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Abstract

We presenta propositionallogic to reasonaboutthe uncertaintyof events,wherethe un-
certaintyis modeledby a setof probability measuresassigningan interval of probability to
eachevent. We give a soundandcompleteaxiomatizationfor the logic, and show that the
satisfiabilityproblemis NP-complete,no harderthansatisfiabilityfor propositionallogic.

1 Introduction

Variousmeasuresexist that attemptto quantify uncertainty. For anyonefamiliar with probability
theory, probabilitymeasuresareanobviouschoice.However, probabilitymeasureshavedifficulties
dealingwith certainsituationsof interest. Most notably, whereasprobabilitiescandealwith the
directuncertaintyof aneventhappening,thereis no way for probabilitiesto modeltheuncertainty
relatedto theprobabilitiesthemselves. Considera simpleexample:supposewe have a bagof 100
marbles;we know 30 areredandwe know theremaining70 areeitherblueor yellow, althoughwe
donotknow theexactproportionof blueandyellow. If wearemodelingthesituationwherewepick
aball from thebagatrandom,weneedto assignaprobabilityto threedifferentevents:pickingupa
redball (red-event), pickingupablueball (blue-event), andpickingupayellow ball (yellow-event).
We canclearlyassigna probabilityof .3 to red-event, but thereis no clearprobability to assignto
blue-eventor yellow-event.

One way to approachthis problemis to representthe uncertaintyusing a set of probability
measures,with a probability measurefor eachpossibleproportionof blue andyellow balls. For
instance,we could usethe set of probabilities
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eventprobability
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, blue-eventprobability



, andyellow-eventprobability
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. To any setof
probabilities

�
we canassigna pair of functions,the upperand lower probability measure,that

for anevent � give thesupremum(respectively, theinfimum) of theprobabilityof � accordingto
theprobabilitymeasuresin

�
. Thesemeasurescanbeusedto dealwith uncertaintyin themanner

describedabove, wherethe lower andupperprobabilityof aneventdefinesa rangeof probability
for thatevent1. Note that this is not theonly way to modelthesituation.An alternative approach,
usinginnermeasures,is studiedin [6].

1An alternateview of upperprobabilitiesoriginatesfrom assigningsubjective probabilitiesto eventsby testingand
findingatwhatoddsapersonis preparedto betagainstthem.Thisgivesrise,givensuitableassumptions,to anequivalent
formulationof lower andupperprobabilitymeasures[16, 17].
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Given a measureof uncertainty, onecandefinea logic for reasoningaboutit. Fagin,Halpern
andMegiddo[7] introducea logic for reasoningaboutprobabilities,with apossible-worldsseman-
tics thatassignsa probabilityto eachpossibleworld. They provide anaxiomatizationfor thelogic,
whichthey provesoundandcompletewith respectto thesemantics.They alsoshow thatthesatisfi-
ability problemfor thelogic, somewhatsurprisingly, is NP-complete,andhenceno harderthanthe
satisfiabilityproblemfor propositionallogic. They moreover show how their logic canbeextended
to othernotionsof uncertainty, suchas inner measures[6] andDempster-Shaferbelief functions
[14].

In thispaper, wedescribealogic for reasoningaboutupperprobabilitymeasures,alongthelines
of thelogic introducedin [7]. Themainchallengeis to deriveaprovablycompleteaxiomatizationof
thelogic; to dothis,weneedacharacterizationof upperprobabilitymeasuresin termsof properties
thatcanbeexpressedin the logic. Many semanticcharacterizationsof upperprobabilitymeasures
have beenproposedin the literature. Thecharacterizationof AngerandLembcke [1] turnsout to
be bestsuitedfor our purposes.Even thoughwe are reasoningaboutpotentially infinite setsof
probabilitymeasures,thesatisfiabilityproblemfor our logic remainsNP-complete.Intuitively, we
needguessonly asmallnumberof probabilitymeasuresto satisfyany givenformula,polynomially
many in thesizeof the formula. Moreover, theseprobabilitymeasurescanbe taken to bedefined
on a finite statespace,againpolynomial in the sizeof the formula. Thus, we needto basically
determinepolynomiallymany values—avaluefor eachprobabilitymeasureateachstate—todecide
thesatisfiabilityof a formula.

The restof this paperis structuredasfollows. In Section2, we review the requiredmaterial
from probability theoryandthe theoryof upperprobabilities. In Section3, we presentthe logic
andanaxiomatization.In Section4, we prove that theaxiomatizationis soundandcompletewith
respectto thenaturalsemanticmodelsexpressedin termsof upperprobabilityspaces.Finally, in
Section5, weprove thatthedecisionproblemfor thelogic is NP-complete.Theproofsof themore
technicalresultsaregivenin theappendices.

2 Characterizing upper probability measures

We start with a brief review of the relevant definitions. Recall that a probability measureis a
function

��	 �"! 
 ����#��
for

�
an algebraof subsetsof $ (that is

�
is closedundercomplements

andunions),satisfying
� %'&�()�*�

,
� % $ (��+#

and
� %',.-0/1(��2� %',3(546� %'/1(

for all disjoint sets,3��/
in
�

. 2 A probabilityspaceis a tuple
% $ ���7�8� ( , where$ is aset,

�
is analgebraof subsetsof

$ (themeasurablesets),and
�

is a probabilitymeasuredefinedon
�

. Givena set
�

of probability
measures, let

�:9
be theupperprobabilitymeasure3 definedby

�:9;% � (<��=?>A@���� % � (B	C�D�E�F�
for � �"�

. Similarly,
� 9 % � (:�HG IKJ'��� % � (+	6�"�L�F�

is the lower probability of � �"�
. A

straightforward derivation shows that the relationship
� 9 % � (<�M#N�O� 9 % � ( holdsbetweenupper

2If P is infinite, we could also requirethat Q be a R -algebra(i.e., closedundercountableunions)and that S be
countablyadditive. Requiringcountableadditivity would not affect our results,sincewe show thatwe cantake P to be
finite. For easeof exposition,wehave not requiredit.

3In the literature,the term upperprobability is sometimesusedin a morerestrictedsensethanhere. For example,
Dempster[4] usesthe term to denotea classof measureswhich were later characterizedas Dempster-Shaferbelief
functions[14]; belief functionsarein factupperprobabilitymeasuresin our sense,but theconverseis not true[10]. In
themeasuretheoryliterature,whatwecall upperprobabilitymeasurescorrespondto upperenvelopesof measures,which
aredefinedasthesupof setsof generalmeasures,not justprobabilitymeasures.
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andlower probabilities,where� is thecomplementof � in $ . Becauseof this duality, we restrict
the discussionto upperprobability measuresin this paper, with the understandingthat resultsfor
lowerprobabilitiescanbesimilarly derived.Finally, anupperprobabilityspaceis a tuple

% $ ���T�8�F(
where

�
is asetof probabilitymeasureson

�
.

We would like a setof propertiesthatcompletelycharacterizesupperprobabilitymeasures.In
otherwords,wewould likeasetof propertiesthatallow usto determineif a function U 	V�W!X
 ����#��
(for analgebra

�
of subsetsof $ ) is anupperprobabilitymeasure,thatis, whetherthereexistsaset�

of probabilitymeasuressuchthatfor all � �Y�
,
�:9;% � (Z� U % � ( .

Oneapproachto thecharacterizationof upperprobabilitymeasuresis to adaptthecharacteriza-
tion of Dempster-Shaferbelief functions;thesefunctionsareknown to bethelowerenvelopeof the
probabilitymeasuresthatdominatethem,andthusform asubclassof theclassof lowerprobability
measures.By thedualitynotedearlier, acharacterizationof lowerprobabilitymeasureswouldyield
acharacterizationof upperprobabilitymeasures.Thecharacterizationof belief functionsis derived
from a generalizationof thefollowing inclusion-exclusionprinciple for probabilities(by replacing
theequalitywith aninequality):

� %7[
\^]`_

, \ (5� [
\^]`_

%'��#�( \^a`_ %
b;cedgf^h i i ijh kmlnpoqn ]r\ s;t o

, s ('�

It seemsreasonablethatacharacterizationof lower(or upper)probabilitymeasurescouldbede-
rivedalongsimilar lines. As we now show, mostpropertiesderivablefrom theinclusion-exclusion
principle(which includemostof thepropertiesreportedin theliterature)areinsufficient to charac-
terizeupperprobabilitymeasures.

Considerthe following “inclusion-exclusion”–style properties(mainly taken from [17]). To
simplify thestatementof theseproperties,let

� a`_ �u� 9
and

�:v _ �6� 9 .
(1)

�:9;%', _ -xw�w�wy, [
(5z [\^]`_ n {|n ]r\ %'��#�( \ v _ �:} a`_'~�� % s;t {

, s ( ,

(2)
� 9 %', _ -�w�w�wm, [

(�� [\j]`_ n {yn ]r\ %'��#�( \ v _ �:} a`_'~ ��� f % s;t {
, s ( ,

(3)
� 9 %',6-x/1(�4�� 9 %',6��/1(5z6� 9 %',�(K4��:9�%'/1(5z6�:9;%',6-�/1(`4��:9;%',6�x/1( ,

(4)
� 9 %',3(�4�� 9 %'/�(5zu� 9 %',O-�/1(`4��:9;%',6��/1(5z6�:9;%',3(�4��:9;%'/1( ,

(5)
� 9 %',3(�4�� 9 %'/�(5zu� 9 %',O��/1(`4�� 9 %',6-�/1(5z6� 9 %',3(�4�� 9 %'/1( .

It is easilyverified that theabove propertieshold for upperprobabilitymeasures.The issueis
whetherthey completelycharacterizetheclassof upperprobabilitymeasures.Weshow theinherent
incompletenessof thesepropertiesby proving that they areall derivablefrom thefollowing simple
property, which is by itself insufficient to characterizeupperprobabilitymeasures.

(6) If
,O��/���&

, then
�:9;%',3(�4�� 9 %'/1(�zu�:9;%',O-�/�(5zu�:9;%',�(�40�:9;%'/�( .

Proposition 2.1: Property(6) impliesproperties(1)-(5).
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Proof: SeeAppendixA.

Thefollowing exampleshows theinusfficiency of Propoerty(6). Let
�

bethesetof probability
measures

��� _ �8�����8�����8����� over $ ���������;���;�����
(with

�
containingall subsetsof $ ) definedon

singletonsby:
� _ %'��(�� _� � _ %'��( � _� � _ %'�;(�� _� � _ %'��( � _�
����%'��(��D� ����%'��( � _� ����%'�;(�� �� ����%'��( � _�
����%'��(�� _� ����%'��( � �� ����%'�;(��D� ����%'��( � _�
����%'��(�� �� ���q%'�;(��B� ����%'�;(�� _� ����%'��( � _�

and extendedby additivity to all of
�

. This definesan upperprobability measure
� 9

over
�

.
Considerthefunction �A� 	V�W!�
 ����#��

definedby:

� � % � (��
� 9 % � (�4W� if � �D�������;�����
�:9;% � ( otherwise

Weclaim thatthefunction � � , for smallenough
�Z�D�

, satisfiesproperty(6), but cannotbeanupper
probabilitymeasure.

