version, and exponential space for the multi-agent version. The difficulty
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comes from the fact that we have to simultaneously deal with relations of the
form M,s ¥ ¢ for various subsets ¥ of primitive propositions. We remark that
we have been able to prove the NP (resp. PSPACE) upper bound for large
subclasses of the full language (for example, all those formulas where the
outermost occurrences of B, are in the scope of an even number of negations,
or all those formulas where no B, is in the scope of another B;). It is also
interesting to note that had we dropped the requirement that the %, be
Euclidean, then the decision procedure would be PSPACE-complete in both
the one-agent and multi-agent case.

We also remark that once we add condition (2) as discussed in Section 7 to
the semantics of knowledge and time, things can get much worse. As shown in
[16], with one knower, the decision procedure becomes complete for double
exponential time, while with many knowers it has non-elementary complexity.
And with many knowers and the further addition of common knowledge (cf.
[13, 14]), the logic becomes undecidable (again, see [16]).

We now turn our attention to obtaining complete axiomatizations for all the
logics we have discussed. In the logic of awareness described in Section 3, the
L, operator acts exactly like the classical belief operator. Thus, all the axioms
for the classical belief operator discussed in Section 2 are still sound in the logic
of awareness. In Proposition 4.2 we described a way to effectively transform
any formula in the logic into one where the only occurrence of the B, operator
is in the context of B,(p v ~p) (which we abbreviate A, p). It turns out that no
axioms are required to describe A,p, so we get a complete axiomatization for
this logic simply by taking the axioms for the classical belief operator and
adding the axiom:

=9, (A6)

where ¢* is the formula described in (the proof of) Proposition 4.2. It remains
an open question to find more natural axioms that completely characterize the
B; operator. '

Theorem 8.2. The axioms for KD45 ((A1)-(AS5), (R1), (R2)) fogether with
(A6) give a sound and complete axiomatization for the logic of awareness.

Proof. The fact that (A6) is sound follows from Proposition 4.2. We prove
completeness using techniques that go back to Makinson [29], and that are also
used to prove completeness of the classical logics of knowledge and belief in
[14]. We briefly recall some of the details here.

A formula p is consistent (with respect to an axiom system) if ~p is not
provable. A finite set {p,,..., p,} is consistent exactly if the formula
Py A AP, is consistent. An infinite set of formulas is consistent if every
finite subset of it is consistent. A set F of formulas is a maximal consistent set if
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it is consistent and any strict superset is inconsistent. Using standard techniques
of propositional reasoning we can show

Lemma 8.3. In any axiom system that includes (Al) and (R1):
(1) Any consistent set can be extended to a maximal consistent set.
(2) If F is a maximal consistent set, then for all formulas ¢ and -
(a) either p€E For ~¢ € F,
(b) oAy EFiffoE Fand yEF,
() ifeEFand o> yEF, then € F,
(d) if ¢ is provable, then o € F. [

In order to prove completeness, we must show that every valid formula is
provable. Equivalently, we can prove that every consistent formula is satisfi-
able. We do so by constructing a canonical Kripke structure M°, containing a
state s, for every maximal consistent set V of formulas, such that M<s, | ¢ itf
¢ € V. Since every consistent formula is contained in some maximal consistent
set, this suffices. Given a set V of formulas, let V/L, = {¢| Lo €V}. Let
M =(S, =, A,...,d, B, ..., B,) be a Kripke structure of awareness
where

§={s, |V is a maximal consistent set} ,

. Jtrue, if pEV,
7(Svs P) = | false,  if p&V .

‘Q«i(sv) ={p ' B(pv~p)eV},
B, = (5, 5) | VIL,C W] .

As shown in [14], axioms (A3), (A4), and (AS) guarantec that 93, as defined is
indeed serial, transitive, and Euclidean. Now consider the sublanguage ¥’
consisting of those formulas where the only occurrence of B, is in the context
B,(p v ~p). Using the techniques of [14], we can easily show by induction on
the structure of formulas that for all formulas ¢’ € ¥’, we have M s, | ¢ iff
¢’ € V. (The only axioms and rules of inference used in this part of the proof
are (A1), (A2), (R1), and (R2).) Finally, suppose ¢ € V. Using (A6), we can
find a formula ¢* such that ¢ = ¢* is provable and ¢* € ¥’. By Lemma 8.3, it
follows that ¢* € V. Since ¢* € ¥, we also have M s, = ¢*. Since ¢ = o™ is
valid, we have M‘s, = ¢.

