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Abstract

The relationship between Popper spaces (conditional probability spaces that satisty some
regularity conditions), lexicographic probability systems (LPS’s) [Blume, Brandenburger,
and Dekel 1991a; Blume, Brandenburger, and Dekel 1991b], and nonstandard probabil-
ity spaces (NPS’s) is considered. If countable additivity is assumed, Popper spaces and a
subclass of LPS’s are equivalent; without the assumption of countable additivity, the equiv-
alence no longer holds. If the state space is finite, LPS’s are equivalent to NPS’s. However,
if the state space is infinite, NPS’s are shown to be more general than LPS’s.

1 Introduction

Probability is certainly the most commonly-used approach for representing uncertainty and
conditioning the standard way of updating probabilities in the light of new information. Unfor-
tunately, there is a well-known problem with conditioning: Conditioning on events of measure
0 is not defined. That makes it unclear how to proceed if an agent learns something to which
she initially assigned probability 0. Although conditioning on events of measure 0 may seem
to be of little practical interest, it turns out to play a critical role in game theory (see, for
example, [Blume, Brandenburger, and Dekel 1991a; Blume, Brandenburger, and Dekel 1991b;
Hammond 1994; Kreps and Wilson 1982; Myerson 1986; Selten 1965]), the analysis of condi-
tional statements (see [Adams 1966; McGee 1994]), and in dealing with nonmonotonicity (see,
for example, [Lehmann and Magidor 1992]).

There have been various attempts to deal with the problem of conditioning on events of
measure 0. Perhaps the best known, which goes back to Popper [1968] and de Finetti [1936], is
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to take as primitive not probability, but conditional probability. If i is a conditional probability
measure, then p(V |U) may still be undefined for some pairs V' and U, but it is also possible
that u(V|U) is defined even if pu(U) = 0. Another approach, which goes back to at least
Robinson [1973] and has been explored in the economics literature [Hammond 1994], the Al
literature [Lehmann and Magidor 1992; Wilson 1995], and the philosophy literature (see [McGee
1994] and the references therein) is to consider nonstandard probability spaces (NPS’s), where
there are infinitesimals that can be used to model events that, intuitively, have infinitesimally
small probability yet may still be learned or observed.

There is another approach to this problem, which uses sequences of probability measures to
represent uncertainty. The most recent exemplar of this approach, which I focus on here, are the
lexicographic probability systems of Blume, Brandenburger, and Dekel [1991a, 1991b] (BBD from
now on). However, the idea of using a system of measures to represent uncertainty actually was
explored as far back as the 1950s by Rényi [1956] (see Section 3.3). A lexicographic probability
system is a sequence (Lo, i1, - -.) of probability measures. Intuitively, the first measure in the
sequence, o, is the most important one, followed by p1, pe, and so on. Roughly speaking,
the probability assigned to an event U by a sequence such as (ug, 1) can be taken to be
wo(U) + ep1 (U), where € is an infinitesimal. Thus, even if the probability of U according to uo
is 0, U still has a positive (although infinitesimal) probability if u; (U) > 0.

How are all these approaches related? This question, which is the focus of the paper,
has been considered before. For example, Hammond [1994] shows that conditional probability
spaces are equivalent to a subclass of LPS’s called lexicographic conditional probability spaces
if the state space is finite and it is possible to condition on any nonempty set. As shown
by Spohn [1986], Hammond’s result can be extended to arbitrary countably additive Popper
spaces, where a Popper space is a conditional probability space that satisfies certain regularity
conditions. The extension is nontrivial and, indeed, does not work without the assumption
of countable additivity. Rényi [1956] and van Fraassen [1976] provide other representations
of conditional probability spaces as sequences of measures, although not LPS’s. Their results
apply even if the underlying state space is infinite, but countable additivity does not play a role
in their representations. (See Section 3 for further discussion of this issue.)

I show that if the state space is finite, then LPS’s are equivalent to NPS’s, using a strong
notion of equivalence. This equivalence breaks down if the state space is infinite; in this case,
NPS’s are strictly more general than LPS’s (whether or not countable additivity is assumed).

