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Abstract

We presenta propositionallogic to reasonaboutthe uncertaintyof events,wherethe un-
certaintyis modeledby a setof probability measuresssigningan interval of probability to
eachevent. We give a soundand completeaxiomatizationfor the logic, and shav that the
satisfiabilityproblemis NP-completeno harderthansatisfiabilityfor propositionalogic.

1 Introduction

Variousmeasuregxist that attemptto quantify uncertainty For aryone familiar with probability
theory probabilitymeasuresreanobviouschoice.However, probabilitymeasuresave difficulties
dealingwith certainsituationsof interest. Most notably whereasprobabilitiescan deal with the
directuncertaintyof aneventhappeningthereis no way for probabilitiesto modelthe uncertainty
relatedto the probabilitiesthemseles. Considera simpleexample: supposave have abagof 100
marbleswe know 30 arered andwe know the remaining70 areeitherblue or yellow, althoughwe
donotknow theexactproportionof blueandyellow. If we aremodelingthesituationwherewe pick
aball from thebagatrandom we needto assigna probabilityto threedifferentevents:pickingup a
redball (red-even), pickingupablueball (blue-ezen), andpickingup ayellow ball (yellow-ezen).
We canclearly assigna probability of .3 to red-event but thereis no clearprobability to assignto
blue-eventor yellow-erent

Oneway to approachthis problemis to representhe uncertaintyusing a setof probability
measureswith a probability measurdor eachpossibleproportionof blue andyellow balls. For
instance we could usethe setof probabilites? = {u, : o € [0,.7]}, wherep, givesred-
eventprobability .3, blue-erzent probability «, andyellow-ezent probability .7 — «. To ary setof
probabilities’P we canassigna pair of functions,the upperandlower probability measurethat
for anevent X give the supremunirespectiely, theinfimum) of the probability of X accordingio
the probability measureén P. Thesemeasuresanbe usedto dealwith uncertaintyin the manner
describedabove, wherethe lower andupperprobability of an eventdefinesa rangeof probability
for thatevent.. Notethatthis is not the only way to modelthe situation. An alternatve approach,
usinginnermeasureds studiedin [6].

1An alternateview of upperprobabilitiesoriginatesfrom assigningsubjectie probabilitiesto eventsby testingand
findingatwhatoddsa persoris preparedo betagainsthem. This givesrise,givensuitableassumptionso anequialent
formulationof lower andupperprobabilitymeasure§l 6, 17].



Given a measureof uncertainty one candefinea logic for reasoningaboutit. Fagin, Halpern
andMegiddo[7] introducealogic for reasoningaboutprobabilities with a possible-wrlds seman-
tics thatassignsa probabilityto eachpossibleworld. They provide anaxiomatizatiorfor thelogic,
whichthey prove soundandcompletewith respecto the semanticsThey alsoshawv thatthe satisfi-
ability problemfor thelogic, somevhatsurprisingly is NP-completeandhenceno harderthanthe
satisfiabilityproblemfor propositionalogic. They moreoaer shav how theirlogic canbeextended
to othernotionsof uncertainty suchasinner measure$6] and DempstetShaferbelief functions
[14].

In thispaperwe describealogic for reasoningaboutupperprobabilitymeasuresalongthelines
of thelogic introducedn [7]. Themainchallengésto derive aprovably completeaxiomatizatiorof
thelogic; to do this, we needa characterizationf upperprobabilitymeasures termsof properties
thatcanbe expressedn thelogic. Many semanticcharacterizationsf upperprobability measures
have beenproposedn theliterature. The characterizatiomf AngerandLembcle [1] turnsoutto
be bestsuitedfor our purposes.Even thoughwe are reasoningaboutpotentially infinite setsof
probability measuresthe satisfiability problemfor our logic remainsNP-complete Intuitively, we
needguesonly asmallnumberof probability measureso satisfyary givenformula, polynomially
mary in the sizeof the formula. Moreover, theseprobability measureganbe takento be defined
on a finite statespace,againpolynomialin the size of the formula. Thus, we needto basically
determingoolynomiallymary values—avaluefor eachprobabilitymeasurateachstate—tadecide
the satisfiabilityof aformula.

The restof this paperis structuredasfollows. In Section2, we review the requiredmaterial
from probability theoryandthe theory of upperprobabilities. In Section3, we presentthe logic
andanaxiomatization.In Section4, we prove thatthe axiomatizationis soundandcompletewith
respecto the naturalsemanticnodelsexpressedn termsof upperprobability spaces.Finally, in
Sectionb, we prove thatthe decisionproblemfor thelogic is NP-completeThe proofsof themore
technicalresultsaregivenin theappendices.

2 Characterizing upper probability measures

We startwith a brief review of the relevant definitions. Recall that a probability measures a
functiony : ¥ — [0,1] for ¥ analgebraof subsetof Q) (thatis X is closedundercomplements
andunions),satisfyingu(0) = 0, 4(Q) = 1 andu(A U B) = u(A) + u(B) for all disjoint sets
A, Biin . 2 A probabilityspacds atuple (2, 2, 1), where() is aset,X. is analgebraof subsetof
Q) (themeasurablsets),andy is a probability measurelefinedon . GivenasetP of probability
measures let P* be the upperprobability measur definedoy P*(X) = sup{u(X) : u € P}
for X € 3. Similarly, P.(X) = inf{u(X) : u € P} is thelower probabilityof X € ¥. A

straightforvard derivation shawvs thattherelationshipP,.(X) = 1 — P*(X) holdsbetweerupper

2If Q is infinite, we could alsorequirethat = be a o-algebra(i.e., closedundercountableunions)and that ;. be
countablyadditive. Requiringcountableadditivity would not affect our results,sincewe shav thatwe cantake €2 to be
finite. For easeof exposition,we have notrequiredit.

3In the literature, the term upperprobability is sometimeausedin a morerestrictedsensethanhere. For example,
Dempster[4] usesthe term to denotea classof measurewhich were later characterizechs DempsterShaferbelief
functions[14]; belief functionsarein factupperprobability measuredn our sensehut the corverseis nottrue[10]. In
themeasuré¢heoryliterature whatwe call upperprobabilitymeasuresorrespondo upperenvelopesof measuresyhich
aredefinedasthe supof setsof generaimeasuresyotjust probabilitymeasures.



andlower probabilities where X is the complemenbf X in ). Becauseof this duality, we restrict
the discussiorto upperprobability measuresn this paper with the understandinghat resultsfor
lower probabilitiescanbesimilarly derived. Finally, anupperprobability spaces atuple (€2, X, P)
whereP is a setof probabilitymeasuresn X..

We would like a setof propertieghatcompletelycharacterizesipperprobability measuresin
otherwords,we wouldlike a setof propertieghatallow usto determindf afunctionf : ¥ — [0, 1]
(for analgebraX of subset®f 1) is anupperprobabilitymeasurethatis, whetherthereexistsa set
P of probabilitymeasuresuchthatfor all X € ¥, P*(X) = f(X).

Oneapproacto the characterizationf upperprobability measuress to adaptthe characteriza-
tion of DempsteiShaferbelief functions;thesefunctionsareknown to bethelower ervelopeof the
probability measureshatdominatethem,andthusform a subclas®f the classof lower probability
measuresBy theduality notedearlier acharacterizatioof lower probabilitymeasuresvouldyield
acharacterizationf upperprobabilitymeasuresThe characterizationf belieffunctionsis derived
from ageneralizatiorof the following inclusion-&clusion principle for probabilities(by replacing
the equalitywith aninequality):

n n

p(UJA) =D (=170 Y2 A
i=1 i=1 ng{}i;i,n}jEJ

It seemseasonabléhatacharacterizatioof lower (or upper)probabilitymeasuresouldbede-
rivedalongsimilar lines. As we now shaw, mostpropertiesderivablefrom theinclusion-eclusian
principle (which includemostof the propertieseportedn theliterature)areinsuficient to charac-
terizeupperprobabilitymeasures.

Considerthe following “inclusion-eclusian"—style properties(mainly taken from [17]). To
simplify the statemenbf thesepropertieslet P~ = P* andP+! = P,.