We have just shown that if ¢ €V then M‘s, | ¢. (Actually, from the
maximality of V is also easily follows that ¢ € V iff M“s, = ¢.) From this we
get that if ¢ is consistent, then for some state s, in M* we have M5, |= ¢. This
shows the axiom system is complete. [
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In the logic of general awareness, we again have that L, satisfies all the
axioms of KD45. In this logic the explicit belief operator is completely
characterized by

B,o = L,¢ n A,¢ (explicit belief is equivalent to implicit belief
plus awareness) . (A7)

Theorem 8.4. The axioms for KD45 together with (A7) give a sound and
complete axiomatization for the logic of general awareness.

Proof. Soundness is straightforward, and completeness is proved in a com-
pletely analogous fashion to Theorem 8.2. We define the canonical structure in
the same way except that now we have #,(s,) = {¢ | A,¢ €s,}. Again we can
show that M©s, = ¢ iff ¢ € V. We leave details to the reader. O

Finally, we consider the logic of local reasoning. In this case the L, operator
as defined does not satisfy all the axioms of KD45. The only axioms it satisfies
are (Al) and (A2), and inference rules (R1) and (R2). (Although, as we
remarked above, by imposing extra conditions on 4,, we can obtain axioms
(A3), (A4), and (AS).) We also have the following axioms:

~ B,( false) . (A8)
B> L. (A9)
As we remarked in Section 7, an agent’s local beliefs are closed under valid

implication and agents believe all valid formulas. This gives us the following
rules of inference.

@

Be" (R3)
o>

B> B (R4)

Note that (A9) and (R3) render (R2) redundant. Thus we have

Theorem 8.5. The system consisting of axioms (Al), (A2), (A8), (A9) and
rules of inference (R1), (R3), (R4) is sound and complete for the logic of local
reasoning.

Proof. Again soundness is straightforward. For completeness, we modify the
techniques sketched in Theorem 8.2. Again we consider maximal consistent
sets of formulas and construct a canonical structure, but in this case the
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structure has two states corresponding to each maximal consistent set. This
technical change allows us to deal with implicit knowledge in a straightforward
way.

We define a canonical Kripke structure for local reasoning M*® = (S, =,
€,,..., %) by taking

S ={s} |V is a maximal consistent set, h =0, 1},

A _[true, if pEYV, _
m(sy, p)_{false, it pgv, =01,

(g(sv) {leV , Bll/IE v’ h':07 1} >
where
Ty ={sw |WEW}U {sy | VIL,CW,1=0,1}.

In order to show that this is indeed a Kripke structure for local reasoning, we
must show that €.(s}) is a nonempty set of nonempty subsets of S. Since true is
provable by (A1), B,(true) is provable by (R3), so we have B,(true) € V for all
maximal consistent sets V' by Lemma 8. 3(d) Thus T,m Y vEE (sy) and
%.(sh) is nonempty. To see that €,(si) consists of nonempty sets, suppose
B,y € V. Then ¢ must be consistent, for if not, ¢ = false is provable, and by
(R4) and the properties of maximal consistent sets, we would have B,( false) €
V, contradicting the consistency of V by axiom (AS8). Since ¢ 1s c0n51stent
there must be some maximal consistent set W containing , so = T oy

We next show by induction on structure of formulas that Ms, | ¢ iff € V.
This will show that all consistent formulas are satisfiable, and thus give us
completeness of the axiom system. The only interesting cases arise when ¢ is of
the form B¢’ or L;¢’.