Finally, I consider the relationship between Popper spaces and NPS’s, and show that NPS’s
are more general. (The theorem I prove is a generalization of one proved by McGee [1994], but
my interpretation of it is quite different; see Section 5.)

The remainder of the paper is organized as follows. In the next section, I review all the
relevant definitions for the three representations of uncertainty considered here. Section 3 con-
siders the relationship between Popper spaces and LPS’s. Section 4 considers the relationship
between LPS’s and NPS’s. Finally, Section 5 considers the relationship between Popper spaces
and NPS’s. In Section 6 I consider what these results have to say about independence. 1
conclude with some discussion in Section 7.



2 Conditional, lexicographic, and nonstandard probability spaces

In this section I briefly review the three approaches to representing likelihood discussed in the
introduction.

2.1 Popper spaces

A conditional probability measure takes pairs U,V of subsets as arguments; u(V,U) is generally
written p(V | U) to stress the conditioning aspects. The first argument comes from some algebra
F of subsets of a space W; if W is infinite, F is often taken to be a c-algebra. (Recall
that an algebra of subsets of W is a set of subsets containing W and closed under union and
complementation. A o-algebra is an algebra that is closed under union countable.) The question
is what constraints, if any, should be placed on the second argument. I start with three minimal
requirements, and later add a fourth.

Definition 2.1: A Popper algebra over W is a set F x F' of subsets of W x W such that (a)
F is an algebra over W, (b) F' is a nonempty subset of F (not necessarily an algebra over W),
and (c) F' is closed under supersets in F, in that it V€ 7/, V C V' and V' € F, then V' € F'.
(Popper algebras are named after Karl Popper.) I

Definition 2.2: A conditional probability space (cps) over (W, F) is a tuple (W, F, F', u) such
that F x F' is a Popper algebra over W and p : F x F' — [0, 1] satisfies the following conditions:

CPL. u(U|U)=1ifU € F'.
CP2. u(V1UV2|U):u(V1|U)+,u(V2|U) if‘/lmVQZQ,UEJ:/, and Vq,Vh € F.
CP3. u(V|U) = u(V|X) x p(X|U)ifVC X CU,UXeF,VeF,

A Popper space over (W, F) is a conditional probability space (W, F,F’, u) that satisfies an
additional condition: if U € F" and u(V|U) # 0 then VN U € F'. If F is a o-algebra and
w is countably additive (that is, if p(UV; |U) = >7¢, u(V; | U) if the V;’s are pairwise disjoint
elements of F and U € F’), then the Popper space is said to be countably additive. Let
Pop(W, F) denote the set of Popper spaces over (W, F); if F is a o-algebra, let Pop®(W,F)
denote the set of countably additive Popper spaces over (W, F). The probability measure y in
a Popper space is called a Popper measure. 1

The additional regularity condition on F’ required in a Popper space corresponds to the obser-
vation that for an unconditional probability measure p, if u(V |U) # 0 then u(V N U) # 0, so
conditioning on V N U should be defined.

Popper [1968] was the first to consider formally conditional probability as the basic notion,
although his definition of conditional probability space is not quite the same as that used
here. CP1-3 are essentially due to Rényi [1955]. De Finetti [1936] also did some early work,
apparently independently, taking conditional probabilities as primitive. Indeed, as Rényi [1964]
points out, the idea of taking conditional probability as primitive seems to go back as far as
Keynes [1921]. Van Fraassen [1976] defined what I have called Popper measures; he called



them Popper functions, reserving the name Popper measure for what I am calling a countably
additive Popper measure. Hammond [1994] discusses the use of conditional probability spaces
in philosophy and game theory, and provides an extensive list of references.