1) P (AU Ay) <300, Z|I|:i(_1)i+1p(_1)i(m]‘el Aj),
(@) Pu(ALU- An) > S0, 3y (D) PV (e 4)),

(3) P.(AUB)+P.(ANB) <P.,(A) +P*(B) <P*(AUB)+P*(ANB),
(4) P.(A) + P(B) < P.(AUB)+P*(An B) < P*(A) + P*(B),
(5) Pi(A) + Pu(B) < P.(ANB)+P*(AUB) < P*(A) + P*(B).

It is easilyverified thatthe above propertieshold for upperprobability measuresThe issueis
whetherthey completelycharacterizéhe classof upperprobabilitymeasureswWe shav theinherent
incompletenesef thesepropertiesy proving thatthey areall derivablefrom the following simple
property whichis by itself insufficient to characterizeipperprobability measures.

(6) If An B =10,thenP*(A) + P.(B) < P*(AU B) < P*(A) + P*(B).

Proposition 2.1: Property(6) impliesproperties(1)-(5).



Proof: SeeAppendixA. I

Thefollowing exampleshavs theinusfiiciengy of Propoerty(6). Let P bethe setof probability
measures 1, po, p3, pa} over Q = {a,b,c,d} (with ¥ containingall subsetf ) definedon
singletondoy:

pifa) =1 wm®) =% pm)=1 m@d =13
pa(a) =0 pa(b) =g pa(e) = § pa(d) =3
psla) =% p3(d) =32 ps(c) =0 ps(d) =3
pala) = § pa() =0 pa(c) =5 na(d) =3

and extendedby additivity to all of ¥. This definesan upper probability measureP* over X.
Considerthefunctionv, : ¥ — [0, 1] definedby:

[ P*(X) +e if X ={a,bc}
ve(X) = { P*(X) otherwise

We claim thatthefunctionv,, for smallenoughe > 0, satisfiegproperty(6), but cannotbeanupper
probabilitymeasure.

Proposition 2.2 For 0 < e < % thefunctionwv, satisfiegproperty(6), but is notan upperprobabil-
ity measue. Thatis, we cannotfind a set”’ of probability measuessud thatv, = (P’)*.

Proof: SeeAppendixB. I

This exampleclearlyillustratesthe needto go beyondthe inclusion-eclusionprincipleto find
propertieghatcharacterizeipperprobabilitymeasuresAs it turnsout, variouscompletecharacter
izationshave beendescribedn theliterature[8, 9, 18,19, 1]. While all areequialentin spirit, we
focusonthecharacterizatiogivenby AngerandLembcle [1], becausd is particularlywell-suited
to thelogic presentedn the next section. The characterizatiolis basedon the notion of setcover.
asetA is saidto be coveredn timesby a multiset{{ 41, ... , A,,}} of setsif every elementof A
appearsn atleastn setsfrom A;,... , A,,: for all z € A, thereexistsiy,... ,i, iIn{1,... ,m}
suchthatfor all j < n, z € A;;. It isimportantto noteherethat {{A,... , A, }} is amultiset,
not a set;the A;’s arenot necessarilyistinct. (We usethe {{ }} notationto denotemultisets.)An
(n,k)-coverof (A, ) isamultiset{{ A1, ... , A, }} thatcovers() k timesandcoversA n+k times.

Thenotionof (n, k)-coveris thekey concepin AngerandLembcle’s characterizationf upper
probabilitymeasures.

Theorem 2.3:[1] Let Q2 bea set,X an algebra of subsetf €2, and v a functionv : ¥ — [0, 1].
Thee existsa setP of probability measueswith v = P* if and only if v satisfiesthe following
threeproperties:
UPL v(0) =0,
UP2 v(Q2) =1,
UP3 for all integers m, n, k andall subsetsAy,... , A, in 3,if {A,...,4,,}}isan
(n, k)-coverof (A, Q2), thenk + nv(A4) < >, v(4;).



Proof: We reproducehe proof of thisresultin AppendixC. I

We needto strengtheheorem?2.3in orderto prove the mainresultof this paper namely the
completenessf the axiomatizationof the logic we introducein the next section. We shaw thatif
the cardinality of the statespace is finite, thenwe needonly finitely mary instance®f property
UP3. Noticethatwe cannotderie this from Theorem2.3alone:evenif || is finite, UP3 doesnot
provide ary boundon m, the numberof setsto considerin an(n, k) cover of asetA. Indeed there
doesnotseemnto beary a priori reasorwhy thevalueof m, n, andk canbebounded Boundingthis
valueof m (andhenceof n andk, sincethey areno largerthanm) is the oneof the key technical
resultsof this paperandthe necessarjoundationof our work.

Theorem 2.4: Ther existsconstantsBy, By, ... sudthatif X is an algebra of subset®f €2 andv
is a functionv : ¥ — [0, 1], thenthere existsa setP of probability measuessud thatv = P* if
andonlyif v satisfieghefollowing properties:

UPF1 v(0) =0,

UPF2 v(Q) =1,

UPF3 for all integers m, n, k < Bjg andall setsAy, ... , Ap, if {{A1,..., Ay ltisan
(n, k)-coverof (A, ), thenk + nv(A) < Y7, v(4;).

Proof: SeeAppendixD. I

PropertyUPF3 is significantlywealer thanUP3. In principle, checkingthat UP3 holdsfor a
given function requirescheckingthat it holdsfor arbitrarily large collectionsof sets,evenif the
underlyingsets is finite. Onthe otherhand,UPF3 guaranteethatit is in factsufficientto look at
collectionsof sizeatmostB)q. This obserationis key to the completenesgesult.

It is not importantfor our purposegnamelyto get completenessf the axiomatizationof the
logicintroducedn thenext section)whattheactualvaluesof By, By, ... are;it is sufficientfor them
to exist andbefinite. The proof of Theorem?2.4 foundin AppendixD relieson a Ramsg-theoretic
argumentthatdoesnot provide a boundonthe B;s.

3 Thelogic

Thesyntaxfor thelogic is straightforvard, andis takenfrom [7]. Wefix aset®; = {p1,ps, ... } of
primitive propositions Theset® of propositionalformulasis the closureof ®, undera and—-. We
assumea specialpropositionalformulatrue, andabbreiate —true asfalse We usep to represent
primitive propositionsand ¢ andt to represenpropositionalformulas. A termis an expression
of theform 611(¢1) + - - + Oxl(or), whereby, ... ,0; arerealsandk > 1. A basiclikelihood
formulais astatemenof theform¢ > o, wheret is atermanda is areal. A likelihoodformulais a
booleancombinatiornof basiclikelihoodformulas.We usef andg to represenlik elihoodformulas.
We useobvious abbreiationswhereneededsuchasi(¢) — I(¢) > a for l[(¢) + (—1)I(¥) > a,
U(g) > U() for I(¢) — () > 0,1(¢) < afor —I(¢) > —a,U(¢) < afor =(I(¢) > a) andi(¢) = a
for (I(¢) > a) A (I(¢) < a). Definethelength| f| of thelikelihoodformula f to bethe numberof
symbolsrequiredto write f, whereeachcoeficientis countedasonesymbol.

We assigna semanticgo likelihoodformulasthroughan upperprobability space asdefinedin
Section2. Formally, an upperprobability structue is atuple M = (2,3, P, ) where(€2, 3, P)
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is an upperprobability spaceand « associatesvith eachstate(or world) in 2 a truth assignment
on the primitive propositionsin ®,. Thus,(s)(p) € {true,false} for s € Q andp € ®,. Let
Iplar = {s € Q@ : =(s)(p) = true}. We call M measuable if for eachp € &, [p]as is
measurablelf A is measurablehen[¢] s is measurabléor all propositionaformulase. In this
papey we restrictour attentionto measurableipperprobability structures.Extendr(s) to a truth
assignmenbn all propositionaformulasin a standardvay, andassociatevith eachpropositional
formulatheset[¢]r = {s € Q : 7(s)(¢) = true}. An easystructuralinductionshavsthat[¢]
isameasurablset.If M = (2, %, P, 7), let

M = 011(¢1) + -+ - + Okl(¢r) > a iff 1P ([p1]nr) + -+ + 0P ([¢r]ar) > o
ME—f iff M £ f
ME fAg iff M= fandM = g.