For B,<p’, note that if B¢’ €V, then T:,_VE %,(si,). By construction, if
Sy € Tw v, then @' € W. (Note that since B,¢' €V, we must have L.¢' €V by
(A9) and the fact that V is a maximal consistent set. Thus if V/L, C W, then
¢' € W) Using the induction hypothesis, it follows that M ¢ ¢’ for all
te TZ,.V. Thus M“,s"ﬂ = B,¢’. For the converse, suppose B 'ZV. We want to
show that M .5 b B,p’, so we must show that for all T , € €.(s), there is
some t & T, such that M rf=~¢". But if T .y E €, (sv) then we must have
B,o"EV. It must be the case that ¢” A ~¢’ is consistent. For suppose not.
Then ¢"= ¢’ is provable, so by (R4) and the fact that V is a maximal
consistent set, we must have B,¢’ €V, a contradiction. Since ¢”" A ~¢' is
consistent, there must be some maximal consistent set W such that ¢,
~¢'EW. But by constructlon sw € T +v» and by the induction hypothesis we
have M<s}, |E~¢’. Thus s}, is the desired state.
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For L,¢’, note that

N T={si |VIL,CW,1=0,1}.

TE%(s})

(We remark that we took two representatives of each maximal consistent set
and defined €, the way we did precisely to have thls equality hold.) It follows
that if L,¢’' € V then ¢’ €W for all W such that s}, € ﬂrecg(sh T. Thus, using
the mductlon hypothesis, M¢,sj & L,¢'. The converse follows along the same
lines as the corresponding proof in [14, Theorem 3], so we omit details
here. O

We remark that explicit belief in the logic of local reasoning satisfies
precisely the axioms of the classical logic EMNP (cf. [3]).

9. Conclusions

We have examined a number of logics, each of which captures different aspects
of the problem of lack of logical omniscience, including lack of awareness and
local reasoning (within a cluster of beliefs). We expect that other logics can be
designed to capture other aspects of this issue.

We view one of the main strengths of our logics to be their semantic
naturalness. Thus, the fact that the formula B,p A B,~p is consistent in the
logic of local reasoning is not due to some ad hoc condition, but rather follows
naturally from the semantic interpretation of B;. And the relationship between
belief and awareness in our logic of general awareness, as exemplified in the
axioms, also has a clear semantic interpretation.

We have avoided committing ourselves to a particular notion of awareness in
our logic of general awareness, simply because we feel that the conditions on
the awareness function should be determined by the particular application.
Indeed, we consider the flexibility of this approach to be a point in its favor.
Nevertheless, it is clear that further research needs to be done in order to find
useful and natural awareness functions. A particularly exciting direction seems
to be that of combining awareness and time in interesting ways to try to model
interesting properties of knowledge acquisition. :

Another interesting direction to take is that of considering quantified
versions of these logics. Here some very interesting technical and philosophical
questions arise. For example, since we would like to be able to capture
sentences such as “‘He is aware of something that I am not aware of,” we seem
to be forced into allowing states with different domains, and dealing with all
the technical complications that arise there. There is still much work to be
done in finding an intuitively motivated logic powerful enough to describe such
situations.
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Appendix A. Proofs of Proposition 3.1 and Proposition 4.2

Proof of Proposition 3.1. Recall we are trying to show that in Levesque’s logic,
if ¢ is a valid propositional formula, then F A¢ = By, where Ag is the
conjunction of Ap taken over all the primitive propositions p that appear in ¢,
and Ap is an abbreviation for B(p v ~p).

Suppose ¢ is a valid propositional formula and let M =(S, 4, T, F) be a
structure. We show that in fact M,s |F. A@ = Be holds in all situations s in M
(and not just in complete situations).

As usual, we define a valuation v to be a function that assigns to every
primitive proposition a (unique) value in {true, false}. We can extend a
valuation v so that it gives truth values to every propositional formula using the
usual rules of propositional logic. Let ¥ be a set of primitive propositions. We
define a valuation v to be compatible with situation s in M with respect to V¥ if.
for all primitive propositions p € ¥, we have v( p) = true implies s € T( p) and
v( p) = false implies s € F( p). (Note that it may well be that s is an incoherent
situation.) Now we can easily show (by induction on the structure of ) that if
Y is a propositional formula and v is compatible with s with respect to Prim(i),
then v(y) = true implies M,s =, ¢ and v(y) = false implies M,s = . .