Proposition 2.2: For
���B� � _� , thefunction� � satisfiesproperty(6), but is notanupperprobabil-

ity measure. Thatis, wecannotfinda set
���

of probability measuressuch that �A� �D% ���^( 9
.

Proof: SeeAppendixB.

This exampleclearly illustratestheneedto go beyondtheinclusion-exclusionprincipleto find
propertiesthatcharacterizeupperprobabilitymeasures.As it turnsout,variouscompletecharacter-
izationshave beendescribedin theliterature[8, 9, 18,19, 1]. While all areequivalentin spirit, we
focusonthecharacterizationgivenby AngerandLembcke[1], becauseit is particularlywell-suited
to the logic presentedin thenext section.Thecharacterizationis basedon thenotionof setcover:
a set

,
is saidto becovered¡ timesby a multiset

�^��, _ ����������,£¢)�^� of setsif every elementof
,

appearsin at least¡ setsfrom
, _ ����������,£¢ : for all ¤ �B,

, thereexists ¥ _ ��������� ¥ [ in
��#��������K�8¦§�

suchthat for all ¨ z ¡ , ¤ ��, \ª© . It is importantto noteherethat
�^��, _ ����������,£¢«�^� is a multiset,

not a set; the
, \ ’s arenot necessarilydistinct. (We usethe

�^�5�^�
notationto denotemultisets.)An% ¡ ��¬V( -coverof

%',3� $ ( is amultiset
�^��, _ ����������, ¢ �^� thatcovers $ ¬ timesandcovers

, ¡ 4:¬ times.
Thenotionof

% ¡ ��¬V( -cover is thekey conceptin AngerandLembcke’scharacterizationof upper
probabilitymeasures.

Theorem 2.3:[1] Let $ be a set,
�

an algebra of subsetsof $ , and � a function � 	 �­! 
 ����#��
.

There existsa set
�

of probability measureswith � �®� 9
if and only if � satisfiesthe following

threeproperties:

UP1. � %'&�( �D�
,

UP2. � % $ (��D#
,

UP3. for all integers
¦§� ¡ ��¬ andall subsets

, _ ����������,Z¢ in
�

, if
�^��, _ ����������,£¢«�^� is an% ¡ ��¬V( -cover of

%',3� $ ( , then
¬�4 ¡`� %',�( z

¢\^]`_ � %', \ ( .
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Proof: Wereproducetheproofof this resultin AppendixC.

We needto strengthenTheorem2.3 in orderto prove themainresultof this paper, namely, the
completenessof theaxiomatizationof the logic we introducein thenext section.We show that if
thecardinalityof thestatespace$ is finite, thenwe needonly finitely many instancesof property
UP3. Noticethatwe cannotderive this from Theorem2.3alone:evenif ¯ $)¯ is finite, UP3 doesnot
provide any boundon

¦
, thenumberof setsto considerin an

% ¡ ��¬V( cover of aset
,

. Indeed,there
doesnotseemto beany a priori reasonwhy thevalueof

¦
, ¡ , and

¬
canbebounded.Boundingthis

valueof
¦

(andhenceof ¡ and
¬
, sincethey areno larger than

¦
) is theoneof thekey technical

resultsof thispaper, andthenecessaryfoundationof ourwork.

Theorem 2.4: There existsconstants
/£°���/ _ ������� such that if

�
is an algebra of subsetsof $ and �

is a function � 	��D! 
 ����#��
, thenthere existsa set

�
of probability measuressuch that � �D� 9

if
andonly if � satisfiesthefollowingproperties:

UPF1. � %'&�( �D�
,

UPF2. � % $ (��D#
,

UPF3. for all integers
¦§� ¡ ��¬±zD/ n ²Kn andall sets

, _ �������K��,Z¢ , if
�^��, _ ����������,£¢«�^� is an% ¡ ��¬V( -cover of

%',3� $ ( , then
¬�4 ¡`� %',�( z

¢\^]`_ � %', \ ( .
Proof: SeeAppendixD.

PropertyUPF3 is significantlyweaker thanUP3. In principle,checkingthat UP3 holdsfor a
given function requirescheckingthat it holds for arbitrarily large collectionsof sets,even if the
underlyingset $ is finite. On theotherhand,UPF3 guaranteesthatit is in factsufficient to look at
collectionsof sizeat most

/ n ²Kn . This observationis key to thecompletenessresult.
It is not importantfor our purposes(namelyto get completenessof the axiomatizationof the

logic introducedin thenext section)whattheactualvaluesof
/ ° ��/ _ ������� are;it is sufficientfor them

to exist andbefinite. Theproof of Theorem2.4 foundin AppendixD relieson aRamsey-theoretic
argumentthatdoesnotprovide aboundon the

/ \ s.

3 The logic

Thesyntaxfor thelogic is straightforward,andis takenfrom [7]. Wefix aset ³ ° �D��´ _ �8´����������y� of
primitivepropositions. Theset ³ of propositionalformulasis theclosureof ³ ° under µ and ¶ . We
assumea specialpropositionalformula true, andabbreviate ¶ true as false. We usé to represent
primitive propositions,and · and ¸ to representpropositionalformulas. A term is an expression
of the form ¹ _�º % · _ (Z4Bw�w�w»4 ¹½¼ º % ·�¼ ( , where ¹ _ �������K� ¹½¼ arerealsand

¬u�¾#
. A basic likelihood

formulais astatementof theform ¿ �D

, where¿ is a termand



is a real.A likelihoodformulais a

booleancombinationof basiclikelihoodformulas.WeuseU andÀ to representlikelihoodformulas.
We useobvious abbreviationswhereneeded,suchas º % · (5� º % ¸ (��*�

for º % · (Á4�%'��#�( º % ¸ ()�M�
,º % · (�� º % ¸ ( for º % · (�� º % ¸ (Z�D�

, º % · (�zB�
for

� º % · ( �D���
, º % · (��D�

for ¶ % º % · (��D��(
and º % · (��D�

for
% º % · (£�Â��( µ % º % · (Ãz���(

. Definethelength ¯ U ¯ of thelikelihoodformula U to bethenumberof
symbolsrequiredto write U , whereeachcoefficient is countedasonesymbol.

We assigna semanticsto likelihoodformulasthroughanupperprobabilityspace,asdefinedin
Section2. Formally, an upperprobability structure is a tuple Ä �M% $ ���T�8�F�8Å ( where

% $ ���T�8�F(
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is an upperprobability spaceand
Å

associateswith eachstate(or world) in $ a truth assignment
on the primitive propositionsin ³ ° . Thus,

Å %'Æy('% ´Ç(±���
true

�
false

�
for

ÆÈ� $ and
´É� ³ ° . Let
 
 ´�� �ªÊ �Ë��Æu� $ 	"Å %'Æy('% ´Ç(��

true
�
. We call Ä measurable if for each

´�� ³ ° , 
 
 ´�� �ªÊ is
measurable.If Ä is measurablethen


 
 · � �ªÊ is measurablefor all propositionalformulas · . In this
paper, we restrictour attentionto measurableupperprobability structures.Extend

Å %'ÆÌ(
to a truth

assignmenton all propositionalformulasin a standardway, andassociatewith eachpropositional
formulatheset


 
 · � �ªÊH�D��Æ3� $ 	7Å %'Æy('% · (�� true
�
. An easystructuralinductionshows that


 
 · � �ªÊ
is ameasurableset.If Ä �B% $ ���7�8�F�8Å ( , let

Ä ¯ � ¹ _ º % · _ (�4Éw�w�w�4 ¹�¼ º % ·r¼ (��B

if f ¹ _ �:9;%|
 
 · _ � �ªÊ�(`4Éw�w�w�4 ¹�¼ �:9;%|
 
 ·r¼ � �ªÊ�(���


Ä ¯ � ¶�U if f Ä Í¯ � U
Ä ¯ � U±µ1À if f Ä ¯ � U and Ä ¯ � À �

Note that the logic canexpresslower probabilities:it follows from theduality betweenupper
andlowerprobabilitiesthat Ä ¯ �D� º % ¶ · ( �6ÎÈ�W# if f

� 9 %|
 
 ¶�· � �ªÊ0(5�6Î .4

Considerthe following axiomatizationAXÏmÐ for likelihood formulas,which we prove sound
andcompletein thenext section.As in [7], AXÏmÐ is divided into threeparts,dealingrespectively
with propositionalreasoning,reasoningaboutlinearinequalities,andreasoningaboutupperproba-
bilities.

Propositionalreasoning

Taut. All instancesof propositionaltautologies,

MP. From U and U ��Ñ À infer À .

Reasoningaboutlinear inequalities

Ineq. All instancesof valid formulasaboutlinearinequalities(seebelow).

Reasoningaboutupperprobabilities

L1. º % false
(��D�

,

L2. º % true
(��D#

,

L3. º % · ( �D�
,

L4. º % · _ ('4�w�w�wÒ4 º % · ¢ ('� ¡ º % · ( �D¬
if · Ñ oqÓ`Ô _?Õ×Ö×Ö×ÖØÕ ¢3Ù Õ npoqn ] ¼ v [ s;t o · s and oqÓ`Ô _?Õ×Ö×Ö×ÖØÕ ¢3Ù Õ npoqn ] ¼ s;t o · s

arepropositionaltautologies.

L5. º % · ( � º % ¸ ( if ·xÚH¸ is apropositionaltautology.