Note thatthe logic canexpresslower probabilities:it follows from the duality betweenupper
andlower probabilitiesthat M = —1(—¢) > 8 — 1iff P.([~¢]ar) > 3.2

Considerthe following axiomatizationAX"? for likelihood formulas,which we prove sound
andcompletein the next section.As in [7], AX“? is divided into threeparts,dealingrespectrely
with propositionakeasoningreasoningaboutlinearinequalities andreasoningaboutupperproba-
bilities.

Propositionalreasoning

Taut. All instance®f propositionakautologies,

MP. From f andf = g inferg.

Reasoningboutlinear inequalities

Ineg. All instance®f valid formulasaboutlinearinequalitieseebelow).
Reasoningboutupperprobabilities

L1. [(false) = 0,
L2. i(true) =
L3. l(¢) >

LA U(p1)+ - +lU(dm)—nl(d) = kit o =V jcp1 i, 1mbtn Njes @580V jcr oy js1=k N\jes @5
arepropositionatautologies.

L5. l(¢) = I(v) if ¢ < 1) is apropositionatautology

The only differencebetweenAX“? andthe axiomatizationfor reasoningaboutprobability given
in [7] is thatthe axiom (¢ A ¢) + I(¢p A —¢p) = 1(¢) in [7], which expresseshe additvity of
probability is replacedby L4. Although it may not be immediatelyobvious, L4 is the logical
analogueof UP3. To seethis, first notethat {{A4,... ,A,,}} covers A m timesif andonly if

A S Ujcqr,... my, 171=nNjes Aj- Thustheformulag =\ oy oy 1 gjzkan \jes @5 Saysthat

4Anotherapproachmorein keepingwith [7], would beto interpret! asa lower probability measure.On the other
hand,interpretingl asanupperprobabilitymeasures morein keepingwith theliteratureon upperprobabilities.



¢ (more precisely the setof worlds where is true) is coveredk + n timesby {{¢1,... ,én}},
while \/ ey my 7=k /\jes @5 Saysthatthewhole spaces coveredk timesby {¢1, ... . ¢n}};
roughly speakingijs an (n, k)-cover of ([¢], [true]). Theconclusionof L4 thuscorrespondso the
conclusionof UP3.

Instance®f Taut includeall formulasof theform f v — f, wheref is alikelihoodformula. We
couldreplaceTaut by asimplecollectionof axiomsthatcharacterizgpropositionakeasoningsee,
for example,[11]), but we have choserto focuson aspect®f reasoningaboutupperprobability

As in [7], the axiom Ineq includes“all valid formulasaboutlinear inequalities. Roughly
speakinganinequalityformulais a formula of the form a1x1 + - - - + anx, > ¢, Over variables
x1,... ,Ty. Theformulais saidto betrueif we satisfythe resultinginequalitywhenwe assigna
real numberto eachvariableof the formula. As usual,a formulais valid if it is true underevery
possibleassignmenbdf real numbersto variables. To get an instanceof Ineq, we replaceeach
variablez; thatoccursin avalid formulaaboutlinearinequalitiesby a primitive likelihoodterm of
theform i(¢;) (naturallyeachoccurencef the variablex; mustbe replacedy the sameprimitive
likelihoodtermi(¢;)). As with Taut, we canreplacel neq by a soundandcompleteaxiomatization
for booleancombinationf linearinequalities.Onesuchaxiomatizations givenin [7].

4 Soundness and completeness

A likelihoodformula f is provablefrom F' for F' a setof formulasif it canbe proven usingthe
axiomsandrulesof inferencesalongwith theformulasin £'. In thespecialcasewhereF’ is empty
we saythat f is simply provable An axiomsystemis soundif every provableformulais valid. An
axiomsystemis completdf every valid formulais provable.

Ourgoalisto provethatAX“? is asoundandcompleteaxiomatizatiorfor reasoningboutupper
probability Thesoundnessf AX“? isimmediatefrom our earlierdisscussionCompleteness, as
usual harder Unfortunatelythe standardechniqudor proving completenesism modallogic, which
involvesconsideringnaximalconsistensetsandcanonicaktructuregsee for example,[12]) does
notwork. We briefly review theapproachjust to point out thedifficulties.

Thestandardapproactusesthe following definitions. A formulac is consistentvith anaxiom
systemAX if = is not provablefrom AX. A finite setof formulas{o, ... ,0,} is consistentith
AX if theformulaoy A - - - A o, IS consistentvith AX; aninfinite setof formulasis consistentvith
AX if all its finite subsetsare consistenivith AX. A maximalAX-consistensetof formulasF is
a setof formulasconsistentvith AX with the propertythatfor ary formulac ¢ F, FF U {c} is
not consistenwith AX. Usingjustaxiomsof proposiitonalogic, it is not hardto shav thata AX-
consistensetof formulascanbe extendedto a maximal AX-consistensetof formulas. To shav
thatAX is acompleteaxiomatizatiorwith respecto someclassof structuresM, we mustshaw that
every formulathatis valid in every structurein M is provablein AX. To do this, it is sufficient to
shav thatevery AX-consistenformulac is satisfiablan M. Typically, thisis doneby constructing
whatis calleda canonicalstructue M¢ in M whosestatesare the maximal AX-consistensets,
andthenshaving thataformulac is satisfiedn aworld w in M¢ iff o is oneof theformulasin the
canonicaketassociateavith world w.

Unfortunately this approachtcannotbe usedto prove completeneshere. To seethis, consider
thesetof formulas:

F’z{l(gﬁ)ﬁ%,nzl,Z,...}U{l(¢)>0}.



Thissetis clearlyAX“P—consistenaccordingo our definition,sinceeveryfinite subsets satisfiable
and AX¥? s sound. It thuscanbe extendedto a maximal AX“—consistenset /. However, the
setF’ of formulasis not satisfiable:it is not possibleto assign/(¢) a valuethatwill satisfyall the
formulasatthesametime. Hence [ is not satisfiable Thus,the canonicaimodelapproachatleast
appliednaively, simply will notwork.

We take a differentapproactere,similar to the onetakenin [7]. Specifically we shav thatif
aformula f is AX“P—consistentthenit is satisfiabldn anupperprobability structure.By a simple
argumentwe caneasilyreducethe problemto the casewheref is a conjunctionof basiclikelihood
formulasandnegationsof basiclikelihoodformulas.Let py,... , pxy bethe primitive propositions
thatappeaiin f. Obsere thatthereare22” inequivalentpropositionafformulasover py, ... ,py.
Theamgumentgoesasfollow. Let anatomover py, ... ,py beaformulaof theformg; A ... A gn,
whereg; is eitherp; or —p;. Thereareclearly2y atomsoverp,, ... ,py. Moreover, it is easyto see
thatary formulaover py, ... ,py canbewrittenin a uniqueway asa disjunctionof atoms.There
are22” suchdisjunctions sotheclaim follows.

Letpy, ..., p,,v besomecanonicalisting of theinequialentformulasoverp, ... , py. With-
out loss of generality we assumethat p; is equivalentto true, and p,,~ is equivalentto false
Sinceevery propositionalformula over pi,... ,py is provably equvalentto somep, it follows
that f is provably equivalentto a formula f’ whereeachconjunctof f’ is of the form 611(p1) +
-+ 0,n1(pyen ) > 8. Note thatthe negation of sucha formula hasthe form 611(p1) + --- +
0o l(pyen ) < B or, equivalently (—01)l(p1) + -+ + (=0,2n )l(pyen ) > —B. Thus,theformula f
givesrisein a naturalway to a systemof inequalitiesof theform:

Or10(p1) + -+ + 0 o l(ppen) >

9r7ll(p1) + -+ 0r722Nl(p22N) > a 1
Lllpn) + 0] o) > By @

05 1l(p1) + -+ + 9; 22]\,l(,0221v) > B,

We canexpress(1) asa conjunctionof inequalityformulas,by replacingeachoccurrenceof [(p;)
in (1) by z;. Call thisinequalityformula f.