We say a set ¥ of primitive propositions is determined in a situation s if
M,s|E p v ~p for each p € V. It easily follows from the definitions that if ¥
is determined in s, then there is some valuation v compatible with s with
respect to V. Putting together the two observations we have just made, it
follows that if ¢ is a valid propositional formula and Prim(¢) is determined in
s, then M,s = .

But now returning to our valid formula ¢, note that either Prim(gp) is
determined in all situations in 28 or it isn’t. In the former case. by the argument
above, ¢ is true in all situations in %, so Be is true in all situations, as is
A¢ = Be. In the latter case, Ap = B¢ holds vacuously in all situations (since
Ag is false). In either case, Ap = Be is true in all situations. O

Proof of Propesition 4.2. For the purposes of this proof, we call a formula good
if the only occurrences of B, in the formula are in the context of B,(p v ~p)
(i.e., A,p). Recall that we are trying to prove that for all formulas ¢, we can
effectively find a good formula ¢* such that Fe=¢*. We in fact prove
something more general. Given a formula ¢ and a subformula ¢, we say that
an occurrence of ¢ in ¢ appears positively in ¢ if it is in the scope of an even
number of negation symbols; otherwise it occurs negatively. For example, the
first and third p’s in the formula (p A ~(B,p v B,~p)) appear positively, while
the second occurs negatively.

Lemma A.1. For all formulas ¢, we can effectively find good formulas ¢*, ¢,
and ¢* such that for all structures M, states s, and sets W of primitive
propositions, we have:
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(1) MskEYe iff MskET¢",
2) Mskre iff MskFie .
3) MsFe iff MskEe*

. -+ .. .
Moreover, all occurrences of A,p in ¢  are positive, while all occurrences of
A,pin ¢ are negative.

Proof. If ¥ is a set of primitive propositions, we define A,(¥) to be an
abbreviation for /\ ,c, A,p. We also define o(¥™) (resp. ¢(¥ 7)) to be the
result of replacing all positive occurrences of primitive propositions in ¢ but not
in ¥ by false (resp. true) and negative occurrences of propositions in ¢ but not
in ¥ by true (resp. false). Thus, if ¥ =& — {p} (i.e., ¥ consists of all
primitive proposmons but p) and we take ¢ to be (p v g v ~(B,;pv B~p)),
then o(¥") is (false v q v ~(B,true v B, (~false))). Similarly, if ¢ is the
formula p v ~p, then (¥ ") is the formula false v ~true, which of course is
equivalent to false, while (¥ ) is the formula true v ~false, which is equival-
ent to true. Note that Prim(¢(¥ ")) and Prim(¢(¥ 7)) (the primitive proposi-
tions that appear in (¥ ") and ¢(¥ "), respectively) are subsets of V.
We now define ¢', ¢ , and o*, by induction on structure:

p=p =p*=p

for a primitive proposition p;

(~e) =~(¢ ),
(~e) =~(¢"),
(~@)" =~(¢%);

(end) =¢ nu”,
(erd) =¢ Ay,
(@A) =@* A Y™

(Bi‘tp)+ = \/ (A, (F) A Li‘P+(lp+)) >

¥ CPrim(g)

Be)y = N (AW>Le (¥7),

¥ CPrim(e)

(B;p)* = (B[‘P)+ >

(Liﬁo)+ = Li(¢+) ,
(Lip) =L(¢ ),
(Lie)*=L(e*).

All the clauses are quite straightforward except that for B,p. The way we
replace B, by L, here depends on which formulas the agent is aware of. For
example, in the definition of (B,¢)”, if he is aware of all the formulas in ¥,
then we replace B; by L,, and replace all positive occurrences of primitive
propositions not in ¥ by false, and all negative occurrences of primitive
propositions not in ¥ by rrue. We have taken the disjunction over all possible
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subsets of Prim(¢) in our translation, since these are the only subsets “rele-
vant” to the formula. We could equally well have taken the disjunction over all
subsets of primitive propositions, but then the length of ¢” would no longer be
a function of the length of ¢. (We leave it to the reader to check that the length
of ¢", ¢, and ¢* is at most exponential in the length of ¢.)

Not surprisingly, it is straightforward to check that ¢ and ¢ have all the
required properties in all cases except that where ¢ is of the form B,¢'. In
order to show that the translation works in this case too, we need a preliminary
lemma.