The only differencebetweenAXÏmÐ andthe axiomatizationfor reasoningaboutprobability given
in [7] is that the axiom º % ·Èµ�¸ (Z4 º % ·�µ6¶Û¸ (C� º % · ( in [7], which expressesthe additivity of
probability, is replacedby L4. Although it may not be immediatelyobvious, L4 is the logical
analogueof UP3. To seethis, first note that

�^��, _ ����������, ¢ �^� covers
,B¦

times if and only if,2Ü oqÓ`Ô _?Õ×Ö×Ö×ÖØÕ ¢�Ù Õ npoqn ] [ s�t o
, s . Thus,the formula · Ñ oqÓ`Ô _?Õ×Ö×Ö×ÖØÕ ¢3Ù Õ npoqn ] ¼ v [ s;t o · s saysthat

4Anotherapproach,morein keepingwith [7], would be to interpretÝ asa lower probability measure.On theother
hand,interpretingÝ asanupperprobabilitymeasureis morein keepingwith theliteratureonupperprobabilities.
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· (moreprecisely, the setof worlds where · is true) is covered
¬Þ4 ¡ timesby

�^� · _ ��������� · [
�^�

,
while oqÓ`Ô _?Õ×Ö×Ö×ÖØÕ ¢�Ù Õ npoqn ] ¼ s;t o · s saysthat thewholespaceis covered

¬
timesby

�^� · _ ��������� · [
�^�

;
roughlyspeaking,is an

% ¡ ��¬V( -cover of
%|
 
 · � ����
 
 true

� ��(
. Theconclusionof L4 thuscorrespondsto the

conclusionof UP3.
Instancesof Taut includeall formulasof theform U)ß:¶ U , whereU is a likelihoodformula.We

couldreplaceTaut by a simplecollectionof axiomsthatcharacterizepropositionalreasoning(see,
for example,[11]), but we have chosento focuson aspectsof reasoningaboutupperprobability.

As in [7], the axiom Ineq includes“all valid formulasabout linear inequalities.” Roughly
speaking,an inequalityformula is a formula of the form

� _ ¤ _ 4Bw�w�wA4D�
[ ¤ [

�+�
, over variables

¤ _ �������K� ¤ [ . The formula is saidto be true if we satisfythe resultinginequalitywhenwe assigna
real numberto eachvariableof the formula. As usual,a formula is valid if it is true underevery
possibleassignmentof real numbersto variables. To get an instanceof Ineq, we replaceeach
variable¤ \ thatoccursin a valid formulaaboutlinearinequalitiesby a primitive likelihoodtermof
theform º % · \ ( (naturallyeachoccurenceof thevariable¤ \ mustbereplacedby thesameprimitive
likelihoodterm º % · \ ( ). As with Taut, wecanreplaceIneq by asoundandcompleteaxiomatization
for booleancombinationsof linearinequalities.Onesuchaxiomatizationis givenin [7].

4 Soundness and completeness

A likelihood formula U is provable from à for à a setof formulasif it canbe proven usingthe
axiomsandrulesof inferences,alongwith theformulasin à . In thespecialcasewhereà is empty,
we saythat U is simply provable. An axiomsystemis soundif every provableformulais valid. An
axiomsystemis completeif every valid formulais provable.

Ourgoalis to provethatAXÏmÐ isasoundandcompleteaxiomatizationfor reasoningaboutupper
probability. Thesoundnessof AXÏmÐ is immediatefrom ourearlierdisscussion.Completenessis, as
usual,harder. Unfortunately, thestandardtechniquefor proving completenessin modallogic,which
involvesconsideringmaximalconsistentsetsandcanonicalstructures(see,for example,[12]) does
notwork. Webriefly review theapproach,just to point out thedifficulties.

Thestandardapproachusesthefollowing definitions.A formula á is consistentwith anaxiom
systemAX if ¶ á is notprovablefrom AX. A finite setof formulas

� á _ ��������� á [
�

is consistentwith
AX if theformula á _ µ w�w�w µCá [ is consistentwith AX; aninfinite setof formulasis consistentwith
AX if all its finite subsetsareconsistentwith AX. A maximalAX-consistentsetof formulas à is
a setof formulasconsistentwith AX with the propertythat for any formula á"Í� à , à -§� á � is
not consistentwith AX. Usingjust axiomsof proposiitonallogic, it is not hardto show thata AX-
consistentsetof formulascanbe extendedto a maximalAX-consistentsetof formulas. To show
thatAX is acompleteaxiomatizationwith respectto someclassof structuresâ , wemustshow that
every formulathat is valid in every structurein â is provablein AX. To do this, it is sufficient to
show thateveryAX-consistentformula á is satisfiablein â . Typically, this is doneby constructing
what is calleda canonicalstructure Ääã in â whosestatesarethe maximalAX-consistentsets,
andthenshowing thata formula á is satisfiedin aworld å in Ä ã if f á is oneof theformulasin the
canonicalsetassociatedwith world å .

Unfortunately, this approachcannotbeusedto prove completenesshere.To seethis, consider
thesetof formulas:

à � ��� º % · ( z
#
¡
� ¡ �B#���æ��������y�7-x� º % · ( �B�����

7



Thissetis clearlyAXÏmÐ –consistentaccordingto ourdefinition,sinceeveryfinite subsetis satisfiable
andAXÏmÐ is sound. It thuscanbe extendedto a maximalAXÏmÐ –consistentset à . However, the
set à � of formulasis not satisfiable:it is not possibleto assignº % · ( a valuethatwill satisfyall the
formulasat thesametime. Hence,à is notsatisfiable.Thus,thecanonicalmodelapproach,at least
appliednaively, simplywill notwork.

We take a differentapproachhere,similar to theonetakenin [7]. Specifically, we show that if
a formula U is AXÏmÐ –consistent,thenit is satisfiablein anupperprobabilitystructure.By a simple
argument,wecaneasilyreducetheproblemto thecasewhereU is aconjunctionof basiclikelihood
formulasandnegationsof basiclikelihoodformulas.Let

´ _ ���������8´eç betheprimitive propositions
thatappearin U . Observe that thereare

æ �|è
inequivalentpropositionalformulasover

´ _ �������K�8´eç .
Theargumentgoesasfollow. Let anatomover

´ _ ���������8´�ç bea formulaof theform é _ µ ����� µêé ç ,
whereé \ is eitheŕ \ or ¶ ´ \ . Thereareclearly

æ ç
atomsover

´ _ ���������8´eç . Moreover, it is easyto see
thatany formulaover

´ _ ���������8´ ç canbewritten in a uniqueway asa disjunctionof atoms.There
are

æ � è
suchdisjunctions,sotheclaim follows.

Let ë _ ��������� ë �|ì è besomecanonicallisting of theinequivalentformulasover
´ _ ���������8´eç . With-

out loss of generality, we assumethat ë _ is equivalent to true, and ë � ì è is equivalent to false.
Sinceevery propositionalformula over

´ _ ���������8´eç is provably equivalent to some ë , it follows
that U is provably equivalent to a formula U � whereeachconjunctof U � is of the form ¹ _ º % ë _ (54w�w�w»4 ¹ �|ì è º % ë �|ì è (1�­Î

. Note that the negationof sucha formula hasthe form ¹ _ º % ë _ (�4Dw�w�wÇ4
¹ �|ì è º % ë �|ì è ( �6Î or, equivalently,

%'� ¹ _ ( º % ë _ (Ç46w�w�wq46%'� ¹ �|ì è ( º % ë �|ì è (��B�ÃÎ
. Thus,theformula U

givesrisein a naturalway to a systemof inequalitiesof theform:

¹ _?Õ _ º % ë _ (�4Ww�w�w�4 ¹ _?Õ � ì è º % ë � ì è (Ë� 
 _
...

...
...

¹�í Õ _îº % ë _ (�4Ww�w�w�4 ¹ í Õ �|ì è º % ë �|ì è (�� 
 í
¹ � _?Õ _ º % ë _ (�4Ww�w�w�4 ¹ � _?Õ �|ì è º % ë � ì è (Ë� Î _

...
...

...
¹ �ï Õ _ º % ë _ (�4Ww�w�w�4 ¹ �ï Õ � ì è º % ë � ì è (ð� Î ï �

(1)

We canexpress(1) asa conjunctionof inequalityformulas,by replacingeachoccurrenceof º % ë \ (
in (1) by ¤ \ . Call this inequalityformula U .

If U is satisfiablein someupperprobability structureÄ , thenwe cantake ¤ \ to be the upper
probabilityof ë \ in Ä ; this givesa solutionof U . However, U mayhave a solutionwithout U being
satisfiable.For example,if U is theformula º % ´ñ(5�D#�ò�æ µ º % ¶ ´Ç(Z�D�

, then U hasanobvioussolution;
U , however, is not satisfiablein anupperprobabilitystructure,becausetheupperprobabilityof the
setcorrespondingto

´
andtheupperprobabilityof thesetcorrespondingto ¶ ´ mustsumto at least

1 in all upperprobabilitystructures.Thus,we mustaddfurtherconstraintsto thesolutionto force
it to actlike anupperprobability.

UP1–UP3 or, equivalently, theaxiomsL1–L4, describeexactly whatadditionalconstraintsare
needed.The constraintcorrespondingto L1 (or UP1) is just ¤ _ �+�

, sincewe have assumedë _
is the formula false. Similarly, the constraintcorrespondingto L2 is ¤ �|ì è ��#

. The constraint

correspondingto L3 is ¤ \ �¾�
, for ¥ �¾#��������K��æ � è

. What aboutL4? This seemsto requirean
infinite collectionof constraints,just asUP3 does.5

5Althoughwe aredealingwith only finitely many formulashere,ó fgô8õöõöõ�ô ó ì�÷öø , recall thattheformulas ù f�ôöõöõ'õ�ô ùqú
8



This is whereUPF3 comesinto play. It turnsout that,if U is satisfiableat all, it is satisfiablein
a structurewith at most

æ ç
worlds,onefor eachatomover

´ _ ���������8´eç . Thus,we needto addonly
instancesof L4 where

¬V�8¦§� ¡ �*/ � è
and · _ ��������� · ¢«� · areall amongë _ �������K� ë �|ì è . Although

this is a large numberof formulas(in fact, we do not know exactly how large, sinceit depends
on
/ � è

, which we have not computed),it sufficesfor our purposesthat it is a finite number. For
eachof theseinstancesof L4, thereis aninequalityof the form

� _ ¤ _ 4.w�w�w�4.� �|ì è ¤ �|ì è ��¬
. LetûU , the inequalityformulacorrespondingto U , betheconjunctionconsistingof U , togetherwith all

the inequalitiescorrespondingto the relevant instancesof L4, andthe equationsandinequalitites
¤ _ �B�

, ¤ �|ì è �B#
, and¤ \ �D�

for ¥ �D#�����������æ � è
, correspondingto axiomsL1–L3.

Proposition 4.1: The formula U is satisfiablein an upperprobability structure iff the inequality
formula

ûU hasa solution.Moreover, if
ûU hasa solution,then U is satisfiablein anupperprobability

structure with at most
æ n ü�n

worlds.

Proof: SeeAppendixE.

Theorem 4.2: TheaxiomsystemAXÏmÐ is soundandcompletefor upperprobability structures.

Proof: For soundness,it is easyto seethat every axiom is valid for upperprobability structures,
includingL4, which representsUP3.