If f is satisfiablein someupperprobability structureM, thenwe cantake x; to bethe upper
probability of p; in M this givesa solutionof f. However, f mayhave a solutionwithout f being
satisfiable For example,if f istheformulai(p) = 1/2A1(-p) = 0, thenf hasanolvioussolution;
f, however, is not satisfiablan anupperprobability structure becausehe upperprobability of the
setcorrespondingo p andthe upperprobability of the setcorrespondingo —p mustsumto atleast
1in all upperprobability structures.Thus,we mustaddfurther constraintdo the solutionto force
it to actlike anupperprobability

UP1-UP3 or, equivalently theaxiomsL 1-L 4, describeexactly whatadditionalconstraintsare
needed.The constraintcorrespondingo L1 (or UP1) is just ;1 = 0, sincewe have assumec,
is the formulafalse Similarly, the constraintcorrespondingo L2 is z,~ = 1. The constraint

correspondingo L3 is x; > 0, fori = 1,... ,22N. What aboutL 4? This seemdo requirean
infinite collectionof constraintsjustasUP3 does>

SAlthoughwe aredealingwith only finitely mary formulashere,py, . . . » Pyan , recallthattheformulases, . . . , ¢
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Thisis whereUPF3 comesinto play. It turnsoutthat,if f is satisfiableatall, it is satisfiablen
astructurewith atmost2” worlds,onefor eachatomover p1, ... , px. Thus,we needto addonly
instanceof L4 wherek, m,n < Byy andéy, ... , ¢m, ¢ areall amongpy, ... , py,~. Although
this is a large numberof formulas(in fact, we do not know exactly how large, sinceit depends
on By~ , which we have not computed)jt sufiicesfor our purposeshatit is a finite number For
eachof theseinstancef L4, thereis aninequalityof theform a;z1 + --- + AgoN TooN 2 k. Let

f, the inequalityformulacorrespondingo f, bethe conjunctionconsistingof f, togetherwith all
the inequalitiescorrespondindo the relevantinstancesf L4, andthe equationsandinequalitites
1 =0,2v =1,andz; > 0fori=1,... ,22N, correspondingo axiomsL 1-L. 3.

Proposition 4.1: Theformula f is satisfiablein an upper probability structuee iff the inequality
formula f hasa solution.Moreover, if f hasa solution,thenf is satisfiablein an upperprobability
structure with at most2!/1 worlds.

Proof: SeeAppendixE. Il

Theorem 4.2 TheaxiomsystemAX"? is soundandcompletefor upperprobability structues.

Proof: For soundnessi is easyto seethat every axiomis valid for upperprobability structures,
includingL 4, whichrepresent&JP3.

For completenessye proceedasin thediscussiorabore. Assumethatformula f is not satisfi-
ablein anupperprobabilitystructurewe mustshaw that f is AX“*P—inconsistentWe first reducef
toacanonicaform. Letg; V- - -V g, beadisjunctive normalform expressiorfor f (whereeachyg; is
a conjunctionof basiclikelihoodformulasandtheir negations).Using propositionakeasoningye
canshaw that f is provably equivalentto this disjunction.Sincef is unsatisfiableeachg; mustalso
beunsatisfiableThus,it is sufiicientto shav thatarny unsatisfiableonjunctionof basiclikelihood
formulasandtheir negationsis inconsistent. Assumethat f is sucha conjunction. Using propo-
sitionalreasoningandaxiomL5, f is equivalentto alikelihoodformula f’ thatrefersto formulas
p1,--- s Pypn . Sincef is unsatisfiablesois f'. By Proposition4.1,thetheinequalityformulaf’
correspondindo f’ hasno solution. Thus,by I neq, theformula— f” thatresultsby replacingeach
instanceof z; in f’ by l(p;) is AX“?—provable.All the conjunctsof f” thatareinstance®f axioms
L1-L 4 areAX“P—provable. It follows that—f” is AX“’—provable,andhencesois —f. I

5 Decision procedure

Having settledthe issueof the soundnesandcompletenessf the axiom systemAX“?, we turnto
the problemof the compleity of decidingsatisfiability Recallthe problemof satisfiability: given
alikelihoodformula f, we wantto determindf thereexists anupperprobability structureM such
that M = f. As we now shaw, the satisfiability problemis NP-completeandthusno harderthan
satisfiabilityfor propositionalogic.

For the decisionproblemto make sensewe needto restrictour languageslightly. If we al-
low real numbersas coeficientsin likelihood formulas,we have to carefully discussthe issueof
representatiomf suchnumbers. To avoid thesecomplicationswe restrictour languageto allow

in L4 neednot bedistinct,sotherearepotentiallyinfinitely mary instance®f L 4 to dealwith.



only integercoeficients. Note thatwe canstill expressrationalcoeficientsby the standardrick of
“clearingthe denominator” For example,we canexpresszl(¢) > 1 by 2{(¢) > 3 andl(¢) > 2 by
3l(¢) > 2. Define|| f|| to bethelengthof the longestcoeficient appearingn f, whenwrittenin
binary Thesizeof arationalnumberg, denoted|7 ||, wherea andb arerelatively prime, is defined
to be||al| + |[b]]-

A preliminaryresultrequiredfor the analysisof the decisionprocedureshaws thatif aformula
is satisfiedin someupperprobability structure,it is satisfiedin a structure(2, 32, P, 7), which is
“small” in termsof the numberof statesn (2, the cardinalityof the set? of probabilitymeasures,
andthesizeof thecoeficientsin f.

Theorem 5.1 Suppos¢ is alikelihoodformulathatis satisfiedn someupperprobability structue.
Thenf is satisfiedin a structue (2, 2, P, 7), whee |Q| < |f[?, £ = 2 (every subsesetof  is
measuable),|P| < |f|, u(w) is arationalnumbersud that ||z(w)|| is O(| £ 12| f|| + | f|* log(| £]))
for everyworld w € Q andp € P, andn(w)(p) = falsefor everyworld w € 2 andeveryprimitive
propositionp notappearingin f.

Proof: SeeAppendixF. 1

Theorem 5.2 The problemof decidingwhethera likelihood formula is satisfiablein an upper
probability structue is NP-complete

Proof: For thelowerbound,it is clearthata givenpropositionaformula¢ is satisfiablgff thelik e-
lihoodformulai(¢) > 0 is satisfiablethereforethe satisfiabilityproblemis NP-hard.For theupper
bound,givenalikelihoodformula f, we guessa “small” satisfyingstructureM = (2,3, P, x) for
f of theform guaranteedb exist by Theorenb.1. We verify that M |= f asfollows. Leti(v)) bean
arbitrarylikelihoodtermin f. We compute[«] ;s by checkingthe truth assignmentf eachs € )
andseeingwhetherthis truth assignmenmakes« true. We thenreplaceeachoccurencef (1)) in
f by maxﬂep{zsesw u(s)} andverify thattheresultingexpressioris true. il

6 Conclusion

We have consideredh logic with the samesyntaxasthelogic for reasoningaboutprobability inner
measuresand belief presentedn [7], with uncertaintyinterpretedasthe upperprobability of a
setof probability measures.Under this interpretation,we have provided a soundand complete
axiomatizationfor thelogic. We further shaved thatthe satisfiability problemis NP-completgas
it is for reasoningaboutprobability inner measuresandbeliefs[7]), despitehaving to dealwith
probabilitystructuresvith possibilityinfinitely mary statesandinfinite setsof probabilitymeasures.
Thekey stepin theaxiomatizatiorinvolvesfinding acharacterizatioof upperprobabilitymeasures
thatcanbe capturedn thelogic. The key stepin the complity resultinvolves shawing thatif a
formulawassatisfiableatall, it is satisfiablen a“small” structure wherethe sizeof the statespace
aswell asthe size of the setof probability measuresandthe size of all probabilitiesinvolved, is
polynomialin thelengthof theformula.

Given the similarity in spirit of the resultsfor the variousinterpretationsof the uncertainty
operator(asaprobability innermeasurebelieffunction,andupperprobability),we conjecturehat
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thereis someunderlyingresultfrom which all theseresultsshouldfollow. It would be interesting
to make thatprecise.

Acknowledgments. Thanksto Dexter Kozen,JonKleinbelg, andHubie Chenfor discussions
concerningsetcovers. Vicky Weissmarreada draft of this paperand provided numeroushelpful
comments.

A Proof of Proposition 2.1

Proposition 2.1: Property(6) impliesproperties(1)-(5).

Proof: We introducethefollowing auxiliary propertiego helpderive theimplications:
(7) Pi(A)+P.(B) <P.(AUB)+P*(ANB)
(8) P«(A) + Pu(B) < P.(ANB)+P*(AUB)
(9) P.(AUB)+P.(ANB) <P.(A) +P*(B)

(10) If AN B = (), then

P.(A) +P.(B) <P (AUB) <P.(A)+P*(B) <P (AUB) <P*(A) +P*(B).