Lemma A.2.

(1) If W' C ¥, then
(@) M,sEY ¢ implies Ms =Y o(W"), and
(b) MsE] ¢ implies M,sEY o(¥7).

) If ¥ C V', then
(@) MsEY o(W") implies M s|=¥ ¢, and
(b) MsEY (W) implies M.s=Y ¢.

(3) If ¥ NPrim(p) = ¥’ N Prim(¢), then
(@) MsEY ¢ iff MsEY ¢, and
(b) MsEY o iff MsEY .

Proof. Each part of the lemma can be proved by a straightforward induction
on the structure of ¢. The only nontrivial case, surprisingly enough, is when ¢
is a primitive proposition. For example, in part (la), if ¢ is the primitive
proposition p, the proof breaks into two cases. If p € ¥, then, since ¥' C V¥,

we must also have p€ ¥ and p(¥7)=p. In this case we clearly have
MsEY piff Ms|EY p(¥"). On the other hand, if p W', then M,s % p.
We leave the other cases to the reader. [J

Now we show that M,s Y B.e iff M,skY(B,¢)". Let 3 =¥ Nd(s)N
Prim(¢). Then we have:
M,s kY B¢
iff MsEY""™ Be (by Lemma A.2(3))
iff M,itETe" forall ¢ such that (s, 1) € B,
(by definition)

iff M.,tF>¢@" for all ¢ such that (s, 1) € %,
(by the induction hypothesis)

itft M,tEZe (3) for all £ such that (s, £) € B,
(by Lemmas A.2(1) and A.2(2))
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iff Mty (2*) for all ¢ such that (s, 1) € B,
(by Lemma A.2(3))

iff M,sEYLo (Z%)
(by definition) .

Since we also clearly have M,s |=¥Ai(2), it follows that M s =Y A,(3) A
L¢"(37), so that M,s =Y (B,¢)".

For the converse, suppose that M,s =7 (B,¢)". Thus, for some 3 C Prim(¢),
we have M,s =Y A(3) A Lo (2"). We must also have 3 C ¥ N o,(s) (other-
wise it would not be the case that M.sEY A,(2)). It now follows that

M,sEY Lo (5)

iff M,tEY @ (27) for all ¢ such that (s, 1) € B,
(by definition)

iff MY o"(3") for all ¢ such that (s, 1) € B,
(by Lemma A.2(3))

implies  M,t|=Y"%® o*  for all ¢ such that (s, 1) € B,
(by Lemma A.2(2))

iff M,t=Y"" ¢ for all t such that (s, r) € B,
(by induction hypothesis)

ifft MskEYB

The proof that (B,¢)” has the right properties is similar; we leave details to
the reader.

To prove that ¢* has the right properties, again all cases are straightforward
except when ¢ is of the form B,¢’. To deal with this case, we again first need a
lemma.

Lemma A.3. If ¢ is a formula where all outermost occurrences of subformulas
of the form B (i.e., all those that are not in the scope of any B,) occur
positively, then for all states s, we have M,s k= ¢ iff M,s =3 ¢.

Proof. Let M;¢ be an abbreviaton for ~L,~¢. It is easy to see that using the
operator M;, we can rewrite any formula where all outermost occurrences of
subformulas of the form B, occur positively so that the only occurrences of ~
are either inside the scope of a B, or occur in front of primitive propositions.
Now an easy induction on structure of formulas (treating formulas of the form
By and M, as base cases) shows that for all formulas ¢ in this form, M,s = ¢

1fst|=1<p O
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(We remark that this lemma does not hold for arbitrary formulas. For
example, if s,(s) =9, then we have M,sE~B,p but M,s T ~B.p.)

It now follows immediately that M,s = B¢ iff M,s =1 B,¢ (by definition) iff
M,sET(B,o)" (by Lemma A.1(1)) iff M,s )= (B,¢)" (by Lemma A.3, since by
construction the only occurrences of subformulas of the form B, in (B, @)"
occur positively, and in fact only occur in the context B;(p v ~p) = A, p) iff

M,s = (B,¢)* (since (B,¢)* = (B,¢)"). This completes the proof of Proposmon
42. 0O
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