For completeness,we proceedasin thediscussionabove. Assumethatformula U is not satisfi-
ablein anupperprobabilitystructure;wemustshow that U is AXÏmÐ –inconsistent.Wefirst reduceU
to acanonicalform. Let À _ ß w�w�w ßZÀqí beadisjunctivenormalform expressionfor U (whereeachÀ \ is
a conjunctionof basiclikelihoodformulasandtheir negations).Usingpropositionalreasoning,we
canshow that U is provablyequivalentto thisdisjunction.SinceU is unsatisfiable,eachÀ \ mustalso
beunsatisfiable.Thus,it is sufficient to show thatany unsatisfiableconjunctionof basiclikelihood
formulasandtheir negationsis inconsistent.Assumethat U is sucha conjunction. Using propo-
sitional reasoningandaxiomL5, U is equivalentto a likelihoodformula U � that refersto formulas
ë _ �������K� ë �|ì è . Since U is unsatisfiable,so is U � . By Proposition4.1, the the inequalityformula

ûU �
correspondingto U � hasno solution.Thus,by Ineq, theformula ¶�U � � thatresultsby replacingeach
instanceof ¤ \ in

ûU � by º % ë \ ( is AXÏmÐ –provable.All theconjunctsof U � � thatareinstancesof axioms
L1–L4 areAXÏmÐ –provable.It follows that ¶ U � is AXÏmÐ –provable,andhencesois ¶�U .

5 Decision procedure

Having settledtheissueof thesoundnessandcompletenessof theaxiomsystemAXÏmÐ , we turn to
theproblemof thecomplexity of decidingsatisfiability. Recalltheproblemof satisfiability: given
a likelihoodformula U , we want to determineif thereexistsanupperprobabilitystructureÄ such
that Ä ¯ � U . As we now show, thesatisfiabilityproblemis NP-complete,andthusno harderthan
satisfiabilityfor propositionallogic.

For the decisionproblemto make sense,we needto restrictour languageslightly. If we al-
low real numbersascoefficients in likelihoodformulas,we have to carefully discussthe issueof
representationof suchnumbers.To avoid thesecomplications,we restrictour languageto allow

in L4 neednot bedistinct,sotherearepotentiallyinfinitely many instancesof L4 to dealwith.
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only integercoefficients.Notethatwe canstill expressrationalcoefficientsby thestandardtrick of
“clearingthedenominator”.For example,wecanexpress

�� º % · (��D#
by
æ º % · ( �D�

and º % · (��
�� by� º % · (3�­æ

. Define ¯�¯ U ¯�¯ to be the lengthof the longestcoefficient appearingin U , whenwritten in
binary. Thesizeof arationalnumberý þ , denoted̄�¯ÿý þ�¯�¯ , where

�
and

�
arerelatively prime,is defined

to be ¯�¯ � ¯�¯ 4 ¯�¯ � ¯�¯ .
A preliminaryresultrequiredfor theanalysisof thedecisionprocedureshows thatif a formula

is satisfiedin someupperprobability structure,it is satisfiedin a structure
% $ ���T�8�F�8Å ( , which is

“small” in termsof thenumberof statesin $ , thecardinalityof theset
�

of probabilitymeasures,
andthesizeof thecoefficientsin U .

Theorem 5.1: SupposeU is a likelihoodformulathatis satisfiedin someupperprobabilitystructure.
Then U is satisfiedin a structure

% $ ���7�8�F�8Å ( , where ¯ $�¯ z ¯ U ¯
�
,
�D�"æ ²

(everysubsetsetof $ is
measurable), ¯ � ¯ z ¯ U ¯ , � % å ( is a rationalnumbersuch that ¯�¯ � % å ( ¯�¯ is � % ¯ U ¯

�
¯�¯ U ¯�¯ 4 ¯ U ¯

��� ��� % ¯ U ¯ ('(
for everyworld å � $ and

�§�ê�
, and

Å % å ('% ´Ç( � false for everyworld å � $ andeveryprimitive
propositioń notappearingin U .

Proof: SeeAppendixF.

Theorem 5.2: The problemof decidingwhethera likelihood formula is satisfiablein an upper
probability structure is NP-complete.

Proof: For thelowerbound,it is clearthatagivenpropositionalformula · is satisfiableiff thelike-
lihood formula º % · ( �D�

is satisfiable,thereforethesatisfiabilityproblemis NP-hard.For theupper
bound,givena likelihoodformula U , we guessa “small” satisfyingstructureÄ ��% $ ���7�8�F�8Å ( for
U of theform guaranteedto exist by Theorem5.1.Weverify that Ä ¯ � U asfollows. Let º % ¸ ( bean
arbitrarylikelihoodtermin U . We compute


 
 ¸ � �ªÊ by checkingthetruth assignmentof each
Æ«� $

andseeingwhetherthis truth assignmentmakes ¸ true. We thenreplaceeachoccurenceof º % ¸ ( in
U by ���
	�� t�
 � ï t����

� %'Æy('�
andverify thattheresultingexpressionis true.

6 Conclusion

Wehave considereda logic with thesamesyntaxasthelogic for reasoningaboutprobability, inner
measures,and belief presentedin [7], with uncertaintyinterpretedas the upperprobability of a
set of probability measures.Under this interpretation,we have provided a soundand complete
axiomatizationfor the logic. We furthershowed that thesatisfiabilityproblemis NP-complete(as
it is for reasoningaboutprobability, inner measures,andbeliefs[7]), despitehaving to dealwith
probabilitystructureswith possibilityinfinitely many statesandinfinitesetsof probabilitymeasures.
Thekey stepin theaxiomatizationinvolvesfindingacharacterizationof upperprobabilitymeasures
that canbecapturedin the logic. Thekey stepin thecomplexity resultinvolvesshowing that if a
formulawassatisfiableatall, it is satisfiablein a “small” structure,wherethesizeof thestatespace
aswell asthe sizeof the setof probability measuresandthe sizeof all probabilitiesinvolved, is
polynomialin thelengthof theformula.

Given the similarity in spirit of the resultsfor the various interpretationsof the uncertainty
operator(asaprobability, innermeasure,belief function,andupperprobability),weconjecturethat

10



thereis someunderlyingresultfrom which all theseresultsshouldfollow. It would be interesting
to make thatprecise.

Acknowledgments. Thanksto Dexter Kozen,JonKleinberg, andHubieChenfor discussions
concerningsetcovers. Vicky Weissmanreada draft of this paperandprovided numeroushelpful
comments.

A Proof of Proposition 2.1

Proposition 2.1: Property(6) impliesproperties(1)-(5).

Proof: Weintroducethefollowing auxiliarypropertiesto helpderive theimplications:

(7)
� 9 %',3(�4�� 9 %'/�(5zu� 9 %',O-�/1(`4��:9;%',6��/1(

(8)
� 9 %',3(�4�� 9 %'/�(5zu� 9 %',O��/1(`4�� 9 %',6-�/1(

(9)
� 9 %',6-x/1(�4�� 9 %',6��/1(5z6� 9 %',�(K4��:9�%'/1(

(10) If
,O��/���&

, then

� 9 %',3(�4�� 9 %'/1(5z6� 9 %',O-�/1(5z6� 9 %',�(�4�� 9 %'/1(�z6� 9 %',O-�/1(5z6� 9 %',�(K4�� 9 %'/1('�

Usingtheseproperties,we show thefollowing chainof implications:

%���(§��Ñ %'#���(
%'#���(E��Ñ %���(Y��Ñ %'��(
%'#���(E��Ñ %'��(Y��Ñ %��»(
%'#���(E��Ñ %���(Y��Ñ %���(

%��»('��%���(E��Ñ %'#�('��%'æ�(

Theimplication(4), (5)
��Ñ

(1), (2) follows easilyby mutualinductionon ¡ . Thebasecaseis
thefollowing instancesof properties(4) and(5):

� 9 %',§-x/1(5�6� 9 %',�(`4È� 9 %'/1(ñ�È� 9 %',E�x/�( and�:9;%',6-�/1(5z6�:9;%',3(�4��:9;%'/1(`��� 9 %',O��/�( . Thedetailsareleft to thereader.
Wenow prove theremainingimplications.

(9)
��Ñ

(3): Since(9) is alreadyoneof the inequalitiesin (3), it remainsto show that it
impliestheotherinequalityin (3), thatis,

� 9 %',3(�4�� 9 %'/1(�z6� 9 %',6-x/1(�4�� 9 %',O��/1( .
� 9 %',O-�/�(`40� 9 %',E��/1( � #7��� 9 % ,6-�/�(�4W# �0� 9 % ,6�x/1(� #7��� 9 % ,6� /�(�4W# �0� 9 % ,6- /1(� æ7�u% � 9 % ,E� /1(`4�� 9 % ,O- /1('(� æ7�u% � 9 % /.� ,N(`4�� 9 % /L- ,3('(

� æ7�u% � 9 % /)(�40� 9 % ,3('(� #7��� 9 % /1(�4u#T��� 9 % ,N(� � 9 %'/�(`40� 9 %',3('�

11



(7)
��Ñ

(4): Since(7) is alreadyoneof the inequalitiesin (4), it remainsto show that it
impliestheotherinequalityin (4), thatis,

� 9 %',6-�/1(`4�� 9 %',6�x/1(�zO� 9 %',3(�4�� 9 %'/1( .
� 9 %',3(�4�� 9 %'/1( � #T��� 9 % ,3(�4W# �0� 9 % /1(� æT�W% � 9 % ,3(�4�� 9 % /�('(� æT�W% � 9 % ,6- /1(�4�� 9 % ,O� /1('(� #T��� 9 % ,O- /1(`4W#7�0� 9 % ,O� /1(� #T��� 9 % ,O��/1(`4W#7�0� 9 % ,O-x/1(� � 9 %',6��/1(`4�� 9 %',O-�/1('�

(8)
��Ñ

(5): Since(8) is alreadyoneof the inequalitiesin (5), it remainsto show that it
impliestheotherinequalityin (5), thatis,

� 9 %',6��/1(`4�� 9 %',6-x/1(�zO� 9 %',3(�4�� 9 %'/1( .
� 9 %',3(�4�� 9 %'/1( � #T��� 9 % ,3(�4W# �0� 9 % /1(� æT�W% � 9 % ,3(�4�� 9 % /�('(� æT�W% � 9 % ,6� /1(�4�� 9 % ,O- /1('(� #T��� 9 % ,O� /1(`4W#7�0� 9 % ,O- /1(� #T��� 9 % ,O-�/1(`4W#7�0� 9 % ,O�x/1(� � 9 %',6-�/1(`4�� 9 %',O��/1('�

For thenext implications,given
,3��/

, let � �B,E��/
:

(10)
��Ñ

(9):