Usingthesepropertieswe shawv thefollowing chainof implications:

(10) = (9) = 3)
(6) = (10) (10) = (1) = (4) (4),(5) = (1),(2)
(10) = (8) = (5)

Theimplication(4), (5) = (1), (2) follows easilyby mutualinductiononn. Thebasecases
thefollowing instance®f propertieg4) and(5): P.(AU B) > P.(A) + P.(B) — P*(AN B) and
P*(AUB) <P*(A) +P*(B) — P.(AN B). Thedetailsareleft to thereader

We now prove theremainingimplications.

(9) = (3): Since(9) is alreadyone of the inequalitiesin (3), it remainsto shav thatit
impliesthe otherinequalityin (3), thatis, P.(A) + P*(B) < P*(AU B) + P*(AN B).

P*(AUB)+P*(ANB) = 1-P,(AUB
= 1-7P,
= 2 (P,(4
= 2—(P.(B
> 2—(P.(B) +P*(A))
= 1—=P.(B)+1-P*(A)
= P*(B) + P.(A).

11



(7) = (4): Since(7) is alreadyone of the inequalitiesin (4), it remainsto shav thatit
impliesthe otherinequalityin (4), thatis, P.(A U B) + P*(AN B) < P*(A) + P*(B).

P*(A) + P*(B)

~P.(A) +1—P.(B)

— (P«(A) + P(B))

— (P B)+P*(ANB))
)+1—73*(AﬂB)
)+ 1—-P*(AUB)
(AUB).

() +
(AU

v

P.(A
1— P*(A

UB
N B
P (ANB)+P

(8) = (5): Since(8) is alreadyone of the inequalitiesin (5), it remainsto shav thatit
impliestheotherinequalityin (5), thatis, P.(A N B) + P*(AU B) < P*(A) + P*(B).

P*(A) +P*(B)

For the next implications,given A, B,

(10) = (9):
P.(AUB) =
< P
<
= P,
(10) = (7):

P.(AUB) =
>
>

(10) = (8):

P (AUB) =
>
>

(

Pu(A
P((A-2)UZ)

(A

—P.(A)+1—P.(B)

— (P.(A) + P.(B))
2—(73*(2 B) +P*(AUB))
P +1—73*(AUB)
Pi( —P*(ANB)
(AﬂB).

v

ANB)
AUB) +
P*(A B)+P

letZ = AN B:

P.((A—Z)UB)

—Z)+P*(B) [since(A—2Z)NnB=1{]
P.(Z)+ P*(B)

)+ P*(B) — P.(AN B).

P*((A Z)UB)
P.(A—Z)+Pu(B)

P*((A ZYU Z) —P*(Z) + P«(B)
P.(A) +P.(B) —P*(ANB).
P*((A— Z)U B)

P*(A—Z) + P.(B)
P((A—2Z)UZ)— Pu(Z) + Pu(B)
P.(A) + P.(B) — P.(AN B).



(6) = (10): Again, since(6) alreadycomprisegwo of theinequalitiesin (10), it remains
to shawv thatit impliesthe othertwo, thatis, if AN B = (), then
P.(A) + P.(B) < P.(AUB) < P*(A) + P«(B).
First,we shaw thatP,(A) + P.(B) < P.(A U B). Using(6), we know that
P*(ANB) +P.(A) <P (AN B)U A) = P*(B).
In otherwords,P*(A N B) < P*(B) + P.(A). Fromthis, we derie:
P.(AUB) = 1-P*(AUB)

= 1-P*(ANB)
L (P'(B) - P.(4))

= 1-P(B)+P.(A

= P.(B) +P.(A).
Secondwe shaw thatP, (A U B) < P*(A) + P.(B). Using(6), we know that

P*(ANB) +P*(4) > P*((ANB)U A) = P*(B).
(The lastequalityfollows from thefactthat (A N B) U A = B whenA N B = {.) In other
words,P*(A N B) > P*(B) — P*(A). Fromthis, we derve:
P.(AUB) = 1-P*(AUB)

= 1-P*(ANnB)
L= (P*(B) = P*(4))
1 —P*(B)+P*(A)
P.(B)+P*(A). 1

v

~—

I IA

I

B Proof of Proposition 2.2

Proposition 2.2: For0 < € < % the function v, satisfiesproperty (6), but is not an upper
probability measue. Thatis, we cannotfind a setP’ of probability measuessud thatv. = (P’)*.
Proof: We aregiven( < e < % It is easyto checkmechanicallythatv, satisfieq6).

We now shaw thatthereis noset?’ suchthatv. = (P’)*. By way of contradictionassumehere
is sucha?’. By the propertiesof sup,this meanshatthereis a . € P’ suchthatp({a,b,c}) > 2,
sincev,({a,b,c}) = 2+¢ > 2. Considethis x in detail. Sinceu € P, wemusthaveforall X € %,
X # {a,b, c}, thatu(X) < (P)*(X) = P*(X). Inparticulay u({a, b}), u({b, c}), u({a,c}) < 3.
Therefore,

DN W

p({a,0}) + p({b, c}) + p({a,c}) < 3. (2)

However, from standardropertiesof probability it follows that

p(fa b)) + (. c}) + {a,c}) = 2ulfa.b.ch) > 2§ = 5.

which contradictg2). Therefore u, andthereforeP’ cannotexist, andv, is notanupperprobability
measurel
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C Proof of Theorem 2.3

To male this paperself-containedin this appendixwe give a proof of Theorem?2.3,the characteri-
zationof upperprobability measuregslueto AngerandLembcle from [1].

Theorem 2.3: Let() beaset,X analgebra of subset®f (2, andv a functionv : ¥ — [0, 1]. Thee
existsa setP of probability measueswith v = P* if andonly if v satisfiesthe following three
properties:

UPL v(0) =0,
UP2 v(Q2) =1,

UP3 for all integers m, n, k andall subsetsAy,... , A, in 3,if {A,...,A4,,}}isan
(n, k)-coverof (A, Q), thenk + nv(A) < 370, v(A;).

Proof: The“if " directionof the characterizationis straightforvard. Given? = {u, };c; a setof
probability measuresye shawv P* satisfiedJP1-UP3.

UPL: P*(0) = sup{pi(0)} = sup{0} =0

UP2: P*(Q) = sup{pi(©2)} =sup{l} =1

UP3: Given A4,... ,A,, and A suchthat A C U‘,g{lwm}ylj‘zﬁn ﬂjeJ A;; and
Q C UJQ{L...,m}M:k ﬂjEJAij, thenfor ary i we have ku;(2) + nu;(A) <
>oieq i(Aj), thatis k 4+ nui(A) < 3500 pi(Aj) < sup {370, pi(A4))} <
Sy sup{pi(Ay)} = 351, P*(Ay). Butsup{k+nui(A)} = k+nsup;{p;(A)} =
k +nP*(A), sok +nP*(A) < >, P*(A;), asrequired.

As for the“only if” direction,we first prove a generalemmarelatingthe problemto the Hahn-
BanachTheorem.Somegeneraldefinitionsareneeded Supposdhatwe aregivena spacell and
analgebraF of subsetof . Let K bethe vectorspacegeneratedy the indicatorfunctions1 x
definedby

[0 ifzgX
1X(m)_{1 if 2 € X,

for X € F. A sublinearfunctionalon K is a mappingc : £ — R suchthate(ah) = ac(h) for
a > 0andc(hy + ha) < c(h1) + c(he) for all hy, he. A sublinearfunctionalis increasingif 2 > 0
impliesc(h + R') > ¢(h') for all b’ € K. Thefollowing resultis aformulationof the well-known
Hahn-Banaci heorem(see for example,[3]).

Theorem (Hahn-Banach): LetK bea vectorspaceoverR, andlet g bea sublinearfunctionalon
K. If Misalinearsubspacén K and : M — R isalinear functionalsud that A\(z) < g(x) for
all z in M, thenthereis alinear functional\’ : £ — R sud that |y = A and X (z) < g(z) for
all z in K.

LemmaC.l Letg : F — [0,1] besud that g(1W) = 1 and supposedhat ther is an increasing
sublinearfunctionalg on K sud that

1. §(1x) =g(K) for K € F;
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2. g(h) <0ifR <0,
3. g(—1) < —1 (whee g(«) is identifiedwith g(aly)).
Theng is an upperprobability measue.

Proof: We shaw thatg is an upperprobability by exhibiting aset{ux : X € X} of probability
measuresyith thepropertythatu x (X) = g(X) andux (Y) < ¢g(X) forY # X. Eachprobability
measure. x is constructedhroughanapplicationof the Hahn-Banaciheorem.

Given X € F, definethelinearfunctional A on the subspacgeneratedy 1x by A(alyx) =
ag(lx). Weclaimthat\(h) < g(h) for all h in the subspaceSincethe elementof the subspace
have theform a1 x, therearetwo casedo consider:a > 0 anda < 0. If « > 0, thenA(alx) =
ag(lx) = g(alx), sinceg is sublinearMoreover, 0 = §(0) = g(—1x +1x) < g(—1x)+g(1x),
s0g(—1x) > —g(1x). Thus,if o > 0, then

AM—alx)=—ag(lx) < ag(—1x) = g(—alx).

Now, by the Hahn-Banaciheoremwe canextend\ to alinearfunctional \’ onall of K such
that \'(h) < g(h) for all h. We claimthat(a) \'(1y) > Oforall Y € K and(b) \'(1) = 1.
For (a), notethat \'(—1y) < g(—1y) < 0 by assumptionso \'(1y) > 0. For (b), notethat
N(1) < g(1) = g(W) = 1 andthat X' (1) = =N (-1) > —g(—1) > 1 (sinceg(—1) < —1, by
assumption).

Define ux(Y) = XN(ly). SinceXN(lw) = 1, ux(W) = 1. If Y andY” aredisjoint, it
is immediatefrom the linearity of A that ux (Y UY’) = ux(Y) + pux(Y’). By construction,
pux(Y) < g(ly)=g(Y)forary Y # X,andux(X) = M1x) = ( x) = g(X). Bottomline:
thereis aprobabilitymeasure. x dominatedy g suchthatux (X) = ¢g(X).

TakeP = {ux : X € X}. Sincefor ary X wehavethatux(X) = ¢g(X) andux(Y) < g(X)
(if Y # X),wehave P*(X) = ux(X) = g(X). Thereforeg = P*. 1

Themainresultfollows by shaving how to constructfrom afunctionwv satisfyingtheproperties
of Theorem?2.3,a sublinearfunctionalc on X with therequiredproperties.

Supposethatg : ¥ — [0, 1] is a function satisfying UP1-UP3. Sinceg satisfiesUP3, if
{Ki,... ,Ky}}isan(n, k)-coverof (K,Q2), wehave k + ng(K) < >, K;. Thisis equivalent
to sayingthatk + nlx < >, 1k,. Hencefor all Ki,... , K, suchthatk + nlx <> 7", 1k,
wehave k + ng(K) < > ", g(K;), or equivalently

k m
o) 2 gl €

This obsenation motivatesthe following definitionof thefunctionalg : £ — R U {—o00, o0}:
g(h) = inf —E—I—li (K;) :m,n,k €N, m,n >0, K K Ef—ﬁ—Flzm:l >h
g - n n'ig i) - oy T, s 1Ty y BAly--- s Am ' ni:1 K; = .

Ourgoalnow is to shaw that g satisfieghe conditionsof LemmacC.1.

e Itisalmostimmediatérom thedefinitionsthatg isincreasingif » > 0and—£+1 5™ 1, >
h+h then—E 4 L5~ 4. >0
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e Toseethatg is sublinearnotethatit is easyto seeusingthepropertief inf thatg(hi +hs) <
g(h1) + g(hs2). Toshaw thatg(ah) = ag(h) for a > 0, first obsere thatthe definitionof g
is equialentto

inf{—mZﬁig(Ki) :meN,B.6 R K1,... Ky €F — B+ Bilg, > h}.
=1 =1
Consideffirstthecasex > 0. Then

glah) = inf{ﬁ+2ﬁi9(Ki) : *ﬁ*’ZﬁilKi zah}
i=1

=1

— inf {—BJF Z/Big(Ki) D= g + éZﬁilKi > h}
i=1 i=1

= ainf{—%a;@g(&): —§+5;@1Ki2h}
= ag(h).

For o = 0, it is clearfrom the definition of g thatg(1y) < ¢(0). From (3) it follows that
9(19) = g(0), andhenceg(0) = g(1p) = g(0) = 0.

o It isimmediatefrom thedefinitionof g thatg(1x) < ¢g(K) for K € F; thefactthatg(1x) =
g(K) now follows from (3).

e |t isimmediatefrom the definitionthatg(—1) < —1.

e If b < 0,then—h > 0; sinceg is increasing,g(h) < g(—h + h) = §(0), andsinceg is
sublinearg(0) = 0.

Sincethe conditionsof LemmacC.1 aresatisfied g is anupperprobability measurell

D Proof of Theorem 2.4

Theorem 2.4: Ther existsconstantsB, By, ... sud thatif 3 is an algebra of subset®f 2 and
visafunctionv : ¥ — |0, 1], thenthere existsa setP of probability measuessud thatv = P* if
andonlyif v satisfieghe following properties:

UPF1 v(0) =0,

UPF2 v(Q) =1,

UPF3 for all integers m, n, k < Bjg andall setsAy, ... , Ay, if {{A1,..., Ay lhisan
(n, k)-coverof (A, Q), thenk + nv(A) < 3770, v(A4;).

Proof: In view of Theorenm2.3,we needonly shav thatthereexist constantBy, By, ... suchthata

functionwv satisfiedJP3 iff it satisfiedJPF3. Clearly UP3 alwaysimpliesUPF3, soit is sufficient
to shaw thatthereexists By, B, ... suchthatUPF3 impliesUP3.
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We needsometerminologybeforeproceeding An exact(n, k)-cover of (A, () is acover C of
A with the propertythatevery elemenif A appearsn exactlyn + k setsin C, andevery elemenif
()— A appearsn exactly k setsin C. Thus,whilean(n, k)-coverof (A, 1) canhave mary extrasets,
aslongasthesetscover A atleastn + k timesand(2 k£ times,anexactcover hasonly thenecessary
setswith theright total numberof elementsAn exact(n, k)-cover C of (4, ) is decomposablé
thereexists anexact (n1, k1 )-cover C; andanexact (ne, ko)-cover Cs of (A, ) suchthatCy and
Cy form anontriial partitionof C, with n = ny + no andk = k1 + ko. Intuitively, anexactcover
C is decomposablé it canbe split into two exact covers. It follows easily by inductionthat for
ary exact(n, k)-cover, thereexists a (not necessarilyunique)finite setof nondecomposablexact
coversChy, ... ,Cy,, with C; anexact (n;, k;)-cover, suchthatthe C;’s a nontriial partition of C'
with n = Y7, n; andk = 7",. (If C is itself nondecomposablaye cantake m = 1 and
Cy = C.) Onecaneasilyverify thatif C'is anexact(n, k)-coverof (A4,Q) andC’ C C is anexact
(n’, k')-coverof (A4, Q) with n’ + k' < n + k, thenC' is decomposable.

Thefollowing lemmahighlightsthe mostimportantpropertyof exactcoversfrom our perspec-
tive. It saysthatfor ary setA € X, therecannotbe a “large” nondecomposablexact cover of
(A, Q).

LemmaD.1: Thee existsa sequence3], BS, By, ... sud thatfor all A C Q, everyexact (n, k)-
coverof (4, Q) withn > B\/QI ork > B|’QI is decomposable

Proof: Given A C (, we first shav that thereexists N4 suchthatif n > N4 or & > Ny,
every exact (n, k)-cover of (A, () is decomposable Supposeor the sale of contradictionthat
this is notthe case.This meanghatwe canfind aninfinite sequencé&’;, Cs, ... suchthatC; is a
nondecomposablexact (n;, k;)-cover of (A, €)), with eithern; < ns < ... ork; < ks <....

To derive a contradictionwe usethefollowing lemma(known asDicksons Lemma[5]).

Lemma D.2 Everyinfinite sequence®f d-dimensionalvectos over the natural num-
bers containsa monotonicallynondeceasingsubsequenci the pointwiseordering
(where z < y in the pointwiseorderingiff x; < y; for all 7).