� 9 %',6-x/1(Ë� � 9 %'%',O� � (`-�/�(z � 9 %',E� � (`4�� 9 %'/1( [since
%',6� � (`��/Â�D&

]z � 9 %'%',O� � (`- � (`�0� 9 % � (�4�� 9 %'/1(� � 9 %',�(�40� 9 %'/�(`�0� 9 %',6�x/1('�

(10)
��Ñ

(7):

� 9 %',6-x/1(Ë� � 9 %'%',O� � (`-�/�(� � 9 %',E� � (`4�� 9 %'/1(� � 9 %'%',O� � (`- � (`�0� 9 % � (`40� 9 %'/1(� � 9 %',�(�40� 9 %'/1(���� 9 %',6�x/1('�

(10)
��Ñ

(8):

� 9 %',6-�/1( � � 9 %'%',O� � (`-�/�(� � 9 %',E� � (`4�� 9 %'/1(� � 9 %'%',6� � (`- � (`��� 9 % � (`40� 9 %'/1(� � 9 %',3(�4�� 9 %'/�(`�0� 9 %',6�x/1('�
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(6)
��Ñ

(10): Again, since(6) alreadycomprisestwo of theinequalitiesin (10), it remains
to show thatit impliestheothertwo, thatis, if

,E��/Â�B&
, then� 9 %',3(�4�� 9 %'/1(5z6� 9 %',6-x/1(�z6� 9 %',3(�4�� 9 %'/1('�

First,we show that
� 9 %',3(�4�� 9 %'/1(5z6� 9 %',O-�/�( . Using(6), weknow that� 9 % ,O� /1(�4�� 9 %',3(�z6� 9 %'% ,6� /1(`-�,3(��6� 9 % /1('�

In otherwords,
� 9 % ,6� /�(�z6� 9 % /1(`4�� 9 %',3( . Fromthis,we derive:� 9 %',E-�/1( � #7��� 9 % ,O-�/1(

� #7��� 9 % ,O� /1(
� #7�u% � 9 % /1(`��� 9 %',�('(� #7��� 9 % /�(�4�� 9 %',�(� � 9 %'/1(`4�� 9 %',�('�

Second,we show that
� 9 %',O-�/�(5zu�:9;%',�(�40� 9 %'/1( . Using(6), we know that� 9 % ,6� /)(�4�� 9 %',�( �6� 9 %'% ,6� /1(`-�,�( �6� 9 % /1('�

(The lastequalityfollows from thefact that
% ,W� /�( -È,�� /

when
,u�È/ �®&

.) In other
words,

� 9 % ,6� /)( �6� 9 % /1(`��� 9 %',�(
. Fromthis,wederive:� 9 %',6-�/1( � #7��� 9 % ,6-x/1(
� #7��� 9 % ,6� /1(
z #7�W% � 9 % /1(���� 9 %',3('(
� #7��� 9 % /1(`4�� 9 %',3(
� � 9 %'/1(`4�� 9 %',3('�

B Proof of Proposition 2.2

Proposition 2.2: For
�L� �Y� _� , the function �A� satisfiesproperty (6), but is not an upper

probability measure. Thatis, wecannotfinda set
���

of probabilitymeasuressuch that �A� �B% ���Ø( 9
.

Proof: Wearegiven
���D�Z� _� . It is easyto checkmechanicallythat �A� satisfies(6).

Wenow show thatthereisnoset
���

suchthat �A� �D% ���^( 9
. By wayof contradiction,assumethere

is sucha
� �

. By thepropertiesof sup,this meansthatthereis a
�6�x� �

suchthat
� %'���e���;���;��(Ã� �� ,

since� � %'�������;���;��(Z�
�� 41� � �� . Considerthis

�
in detail.Since

�§�ê�
, wemusthavefor all � �Y�

,
��Í�D���e���;���;�

, that
� % � (�zD% ���Ø( 9 % � (Z�6� 9 % � ( . In particular,

� %'�������;��('�8� %'���;������('�8� %'�������;��(Tz _� .
Therefore,

� %'�������;��(�4�� %'���;���;��(K40� %'���e���;��( z �
æ � (2)

However, from standardpropertiesof probability, it follows that

� %'����������(K4�� %'���;���;��(�4�� %'�������;��( �Dæ�� %'�������;������(Ã�Dæ�� �
� � �

æ �
whichcontradicts(2). Therefore,

�
, andtherefore

� �
cannotexist, and�A� is notanupperprobability

measure.
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C Proof of Theorem 2.3

To make thispaperself-contained,in this appendixwe give aproof of Theorem2.3,thecharacteri-
zationof upperprobabilitymeasuresdueto AngerandLembcke from [1].

Theorem 2.3: Let $ bea set,
�

analgebra of subsetsof $ , and � a function� 	A�É!�
 ����#��
. There

existsa set
�

of probability measureswith � � � 9
if and only if � satisfiesthe following three

properties:

UP1. � %'&�( �D�
,

UP2. � % $ (��D#
,

UP3. for all integers
¦§� ¡ ��¬ andall subsets

, _ ����������,Z¢ in
�

, if
�^��, _ ����������,£¢«�^� is an% ¡ ��¬V( -cover of

%',3� $ ( , then
¬�4 ¡`� %',�( z

¢\^]`_ � %', \ ( .
Proof: The “if ” directionof the characterizationis straightforward. Given

� �+��� \ � \ t { a setof
probabilitymeasures,we show

�:9
satisfiesUP1-UP3.

UP1:
�:9;%'&�(Z�6=?>A@���� \ %'&�('�«�u=?>A@��������D�

UP2:
�:9;% $ (��6=?>A@���� \ % $ ('���u=?>A@���#��«�B#

UP3: Given
, _ �������K��,Z¢ and

,
such that

,�Ü oqÓ`Ô _?Õ×Ö×Ö×Ö^Õ ¢�Ù Õ npoqn ] ¼ v [ s;t o
, \ª© and

$ Ü oqÓ`Ô _?Õ×Ö×Ö×Ö^Õ ¢�Ù Õ npoqn ] ¼ s�t o
, \ª© , thenfor any ¥ we have

¬Ì� \ % $ (�4 ¡ � \ %',�(±z¢
s ]`_

� \ %', s ( , that is
¬:4 ¡ � \ %',3(xz

¢
s ]`_

� \ %', s (:z =î>A@ \ � ¢
s ]`_

� \ %', s ('�Oz¢
s ]`_

=?>A@ \ ��� \ %', s ('���
¢
s ]`_

�:9�%', s ( . But
=î>A@ \ ��¬V4 ¡ � \ %',3('���D¬V4 ¡ =î>A@ \ ��� \ %',3('�«�¬«4 ¡ � 9 %',�( , so

¬�4 ¡ � 9 %',3(�z
¢
s ]`_

� 9 %', s ( , asrequired.

As for the“only if ” direction,wefirst prove agenerallemmarelatingtheproblemto theHahn-
BanachTheorem.Somegeneraldefinitionsareneeded.Supposethatwe aregivena space� and
analgebra� of subsetsof � . Let � bethevectorspacegeneratedby the indicatorfunctions

# �
definedby

# �«% ¤ (��
�

if ¤WÍ� �#
if ¤ � � ,

for � � � . A sublinearfunctionalon � is a mapping
��	 � !

suchthat
�;%'
"!Ç(«�M
 ��%�!Ç(

for
��D�
and

�;%�! _ 4#!���(�zD�;%�! _ (`4u�;%�!���( for all
! _ � !�� . A sublinearfunctionalis increasingif

!C�D�
implies

��%�!±4$!��^( �2�;%�!��^(
for all

!��Á� � . Thefollowing resultis a formulationof thewell-known
Hahn-BanachTheorem(see,for example,[3]).

Theorem (Hahn-Banach): Let � bea vectorspaceover , andlet À bea sublinearfunctionalon
� . If â is a linear subspacein � and % 	 â !

is a linear functionalsuch that % % ¤ (�z À % ¤ ( for
all ¤ in â , thenthere is a linear functional % ��	 � !

such that % � ¯ & � % and % �^% ¤ (Zz À % ¤ ( for
all ¤ in � .

Lemma C.1: Let À 	 � ! 
 ����#��
be such that À % � (<�M#

andsupposethat there is an increasing
sublinearfunctional 'À on � such that

1. 'À %'# (1(�� À %�)�( for
) � � ;
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2. 'À %�!»(�zB�
if
!FzB�

;

3. 'À %'��#�(�zD�«#
(where 'À %'
K( is identifiedwith 'À %'
 # *Y( ).

ThenÀ is an upperprobabilitymeasure.

Proof: We show that À is anupperprobabilityby exhibiting a set
���+� 	 � �ä�7�

of probability
measures,with thepropertythat

� � % � (�� À % � ( and
� � %�,)( z À % � ( for

, Í� � . Eachprobability
measure

�+�
is constructedthroughanapplicationof theHahn-BanachTheorem.

Given � � � , definethe linear functional % on thesubspacegeneratedby
# �

by % %'
K# ��(<�
 'À %'# ��( . We claim that % %�!Ç(7z 'À %�!Ç( for all
!

in thesubspace.Sincetheelementsof thesubspace
have theform


K# �
, therearetwo casesto consider:


E���
and


6�"�
. If


6�"�
, then % %'
 # �1( �
 'À %'# � (�� 'À %'
 # � ( , since 'À is sublinear. Moreover,

�«� 'À %'��( � 'À %'��# � 4�# � (�z 'À %'��# � (e4 'À %'# � ( ,
so 'À %'��# ��(��D� 'À %'# �)( . Thus,if


��B�
, then

% %'�«
K# ��(��D��
 'À %'# �1(5zD
 'À %'��# ��(�� 'À %'��
K# �1('�
Now, by theHahn-BanachTheorem,we canextend % to a linearfunctional % � on all of � such

that % � %�!»(êz 'À %�!Ç( for all
!
. We claim that (a) % � %'# -7(ê� �

for all
, � � and(b) % � %'#�(ê� #

.
For (a), note that % �j%'��# -7(�z 'À %'��# -7(�z �

by assumption,so % �j%'# -T(x� �
. For (b), note that

% � %'#�()z 'À %'#�(«� À % � (�� #
andthat % � %'#�(�� � % � %'��#�(«� � 'À %'��#�(�� #

(since 'À %'��#�(�z ��#
, by

assumption).
Define

�+�«%�,�(�� % � %'# -7( . Since % � %'# *Y(�� #
,
�+�)% � (�� #

. If
,

and
, �

are disjoint, it
is immediatefrom the linearity of % that

� � %�,�-., � (���� � %�,�(Ã4.� � %�, � (
. By construction,�+�«%�,�(7z 'À %'# -7(7� À %�,�( for any

, Í� � , and
�+�)% � (T� % %'# �1( � 'À %'# ��(7� À % � ( . Bottomline:

thereis aprobabilitymeasure
�+�

dominatedby À suchthat
�+�)% � ( � À % � ( .

Take
���D���+� 	 � �Y�7�

. Sincefor any � wehave that
�+�«% � ( � À % � ( and

�+�«%�,1(5z À % � (
(if

, Í� � ), we have
�:9;% � (��6�+�«% � ( � À % � ( . Therefore,À �6�:9 .

Themainresultfollowsby showing how to construct,from afunction � satisfyingtheproperties
of Theorem2.3,a sublinearfunctional

�
on � with therequiredproperties.

Supposethat À 	Þ�Ë! 
 ����#��
is a function satisfyingUP1-UP3. Since À satisfiesUP3, if�^��) _ �������K� )«¢)�^� is an

% ¡ ��¬V( -cover of
%�)C� $ ( , we have

¬«4 ¡`À %�)�(�z
¢\^]`_ ) \ . This is equivalent

to sayingthat
¬�4 ¡ # (�z ¢\^]`_ # ( � . Hence,for all

) _ ��������� ))¢ suchthat
¬�4 ¡ # (�z ¢\j]`_ # ( � ,

we have
¬<4 ¡`À %�)�(�z

¢\^]`_ À %�) \ ( , or equivalently

� ¬
¡
4 #
¡
¢
\j]`_ À

%�) \ (�� À %�)�('� (3)

Thisobservationmotivatesthefollowing definitionof thefunctional 'À 	 � ! -����0/É� /W�
:

'À %�!Ç(��DG IKJ � ¬
¡
4 #
¡
¢
\^]`_ À

%�) \ (5	q¦§� ¡ ��¬±� �r¦§� ¡ �D���1) _ �������K� )«¢�� � ���
¬
¡
4 #
¡
¢
\^]`_

# ( � �2! �

Ourgoalnow is to show that 'À satisfiestheconditionsof LemmaC.1.

3 It isalmostimmediatefromthedefinitionsthat 'À is increasing:if
!C�D�

and
� ¼
[
4 _
[

¢\j]`_ # ( � �!�4#!��
, then

� ¼
[
4 _
[

¢\^]`_ # ( � �4!��
.
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3 To seethat 'À is sublinear, notethatit is easyto seeusingthepropertiesof inf that 'À %�! _ 45! � (5z
'À %�! _ (�4 'À %�!���( . To show that 'À %'
6!»(Ã�Â
 'À %�!»( for


Y�Â�
, first observe thatthedefinitionof 'À

is equivalentto

G IKJ �ÃÎ�4
¢
\^]`_

Î \ À %�) \ (5	q¦�� �8ÎZ�8Î \ � v � ) _ ��������� )«¢�� � ��ÎÈ4
¢
\^]`_

Î \ # ( � �4! �

Considerfirst thecase

��D�

. Then

'À %'
6!»( � G IKJ �ÃÎÈ4
¢
\^]`_

Î \ À %�) \ (�	ä��Î�4
¢
\j]`_

Î \ # ( � �D
6!

� G IKJ �ÃÎÈ4
¢
\^]`_

Î \ À %�) \ (�	ä� Î

 4

#


¢
\^]`_

Î \ # ( � �2!

� 
1G IKJ � Î 
 4
#


¢
\^]`_

Î \ À %�) \ (È	L� Î

 4

#


¢
\j]`_

Î \ # ( � �4!
� 
 'À %�!»('�

For

��+�

, it is clearfrom the definition of 'À that 'À %'#87�()z À %'&�( . From (3) it follows that
'À %'# 7 (�� À %'&�( , andhence'À %'��( � 'À %'# 7 (5� À %'&�(Z�D�

.

3 It is immediatefrom thedefinitionof 'À that 'À %'# (1(�z À %�)�( for
) � � ; thefactthat 'À %'# (1(5�

À %�)�( now follows from (3).

3 It is immediatefrom thedefinitionthat 'À %'��#�( zD��#
.

3 If
!uz �

, then
�0!W� �

; since 'À is increasing,'À %�!Ç(�z 'À %'�0!:42!»(1� 'À %'��( , andsince 'À is
sublinear, 'À %'��(��D�

.

Sincetheconditionsof LemmaC.1aresatisfied,À is anupperprobabilitymeasure.

D Proof of Theorem 2.4

Theorem 2.4: There existsconstants
/ ° ��/ _ ������� such that if

�
is an algebra of subsetsof $ and

� is a function� 	»�W!X
 ����#��
, thenthere existsa set

�
of probability measuressuch that � �6�:9 if

andonly if � satisfiesthefollowingproperties:

UPF1. � %'&�( �D�
,

UPF2. � % $ (��D#
,

UPF3. for all integers
¦§� ¡ ��¬±zD/ n ²Kn andall sets

, _ �������K��,Z¢ , if
�^��, _ ����������,£¢«�^� is an% ¡ ��¬V( -cover of

%',3� $ ( , then
¬�4 ¡`� %',�( z

¢\^]`_ � %', \ ( .
Proof: In view of Theorem2.3,weneedonly show thatthereexist constant

/ ° ��/ _ ������� suchthata
function � satisfiesUP3 if f it satisfiesUPF3. Clearly, UP3 alwaysimpliesUPF3, soit is sufficient
to show thatthereexists

/ ° ��/ _ ������� suchthatUPF3 impliesUP3.
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Weneedsometerminologybeforeproceeding.An exact
% ¡ ��¬V( -cover of

%',3� $ ( is acover 9 of,
with thepropertythateveryelementof

,
appearsin exactly ¡ 4�¬ setsin 9 , andeveryelementof

$ �1, appearsin exactly
¬

setsin 9 . Thus,while an
% ¡ ��¬V( -coverof

%',3� $ ( canhavemany extrasets,
aslongasthesetscover

,
at least¡ 4§¬ timesand $ ¬ times,anexactcoverhasonly thenecessary

sets,with theright totalnumberof elements.An exact
% ¡ ��¬V( -cover 9 of

%',3� $ ( is decomposableif
thereexistsanexact

% ¡ _ ��¬ _ ( -cover 9 _ andanexact
% ¡ ����¬|��( -cover 9 � of

%',3� $ ( suchthat 9 _ and
9 � form a nontrivial partitionof 9 , with ¡ � ¡ _ 4 ¡ � and

¬Þ�D¬ _ 4W¬m� . Intuitively, anexactcover
9 is decomposableif it canbe split into two exact covers. It follows easilyby inductionthat for
any exact

% ¡ ��¬V( -cover, thereexistsa (not necessarilyunique)finite setof nondecomposableexact
covers 9 _ �������K� 9 ¢ , with 9 \ an exact

% ¡ \ ��¬ \ ( -cover, suchthat the 9 \ ’s a nontrivial partition of 9
with ¡ � ¢\j]`_ ¡ \ and

¬L� ¢\^]`_ . (If 9 is itself nondecomposable,we can take
¦ � #

and
9 _ � 9 .) Onecaneasilyverify thatif 9 is anexact

% ¡ ��¬V( -cover of
%',�� $ ( and 9 � Ü 9 is anexact% ¡ � ��¬ � ( -cover of

%',�� $ ( with ¡ � 4W¬ � � ¡ 4u¬ , then 9 is decomposable.
Thefollowing lemmahighlightsthemostimportantpropertyof exactcoversfrom ourperspec-

tive. It saysthat for any set
, ���

, therecannotbe a “large” nondecomposableexact cover of%',3� $ ( .
Lemma D.1: There existsa sequence

/ � _ ��/ �� ��/ �� ������� such that for all
,�Ü $ , everyexact

% ¡ ��¬V( -
cover of

%',3� $ ( with ¡ �D/3�n ²Kn or
¬±�D/3�n ²Kn is decomposable.

Proof: Given
,ËÜ $ , we first show that thereexists :<; suchthat if ¡ � :<; or

¬Â� :<; ,
every exact

% ¡ ��¬V( -cover of
%',�� $ ( is decomposable.Supposefor the sake of contradictionthat

this is not thecase.This meansthatwe canfind an infinite sequence9 _ � 9 ��������� suchthat 9 \ is a
nondecomposableexact

% ¡ \ ��¬ \ ( -cover of
%',3� $ ( , with either¡ _ � ¡ � �D�����

or
¬ _ �B¬ � �D�����

.
To derive acontradiction,we usethefollowing lemma(known asDickson’s Lemma[5]).

Lemma D.2: Everyinfinite sequenceof
�
-dimensionalvectors over thenatural num-

bers containsa monotonicallynondecreasingsubsequencein the pointwiseordering
(where ¤ z.=

in thepointwiseorderingiff ¤ \ z.= \ for all ¥ ).
Proof: It is straightforward to prove by inductionon

¬
that if

¬Ez �
, thenevery in-

finite sequenceof vectors ¤ _ � ¤
� �������

containsa subsequence¤ \ f � ¤ \ ì ������� suchthat
¤ \ fs
� ¤ \ ìs

�������
is a nondecreasingsequenceof naturalnumbersfor all ¨ z+¬

. Thebase
caseis immediatefrom the observation that every infinite sequenceof naturalnum-
berscontainsa nondecreasingsubsequence.For the inductive step,observe that if
¤ \ f � ¤ \ ì ������� is a subsequencesuchthat ¤ \ fs

� ¤ \ ìs
�������

is a nondecreasingsequenceof

naturalnumbersfor all ¨ z ¬
, thenthe sequence¤ \ f¼ v _ � ¤ \ ì¼ v _ ������� of naturalnumbers

musthaveanondecreasingsubsequence.Thisdeterminesasubsequenceof theoriginal
sequencewith theappropriatepropertyfor all ¨ zD¬<4W#

.

Let > _ ��������� > �@? AB? be an arbitraryorderingof the
æ n ²Kn

subsetsof $ . We canassociateto any
cover 9 a

æ n ² n
-dimensionalvector ¤DC ��% ¤DC _ ��������� ¤DC� ? AB? ( , where ¤EC\ is the numberof times the

subset> \ of $ appearsin themultiset 9 . Thekey propertyof thisassociationis thatif 9 � and 9 are
multisets,then 9 � Ü 9 if f ¤EC F z ¤EC in thepointwiseordering.