Proof: It is straightforvard to prove by inductionon k thatif £ < d, thenevery in-
finite sequenceof vectorsz!, z2,... containsa subsequence’, z™2,... suchthat
', 2%, .. is anondecreasingequencef naturalnumbersfor all j < k. Thebase
caseis immediatefrom the obsenration that every infinite sequencef naturalnum-
bers containsa nondecreasingubsequenceFor the inductive step, obsere that if
', 2%, ... is a subsequenceuchthat z’*, 2’2, ... is a nondecreasingequencef
naturalnumbersfor all 7 < &, thenthesequencecﬁgﬂ,x}fﬂ,... of naturalnumbers
musthave anondecreasingubsequencd.his determines subsequencef theoriginal

sequencavith theappropriatgropertyforall j < k + 1. 11

Let Si,..., 50 beanarbitraryorderingof the 219 subsetf 2. We canassociatdo ary
cover C' a 2/%-dimensionalector2C = (z{.... 25 ), wherez{ is the numberof timesthe
subsetS; of 2 appearsn themultisetC'. Thekey propertyof this associatioris thatif C’ andC are
multisetsthenC’ C C iff z¢" < z€ in the pointwiseordering.

Considerthe sequencef vectorsz®1, z¢2, ... associatedwith the sequence’;, Cs, ... of
nondecomposablexact coversof (A4, ). By LemmaD.2, thereis a nondecreasingubsequence
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of vectors,z%1 < z%: < .... Butthis meansthatC;, € C;, C ---. Sincen; < ng < ...
or ki1 < ko < ..., every cover in the chain mustbe distinct. But ary pair of exact coversin
the chainis suchthatC; C C;41, meaningC;; is decomposablezontradictingour assumption.
Therefore theremustexist an N4 suchthatary exact(n, k)-cover of A withn > Ny ork > Ny
is decomposable.

Now defineB), = max{N4 : A C {1,... ,N}}. Itis easyto seethatthis choiceworks.ll

Let By = 2NBY,, whereB/, is asin LemmaD.1. We now shav that UPF3 implies UP3
with this choiceof By. Assumethat UPF3 holds. Fix €. SupposahatC = {{A1,... ,A,}} is
an (n, k)-cover of (A, Q) with |C] = m. We wantto shav thatk + nv(A4) < Y77 v(A4;). We
proceedasfollows.

Thefirst stepis to shav that, without lossof generality C' is an exact (n, k)-cover of (A4, ().
Let B; consistof thosestatess € A; suchthateithers € A ands appearsn morethann + k setsin
Aj,... A ors e Q— Aandsappearsn morethank setsin A;,... ,A; ;. Let A, = A, — B;.
LetC" = {{A],..., Al }}. Itiseasyto checkthatC’ is anexact (n, k)-cover of (A4, Q). For if
s € A, thens appearsn exactly n + k setsin C’ (it appearsn A’ iff A; is amongthefirstn + k
setsin C' in which s appearedand,similarly, if s € Q — A, thens appearsn exactly £ setsin C’.
Clearlyif UP3 holdsfor C”, thenit holdsfor C, sincev(4}) < v(4;) fori = 1,... ,m. Thus,we
canassumavithout lossof generalitythatC' is anexact(n, k)-cover of A.

We canalsoassumewithout loss of generalitythat no setin C' is empty (otherwise,we can
simply remove the empty setsin C'; the resultingsetis still an (n, k)-cover of (A,Q)). There
arenow two casego consider If max(m,n,k) < Bq, the desiredresultfollows from UPF3.
If not, considera decompositiorof C' into multisetsCy, ... , C,, where(C}, is an exact (ny,, kp,)-
cover of (A,€2) andis not further decomposable We claim that max(|Cy |, ny, kn) < B for
h =1,...,p. If np > Bjg ork, > Bjq, thenit is immediatefrom LemmaD.1 that C), can
be further decomposed;ontradictingthe fact that C, is not decomposableAnd if |C},| > Biq,
thenobserethat) .- |X| > [Cp|. Since|Cp| > B = 2|Q|B|’Q|, theremustbe somes €
whichappearsn atleast2B|’m setsin C},. SinceC}, is anexact(ny,, ky,)-cover, it follows thateither
ny > B|’QI ork, > B|,. Butthen,by LemmaD.1, C}, is decomposableagaina contradiction.

Now we canapply UPF3 to eachof C1, ... , C} to get

> u(X) = npv(A) = k.
Xely

Sincethe C},’s form adecompositiorof C', we have

h=1 \ XeCy h=1
p p
= D> DD uX) | =D (4 =Dk
h=1 \ X€Cp h=1 h=1
m 14 p
= Y o(A) = O nmn)v(Ad) =D Tk
=1 h=1 h=1
By decompositionp, = Y7 _, np andk = -7 _, kj, andtherefored " v(A;) — nv(A) > k,

shaving thatUP3 holds,asdesired il

18



E Proof of Proposition 4.1

Proposition 4.1: Theformula f is satisfiablein an upperprobability structue iff the inequality
formula f hasa solution.Moreover, if f hasa solution,thenf is satisfiablein an upperprobability
structue with at most2!/l worlds.

Proof: Assumefirst that f is satisfiable. Thusthereis someupperprobability structureM =

(2,3, P, m) suchthat M = f. Definethevectorz™ by letting z; = P*([p:]a), for 1 <i < 22"

SinceM [ f, it isimmediatethatz* is a solutionto the inequalityformula f. Moreover, since

N

p1 = falseandp?” = true, it follows thatz? = 0 (since P*([fals€y;) = P*(0) = 0) and
_x;N = }(sinceP*([[true]]M) :.P*(SZ) = 1). Finally, considera conjunctof f corre_spond—
ing to aninstanceof L4, supposet hasthe form z;, + ---x;  — nx;, ., > k. Sincethis con-

junctappearsn f, it mustbethecasethat (pi,,., = V1, iy, 1=kt Nscii,... m}, jes Pis)

(V1= \jes pi;) 1s a propositionaltautology Thus, it follows that [p;,[as, - .. , [pi,.]as is an

(n, kS—coverfor ([piyusr]ar, [true]ar). It follows from UP3that

P (lpilae) + -+ P (pilar) — nP*([plar) > k

Thus,z* is asolutionto theinequalityformulascorrespondingo L 4. Hence z* is asolutionto f.
For the converse,assumehatz* is asolutionto f We constructanupperprobability structure
= (S,E,P,n) suchthat M |= f asfollows. Let pi,...,pnx bethe primitive propositions

appearingn f. LetS = {d1,...,d,n} bethe atomsover py,... ,py. Let E bethe setof all

subsetof S. As obsened earlier every propositionalformula over py, ... , p, IS equivalentto a
uniquedisjunctionof atoms.Thus,we cangeta canonicalkcollectionp, . .. , p,,~ of inequialent
formulasover p4, ... , p, by identifying eachformula p; with a differentelementof F, wherep,;

correspondso the emptysetand p,,~ correspondso all of S. Definea setfunctionv by taking
v({diy,. .- ,04,}) = xj if p; is thedisjunctionof the atomsé;,, ... ,d;,. Letw(d)(p) = trueiff
0= p.

It is now sufficient to shawv thatv is anupperprobability (of a setP of probability measures),
sincethenit is clearthat (S, E, P, 7) |= f (sincez* is a solutionto f, the systemof inequalities
dervedfrom formula f). To dothis, by Theorem?2.4, it sufiicesto verify UPF1, UPF2, andUPF3,
using By~ in UPF3, since|S| = 27V,

UPF1: v(0) =27 = 0.