Considerthe sequenceof vectors ¤ C f � ¤ C ì ������� associatedwith the sequence9 _ � 9 ��������� of
nondecomposableexact coversof

%',�� $ ( . By LemmaD.2, thereis a nondecreasingsubsequence
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of vectors,¤ C � f z ¤ C � ì z�w�w�w
. But this meansthat 9 \ f Ü 9 \ ì ÜHw�w�w

. Since ¡ _ � ¡ � �¾�����
or
¬ _ � ¬m�ä� �����

, every cover in the chain must be distinct. But any pair of exact covers in
the chainis suchthat 9 \ Ü 9 \ v _ , meaning9 \ v _ is decomposable,contradictingour assumption.
Therefore,theremustexist an :<; suchthatany exact

% ¡ ��¬V( -cover of
,

with ¡ � :G; or
¬x� :<;

is decomposable.
Now define

/��ç � ���
	 � :<; 	�,.ÜD��#�������� � : ��� . It is easyto seethatthis choiceworks.

Let
/Ãç���æ : / �ç , where

/ �ç is as in LemmaD.1. We now show that UPF3 implies UP3
with this choiceof

/ ç
. Assumethat UPF3 holds. Fix $ . Supposethat 9 �M�^��, _ ����������, ¢ �^� is

an
% ¡ ��¬V( -cover of

%',�� $ ( with ¯ 9ê¯ �2¦
. We want to show that

¬14 ¡`� %',3(«z
¢\^]`_ � %', \ ( . We

proceedasfollows.
Thefirst stepis to show that,without lossof generality, 9 is an exact

% ¡ ��¬V( -cover of
%',3� $ ( .

Let
/ \ consistof thosestates

Æ3�Y, \ suchthateither
Æ��Y,

and
Æ

appearsin morethan¡ 40¬ setsin, _ ����������, \^a`_ or
Æ3� $ �O, andsappearsin morethan

¬
setsin

, _ ����������, \^a`_ . Let
, � \ �D, \ �§/ \ .

Let 9 �7�+�^��,Z� _ ����������,Z�¢ �^� . It is easyto checkthat 9 � is an exact
% ¡ ��¬V( -cover of

%',�� $ ( . For ifÆ��W,
, then

Æ
appearsin exactly ¡ 4.¬

setsin 9 � (it appearsin
, �
s if f

, s is amongthefirst ¡ 4.¬
setsin 9 in which

Æ
appeared)and,similarly, if

Æ«� $ �É, , then
Æ

appearsin exactly
¬

setsin 9 � .
Clearly if UP3 holdsfor 9 � , thenit holdsfor 9 , since� %', � \ (£z � %', \ ( for ¥ ��#����������8¦

. Thus,we
canassumewithout lossof generalitythat 9 is anexact

% ¡ ��¬V( -cover of
,

.
We canalsoassumewithout lossof generalitythat no set in 9 is empty (otherwise,we can

simply remove the empty setsin 9 ; the resultingset is still an
% ¡ ��¬V( -cover of

%',3� $ ( ). There
arenow two casesto consider. If ���
	 % ¦§� ¡ ��¬V(:z�/ n ²Kn , the desiredresult follows from UPF3.
If not, considera decompositionof 9 into multisets 9 _ ��������� 9 Ð , where 9IH is an exact

% ¡+H ��¬ H ( -
cover of

%',3� $ ( and is not further decomposable.We claim that ���
	 % ¯ 9IH�¯ � ¡+H ��¬ H (Cz / n ² n for!L��#��������K�8´
. If ¡+H ��/ n ²Kn or

¬ H � / n ²Kn , then it is immediatefrom LemmaD.1 that 9IH can
be further decomposed,contradictingthe fact that 9IH is not decomposable.And if ¯ 9IH�¯ �+/ n ²Kn ,
thenobserve that

� t C1J ¯ �D¯ � ¯ 9IH�¯ . Since ¯ 9IH�¯ �"/ n ²Kn �2æ ¯ $)¯ /3�n ²Kn , theremustbesome
Æ�� $

whichappearsin at least
æ�/��n ² n setsin 9IH . Since9IH is anexact

% ¡+H ��¬ H ( -cover, it follows thateither
¡+H �D/ �n ²Kn or

¬ H �B/ �n ² n . But then,by LemmaD.1, 9IH is decomposable,againacontradiction.
Now we canapplyUPF3 to eachof 9 _ �������K� 95¼ to get

� t C J
� % � (�� ¡+Hy� %',�(Z�D¬ H �

Sincethe 9IH ’s form adecompositionof 9 , wehave

Ð
H ]`_ � t C J

� % � (K� ¡+Hy� % � ( � Ð
H ]`_

¬ H

Ñ Ð
H ]`_ � t C J

� % � ( � Ð
H ]`_ ¡+Hy�

%',3(�� Ð
H ]`_

¬ H

Ñ
¢
\^]`_ �

%', \ (��É% Ð
H ]`_ ¡+H

( � %',3( � Ð
H ]`_

¬ H
By decomposition,¡ � ÐH ]`_ ¡+H and

¬O� ÐH ]`_ ¬ H , andtherefore
¢\^]`_ � %', \ (�� ¡`� %',�(��+¬

,
showing thatUP3 holds,asdesired.
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E Proof of Proposition 4.1

Proposition 4.1: Theformula U is satisfiablein an upperprobability structure iff the inequality
formula

ûU hasa solution.Moreover, if
ûU hasa solution,then U is satisfiablein anupperprobability

structure with at most
æ n ü�n

worlds.

Proof: Assumefirst that U is satisfiable. Thus thereis someupperprobability structure Ä �
% $ ���7�8�F�8Å ( suchthat Ä ¯ � U . Definethevector ¤ 9 by letting ¤ 9\ �É� 9 %|
 
 ë \ � �ªÊ�( , for

#�z ¥ z�æ � è
.

Since Ä ¯ � U , it is immediatethat ¤ 9 is a solutionto the inequalityformula U . Moreover, since

ë _ � false and ë
� ì è �

true, it follows that ¤ 9_ � �
(since

� 9 %|
 

false

� �ªÊ0(�� � 9 %'&�(È� �
) and

¤ 9�|ì è � #
(since

�:9;%|
 

true

� �ªÊ�(����:9;% $ (È� #
). Finally, considera conjunctof

ûU correspond-
ing to an instanceof L4; supposeit hasthe form ¤ \ f 4Bw�w�w ¤ \ ú � ¡`¤ \ ú � f ��¬

. Sincethis con-
junct appearsin

ûU , it mustbethecasethat
% ë \ ú � f Ñ oqÓ`Ô _?Õ×Ö×Ö×Ö^Õ ¢�Ù Õ npoqn ] ¼ v [ oqÓ`Ô _?Õ×Ö×Ö×Ö^Õ ¢3Ù Õ s;t o ë \ª©

( µ% npoqn ] ¼ s�t o ë \ª©
(

is a propositionaltautology. Thus, it follows that

 
 ë \ f � �ªÊ0����������
 
 ë \ ú � �ªÊ is an% ¡ ��¬V( -cover for

%|
 
 ë \ ú � f � � Ê ��
 
 true
� � Ê (

. It follows from UP3that

� 9 %|
 
 ë \ f � � Ê (`4Ww�w�w�4�� 9 %|
 
 ë \ ú � � Ê (�� ¡ � 9 %|
 
 ë � � Ê (��D¬V�

Thus,¤ 9 is asolutionto theinequalityformulascorrespondingto L4. Hence,¤ 9 is a solutionto
ûU .

For theconverse,assumethat ¤ 9 is asolutionto
ûU . Weconstructanupperprobabilitystructure

Ä ��% > � K«�8�F�8Å ( suchthat Ä ¯ � U as follows. Let
´ _ �������K�8´ ç be the primitive propositions

appearingin U . Let > � ��L _ �������K� L � è � be the atomsover
´ _ ���������8´�ç . Let

K
be the setof all

subsetsof > . As observed earlier, every propositionalformula over
´ _ �������K�8´ [ is equivalent to a

uniquedisjunctionof atoms.Thus,we cangeta canonicalcollection ë _ ��������� ë � ì è of inequivalent
formulasover

´ _ ���������8´ [ by identifying eachformula ë \ with a differentelementof
K

, where ë _
correspondsto the emptysetand ë �|ì è correspondsto all of > . Definea setfunction � by taking
� %'��L \ f �������K� L \Ò© ��(�� ¤ 9\ if ë \ is the disjunctionof the atoms

L \ f �������K� L \ª© . Let
Å %�LÌ('% ë (±� true if fLNÑ ë .

It is now sufficient to show that � is anupperprobability (of a set
�

of probabilitymeasures),
sincethenit is clearthat

% > � K«�8�F�8Å ( ¯ � U (since¤ 9 is a solutionto
ûU , thesystemof inequalities

derivedfrom formula U ). To do this,by Theorem2.4,it sufficesto verify UPF1, UPF2, andUPF3,
using

/ � è
in UPF3, since ¯ >�¯ �Dæ ç

.

UPF1: � %'&�( � ¤ 9_ �D�
.

UPF2: � % > ( � ¤ 9� ì è �D#
.

UPF3: Supposethat
,

and
, _ �������K��,Z¢ are in

K
andsatisfy the premisesof property

UPF3, with
¬V�8¦§� ¡ z*/ � è

. Let ë \ f ��������� ë \ ú � ë \ ú � f be thecanonicalformulas
correspondingto

, _ ����������,£¢«��, , respectively. Clearly,
,.Ü oqÓ`Ô _?Õ×Ö×Ö×Ö^Õ ¢�Ù Õ npoqn ] ¼ v [ s�t o

, \ª©
if f ë \ ú � f Ñ oqÓ`Ô _?Õ×Ö×Ö×Ö^Õ ¢3Ù Õ npoqn ] ¼ v [ s;t o ë \ª© is a propositionaltautologyand $ Ü
oqÓ`Ô _?Õ×Ö×Ö×Ö^Õ ¢�Ù Õ npoqn ] ¼ s;t o

, \ª© if f oqÓ`Ô _?Õ×Ö×Ö×Ö^Õ ¢3Ù Õ npoqn ] ¼ s;t o ë \Ò© isapropositionaltau-

tology. Thus,
¢
s ]`_ ¤ \ª©

� ¤ \ ú � f �D¬
is oneof theinequalityformulasin

ûU . Thus,
it follows that

¢
s ]`_ ¤

9\ª© � ¤ 9\ ú � f � ¬
, asdesired. By our definition of � , we

thereforehave
¬�4 ¡`� %',�(�z

¢\^]`_ � %', \ ( , andsoUPF3 holds.
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F Proof of Theorem 5.1

Theorem 5.1: SupposeU is a likelihoodformulathat is satisfiedin someupperprobability struc-
ture. Then U is satisfiedin a structure

% $ ���7�8�F�8Å ( where ¯ $)¯ z ¯ U ¯
�
,
�ä�Bæ ²

(sothat everysubset
setof $ is measurable), ¯ � ¯ z ¯ U ¯ , for every å � $ and

�.�E�
,
� % å ( is a rational numbersuch

that ¯�¯ � % å ( ¯�¯ is � % ¯ U ¯
�
¯�¯ U ¯�¯ 4 ¯ U ¯

� ��� % ¯ U ¯ ('( .
Proof: Thefirst stepin theproof involvesshowing thatif

�
is asetof probabilitymeasuresdefined

on an algebra
�

of a finite space$ , we canassumewithout lossof generalitythat for eachset
� �Y�

, thereis aprobabilitymeasure
�+�B�ê�

suchthat
�+�«% � ( �6� 9 % � ( (ratherthan

� 9 % � ( just
beingthesupof

� % � ( for
�§�ê�

).