UPF2: v(S) = zin =1
UPF3: Supposehat A and A4,... , A, arein E andsatisfythe premisesof property
UPF3, with k,m,n < Byn. Letp;,,... . pi,.,pin,, D€thecanonicalformulas

correspondingo Ay, ... , A, A, respectiely. Clearly A C U cq1 . my, (gj=kn [ Vjes Ai;
i Pir = Vcqi,. m}, |Jl=k4n N\jes Pi; 1S a propositionatautologyand() C
Uscq,my, 1= kﬂ]eJA iV jca,....m1, 1=k N\je Pi; 1S @Ppropositionatau-
tology. Thus Z e x7 —;,,,., > kisoneof theinequalityformulasin f. Thus,
it follows that ZJ 1 Zj;, — 2., = k, asdesired. By our definition of v, we

thereforehave k + nU( ) <> v(A;), andsoUPF3 holds. I

19



F Proof of Theorem 5.1

Theorem 5.1: Supposef is a likelihoodformulathatis satisfiedin someupperprobability struc-
ture. Theny is satisfiedin a structue (2, X, P, 7) whee |Q| < | f|?, & = 2 (sothateverysubset
setof €2 is measuable), |P| < |f|, for everyw € Q andp € P, u(w) is arational numbersud

that||u(w)| is O(f /1] + |/ Tog (| /1))-

Proof: Thefirst stepin the proofinvolvesshaving thatif P is asetof probabilitymeasureslefined
on an algebraX of a finite spacef), we canassumewithout loss of generalitythat for eachset
X € 3, thereis aprobabilitymeasurg:x € P suchthatux(X) = P*(X) (ratherthan?*(X) just
beingthe supof u(X) for u € P).

LemmaF.1: LetP bea setof probability measues definedon an algebra > over a finite set().
Thenthere existsa setP’ of probability measuessud that, for eah X € X, P*(X) = (P')*(X);
moreover, there is a probability measue px € P’ sud that ux (X) = P*(X). In addition,for any
interpretation, if M = (Q,%,P,7) and M = (Q,%,P’, ), thenfor all likelihoodformulasf,
ME fifft M E f.

Proof: SinceX. is finite, to shav that P’ exists, it clearly sufiicesto shav that, for eachX € ¥,
thereis a probability measureux suchthat ux(X) = P*(X) and,if P = P U {ux}, then
PHY) = (P)*(Y)forallY € X.

Given X, if thereexists u € P suchthatu(X) = P*(X), thenwe aredone. Otherwise we
constructa sequence:, uo, . . . of probabilitymeasuresn P suchthatlim; u;(X) = P*(X) and,
for all Y € ¥, thesequence:;(Y) corvergesto somelimit. Let X,..., X,, beanenumeration
of the setsin 3, with X; = X. Weinductively constructa sequencef measure$i,,1, fim2, - - - in
P for m < n suchthat y,,,;(X;) corvergesto alimit for i < k andlim; o i (X) = P*(X).
For m = 1, we know theremustbe a sequence;1, i12,... of measuresn P suchthat pq;(X)
convergesto P*(X). For theinductive step,if m < n, supposewve have constructedan appro-
priate sequenceu,,1, tma, - - . . Considerthe sequencef real numbersy,,,;(X,,+1). Using the
Bolzano-Veierstrassheorem[13] (which saysthat every sequencef real numbershasa corver
gentsubsequencehis sequencéasa corvergentsubsequencel.et i, 1)1, K(m+1)2; - - - bethe
subsequenoaf 1,1, tme, - - - Whichgeneratethis convergentsubsequencd hissequencef prob-
ability measureslearly hasall therequiredproperties.This completegheinductive step.

Define ux (Y) = lim;— uni(Y). It is easyto checkthatthat ux is indeeda probability
measurethat ux (X) = P*(X), andif P’ = P U {ux}, thatP*(Y) = (P")*(Y) forallY € X.
This shavs thatanappropriatesetP’ exists.

Now, given, let M = (Q, %, P, w) andM' = (Q,%, P, 7). A straightforvard inductionon
thestructureof f shavsthatM = fiff M’ = f. Forthebasecase:

(5, P,m) = al(¢r) +--- + anl(én) > a
& arP ([p1]m) + -+ + anP*([Pn]ar) > a
& ar(P) ([¢lar) + - + an(P) ([nlar) > a
& (L, P 71) Eal(d) + -+ anl(dn) > a.

Theotherscasesaretrivial. i
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Justasin [7], to prove Theorenb.1,we make useof thefollowing lemmawhich canbederved
from Cramers rule [15] and simple estimateson the size of the determinant(seealso[2] for a
simplervariant):

LemmaF.2 If a systenof r linear equalitiesand/orinequalitieswith integer coeficientseadt of
lengthat most! hasa nonngativesolution,thenit hasa nonngativesolutionwith at mostr entries
positive andwhete the sizeof eath membeof the solutionis O(rl + rlog(r)).

Continuingwith the proof of Theoremb.1, supposeéhat f is satisfiablen anupperprobability
structure By Propositiord.1,the systemf of equalityformulashasasolution,so f is satisfiedn a
upperprobability structurewith afinite statespace Thus,by LemmaF.1, f is satisfiedn astructure
(Q, %, P, ) suchthatfor all X € ¥, thereexistsux € P suchthatux(X) = P*(X).

As in the completenesgroof, we canwrite f in disjunctive normalform. Eachdisjunctg is
a conjunctionof at most|f| — 1 basiclikelihood formulasandtheir negations. Since M = f,
theremustbe somedisjunctg suchthat M = g. Supposethat g is the conjunctionof r basic
likelihood formulasand s negationsof basiclikelihood formulas. Let py,... ,py be the primi-
tive formulasappearingn f. Letdy,... ,don betheatomsover py,... ,py. As in the proof of
completenessye derive a systemof equalitiesandinequalitiesfrom g¢. It is a slightly morecom-
plicatedsystem however. Recallthateachpropositionalfformulaover pq,... ,py is adisjunction
of atoms.Let ¢1, ... , ¢ bethepropositionaformulasthatappeain g. Noticethatk < | f| (since
thereare somesymbolsin f, suchasthe coeficients, thatarenot in the propositionalformulas).
The systemof equationsandinequalitieswe constructinvolve variablesz;;, wherei = 1,... ,k
andj = 1,...,2". Intuitively, z;; representsiy,,j,, ([6/]17), wherepp,,,, € P is suchthat
Pia ([9i]ar) = P*([#i] ar)- Thus,thesystemincludesk < |f| equationsf thefollowing form,

$i1+"'+xi2N:1,

fori = 1,... k. Since gy, ([9:]ar) > u(lgilar) for all p € P, if E; is the subsetof
{1,...,2"} suchthate; = Vier, i thesystemincludesk? — k inequalitiesof theform

E Tij > E Titj,
JEE; JEE;

for eachpairi, i’ suchthat: # i’. For eachconjunctin g of theform 6,1(¢1) + - - - + 60,,1(¢x) > a,
thereis a correspondingnequalitywhere,roughly speakingwe replacel(¢;) by u[[@]]ﬂl([[qb]]]\,l)ﬁ
Sincepyg,1,, correspondso ZjeEi x;;, theappropriatanequalityis

k
Z@Z lej > Q.

i=1 jEE;
Negationsof suchformulascorrespondo a negatedinequalityformula;asbefore thisis equivalent
to aformulaof theform

k

—(Z 0; Z l‘ij) > —a.

i=1 jEE;

SFor simplicity here,we areimplicitly assuminghateachof the formulasg; appearsn eachconjunctof g. Thisis
withoutlossof generality sinceif ¢; doesnotappearwe canputit in, takingf; = 0.
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Noticethatthereareat most| f| inequalitiescorrespondindo the conjunctsof g. Thus,altogether
thereareatmostk(k — 1) + 2| f| < |f|* equationsandinequalitiesin the system(sincek < |f|).
We know that the systemhasa nonngative solution (taking x; to be H[[@]]M([[(Sj]]]\l))- Thus, by
LemmaF.2, the systemhasa solutionz® = (27,... ,Zons -+ ;515 » Thon) With T < |f|?
entriespositive, andwith eachentryof sizeO(| f || f|| + | fI? log(| f])).

We usethis solutionto construcesmallstructuresatisfyingf. Let = {i : x;; is positive, for somej };
supposehat I = {iy,... iy}, for somet’ < t. Let M = (S, E,P,7) whereS hast’ states,
say si1,... ,sy, and E consistsof all subsetsof S. Let 7(s;,) be the truth assignmentorre-
spondingto the formula ¢;, (andwheren(sy,)(p) = false if p doesnot appearin f). Define
P ={p; : 1 <i<k}, whereu;(s,) = zj, ;. Itis clearfrom theconstructiorthatM |= f. Since
Pl =k <|f|,|S| =t <t<|f*andp;(sp) = z;, ;, where,by constructionthe sizeof z7, ; is

O(If12IIf1l + | fI?1og(|f])), thetheorenfollows. i
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