Lemma F.1: Let
�

be a setof probability measuresdefinedon an algebra
�

over a finite set $ .
Thenthere existsa set

� �
of probability measuressuch that, for each � �§�

,
�:9;% � ( �D% � � (?9;% � ( ;

moreover, there is a probabilitymeasure
� � �ê� �

such that
� � % � ( �6�:9;% � ( . In addition,for any

interpretation
Å

, if Ä �­% $ ���7�8�F�8Å ( and Ä � % $ ���T�8���j�8Å ( , thenfor all likelihoodformulas U ,
Ä ¯ � U iff Ä � ¯ � U .

Proof: Since
�

is finite, to show that
���

exists, it clearly sufficesto show that, for each� �B�
,

there is a probability measure
�+�

suchthat
�+�)% � (0���:9;% � ( and, if

� � ���*-u���+�)�
, then� 9 %�,�(��D% ���^( 9 %�,1(

for all
,��Y�

.
Given � , if thereexists

�B�W�
suchthat

� % � («�2�:9;% � ( , thenwe aredone. Otherwise,we
constructa sequence

� _ �8� � ������� of probabilitymeasuresin
�

suchthat
� G � \ � \ % � ( �ä�:9;% � ( and,

for all
, �D�

, thesequence
� \ %�,�( convergesto somelimit. Let � _ ��������� � [ be an enumeration

of thesetsin
�

, with � _ � � . We inductively constructa sequenceof measures
��¢ _ �8��¢ ��������� in�

for
¦�z ¡ suchthat

��¢ \ % � s ( convergesto a limit for ¥ z*¬
and

� G � \NM�O ��¢ \ % � («�"� 9 % � ( .
For

¦X� #
, we know theremustbe a sequence

� _'_ �8� _ ��������� of measuresin
�

suchthat
� _j\ % � (

convergesto
�:9;% � ( . For the inductive step,if

¦ � ¡ , supposewe have constructedan appro-
priate sequence

��¢ _ �8��¢���������� . Considerthe sequenceof real numbers
��¢ \ % � ¢ v _ ( . Using the

Bolzano-Weierstrasstheorem[13] (which saysthat every sequenceof realnumbershasa conver-
gentsubsequence),this sequencehasa convergentsubsequence.Let

� } ¢ v _'~ª_ �8� } ¢ v _'~ � ������� bethe
subsequenceof

��¢ _ �8��¢���������� whichgeneratesthisconvergentsubsequence.Thissequenceof prob-
ability measuresclearlyhasall therequiredproperties.Thiscompletestheinductive step.

Define
�+�)%�,�(È� � G � \PM0O � [ \

%�,�(
. It is easyto checkthat that

�+�
is indeeda probability

measure,that
� � % � (��D�:9;% � ( , andif

� � �D�2-���� � �
, that

�:9;%�,�(T�®% � � (?9�%�,1(
for all

,M�É�
.

Thisshows thatanappropriateset
���

exists.
Now, given

Å
, let Ä �­% $ ���7�8�F�8Å ( and Ä � �­% $ ���7�8� � �8Å ( . A straightforward inductionon

thestructureof U shows that Ä ¯ � U if f Ä � ¯ � U . For thebasecase:

% $ ���7�8�F�8Å ( ¯ �D� _ º % · _ (�4Ww�w�w�4W� [ º
% · [

(��B�
Ú � _ � 9 %|
 
 · _ � �ªÊ0(`4Ww�w�w�4u� [

� 9 %|
 
 · [
� �ªÊ0(5�D�

Ú � _ % � � ( 9 %|
 
 · _ � �ªÊ0(`4Éw�w�w�4u� [
% � � ( 9 %|
 
 · [

� �ªÊ0(5�D�
Ú % $ ���7�8� � �8Å ( ¯ �D� _ º % · _ (`4Ww�w�w�4W� [ º

% · [
(5�D���

Theotherscasesaretrivial.
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Justasin [7], to proveTheorem5.1,wemakeuseof thefollowing lemmawhichcanbederived
from Cramer’s rule [15] and simple estimateson the size of the determinant(seealso [2] for a
simplervariant):

Lemma F.2: If a systemof Q linear equalitiesand/or inequalitieswith integer coefficientseach of
lengthat mostº hasa nonnegativesolution,thenit hasa nonnegativesolutionwith at mostQ entries
positive, andwhere thesizeof each memberof thesolutionis � % Q º 4 Q

� ��� % Q ('( .
Continuingwith theproof of Theorem5.1,supposethat U is satisfiablein anupperprobability

structure.By Proposition4.1,thesystem
ûU of equalityformulashasasolution,so U is satisfiedin a

upperprobabilitystructurewith afinite statespace.Thus,by LemmaF.1, U is satisfiedin astructure% $ ���7�8�F�8Å ( suchthatfor all � �Y�
, thereexists

�+�Â�C�
suchthat

�+�«% � ( �6� 9 % � ( .
As in the completenessproof, we canwrite U in disjunctive normalform. Eachdisjunct À is

a conjunctionof at most ¯ U ¯ �Â#
basiclikelihood formulasand their negations. Since Ä ¯ � U ,

theremust be somedisjunct À suchthat Ä ¯ � À . Supposethat À is the conjunctionof Q basic
likelihood formulasand

Æ
negationsof basiclikelihood formulas. Let

´ _ �������K�8´eç be the primi-
tive formulasappearingin U . Let

L _ �������K� L � è be the atomsover
´ _ ���������8´eç . As in the proof of

completeness,we derive a systemof equalitiesandinequalitiesfrom À . It is a slightly morecom-
plicatedsystem,however. Recallthateachpropositionalformulaover

´ _ ���������8´ ç is a disjunction
of atoms.Let · _ �������K� ·r¼ bethepropositionalformulasthatappearin À . Noticethat

¬:� ¯ U ¯ (since
therearesomesymbolsin U , suchasthe coefficients, that arenot in the propositionalformulas).
The systemof equationsandinequalitieswe constructinvolve variables¤ \ s , where ¥ �+#��������K��¬
and ¨ � #�����������æ ç

. Intuitively, ¤ \ s represents
�SR R T �VU UXW %|
 
 L s � �ªÊ�( , where

�SR R T �YU UXW ���
is suchthat�SR R T �VU UXW %|
 
 · \ � �ªÊ�( �O� 9 %|
 
 · \ � �ªÊ�( . Thus,thesystemincludes

¬Þ� ¯ U ¯ equationsof thefollowing form,

¤ \j_ 4Ww�w�w�4 ¤ \ � è �D#��
for ¥ � #�����������¬

. Since
� R R T �VU U W %|
 
 · \ � �ªÊ�(W� � %|
 
 · \ � �ªÊ�( for all

� �H�
, if

K \ is the subsetof��#�������� ��æ ç �
suchthat · \ � s;t�Z �

L s , thesystemincludes
¬ � �u¬

inequalitiesof theform

s;t�Z �
¤ \ s � s;t�Z �

¤ \ F s �

for eachpair ¥ , ¥ � suchthat ¥<Í� ¥ � . For eachconjunctin À of theform ¹ _ º % · _ (`4Ww�w�w�4 ¹ [ º
% ·r¼ ( �D


,
thereis a correspondinginequalitywhere,roughlyspeaking,we replaceº % · \ ( by

� R R T �YU UXW %|
 
 · � � Ê ( .6
Since

� R R T �YU UXW correspondsto s�t[Z � ¤ \ s , theappropriateinequalityis

¼
\^]`_ ¹ \ s;t�Z �

¤ \ s �B
K�

Negationsof suchformulascorrespondto anegatedinequalityformula;asbefore,this is equivalent
to a formulaof theform

��% ¼
\j]`_ ¹ \ s;t�Z �

¤ \ s (��B��
K�

6For simplicity here,we areimplicitly assumingthateachof the formulas ù � appearsin eachconjunctof \ . This is
without lossof generality, sinceif ù � doesnotappear, we canput it in, taking ] �_^a` .
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Noticethat thereareat most ¯ U ¯ inequalitiescorrespondingto theconjunctsof À . Thus,altogether,
thereareat most

¬V%'¬��ä#�( 4.æ ¯ U ¯ � ¯ U ¯
�

equationsandinequalitiesin thesystem(since
¬x� ¯ U ¯ ).

We know that the systemhasa nonnegative solution(taking ¤ \s to be
� R R T �YU U W %|
 
 L s � �ªÊ0( ). Thus,by

LemmaF.2, the systemhasa solution ¤ 9 ��% ¤ 9_'_ �������K� ¤ 9_ � è ��������� ¤ 9¼ _ �������K� ¤ 9¼ � è ( with ¿ z ¯ U ¯
�

entriespositive,andwith eachentryof size � % ¯ U ¯
�
¯�¯ U ¯�¯ 4 ¯ U ¯

�b� ��� % ¯ U ¯ ('( .
WeusethissolutiontoconstructasmallstructuresatisfyingU . Let c �D� ¥ 	 ¤ 9\ s is positive, for somë

�
;

supposethat c ��� ¥ _ ��������� ¥ed F � , for some¿ � z ¿ . Let Ä � % > � K«�8�F�8Å ( where > has ¿ � states,
say

Æ _ ����������Æ d F , and
K

consistsof all subsetsof > . Let
Å %'Æ H ( be the truth assignmentcorre-

spondingto the formula
L \ J (and where

Å %'Æ H ('% ´Ç(§� false if
´

doesnot appearin U ). Define������� s 	�#«z ¥ z�¬V�
, where

� s %'Æ H (�� ¤ 9\ J s . It is clearfrom theconstructionthat Ä ¯ � U . Since
¯ � ¯ �2¬x� ¯ U ¯ , ¯ >�¯ � ¿ �Áz ¿ z ¯ U ¯

�
and

� s %'Æ H (Ã� ¤ 9\ J s , where,by construction,thesizeof ¤ 9\ J s is
� % ¯ U ¯

�
¯�¯ U ¯�¯ 4 ¯ U ¯

��� ��� % ¯ U ¯ ('( , thetheoremfollows.
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