2.2 Lexicographic probability spaces

Definition 2.3: A lexicographic probability space (LPS) (of length o) over (W, F) is a tuple
(W, F, i) where, as before, W is a set of possible worlds and F is an algebra over W, and i
is a sequence of probability measures on (W, F) indexed by ordinals < «. (Technically, i is a
function from the ordinals less than « to probability measures on (W, F).) I typically write i
as (po, p1,...) or as (ug : B < a). If F is a o-algebra and each of the probability measures
in /i is countably additive, then [ is a countably additive LPS. Let LPS(W,F) denote the set
of LPS’s over (W, F); if F is a o-algebra, let LPS°(W,F) denote the set of countably additive
LPS’s over (W, F). When (W, F) are understood, I often refer to (i as the LPS. 1

BBD define a lexicographic conditional probability space (LCPS) to be an LPS such that
the probability measures in the sequence have disjoint supports; that is, there exist sets U; € F
such that p;(U;) = 1 and the sets U; are pairwise disjoint for ¢ < a. Let a structured LPS
(SLPS) be an LPS such that there exist sets U; € F such that p;(U;) = 1 and p;(U;) = 0 for
j > i. (Spohn [1986] calls SLPS’s dimensionally well-ordered families of probability measures.)
Let SLPS(W,F) denote the set of SLPS’s over (W, F); if F is a o-algebra, let SLPS¢(W,F)
denote the set of countably additive SLPS’s over (W, F).

Clearly every LCPS is an SLPS. Moreover, if « is countable, then every countably additive
SLPS is an LCPS: Given an SLPS [ with associated sets U;,i < o, define U] = U; — (U;;Uj;).
The sets U/ are clearly pairwise disjoint elements of F, and U/ is a support for p;. Of course,
the same argument holds even without the assumption of countable additivity if « is finite.
However, in general, LCPS’s are a strict subset of SLPS’s, as the following example shows.

Example 2.4: Consider a well-ordering of the interval [0,1], that is, an isomorphism from
[0, 1] to an initial segment of the ordinals. Suppose that this initial segment of the ordinals has
length a. Let ([0, 1], F, i) be an LPS of length o where F consists of the Borel subsets of [0, 1].
Let po be the standard Borel measure on [0, 1], and let x5 be the measure that gives probability
1 to rg, the Bth real in the well-ordering. This clearly gives an SLPS, since the support of pg
is [0,1] and the support of pg for 0 < f < a is {r3}. However, this SLPS is not equivalent to
any LCPS; there is no support of pg which is disjoint from the supports of ug for all 8 with
0<f<al

The difference between LCPS’s and SLPS’s does not arise in the work of BBD, since they
consider only finite sequences of measures. The restriction to finite sequences, in turn, is due
to their restriction to finite sets W of possible worlds. Clearly, if W is finite, then all LCPS’s
over W must have length < [W|, since the measures in an LCPS have disjoint supports.

We can put an obvious lexicographic order <y, on sequences (zg, z1,...) of numbers in [0, 1]
of length a: (zg,21,...) <z (yo,y1,...) if there exists § < a such that 23 < yg and z, = y,
for all v < B. That is, we compare two sequences by comparing their components at the first
place they differ. (Even if « is infinite, because we are dealing with ordinals, there will be a



least ordinal at which the sequences differ if they differ at all.) This lexicographic order will be
used to define decision rules.

BBD define conditioning in LPS’s as follows. Given g and U € F such that u,;(U) > 0 for
some index 4, let @|\U = (i, (-1 U), pirey (-1 U),...), where (ko, k1, ...) is the subsequence of all
indices for which the probability of U is positive. Formally, kg = min{k : ux(U) > 0} and for
an arbitrary ordinal § > 0, if u, has been defined for all ¥ < 8 and there exists a measure
ps in fi such that ps(U) > 0 and 6 > ky for all v < 3, then kg = min{d : us;(U) > 0, >
k. for all v < 8}. Note that i|U is undefined if p3(U) = 0 for all 5 < a.

2.3 Nonstandard probability spaces

It is well known that there exist non-Archimedean fields—fields that include the real numbers
as a subfield but also have infinitesimals, numbers that are positive but still less than any
positive real number. The smallest such non-Archimedean field, commonly denoted IR(e), is
the smallest field generated by adding to the reals a single infinitesimal e.! The hyperreals,
nonstandard models of the reals that satisfy all the first-order properties that hold of the real
numbers (see [Davis 1977]), are also instances of non-Archimedean fields. For most of this
paper, I use only the following properties of non-Archimedean fields:

1. If IR* is a non-Archimedean field, then for all b € IR* such that —r < b < r for some
standard real » > 0, there is a unique closest real number a such that |a — b| is an
infinitesimal. (Formally, a is the inf of the set of real numbers that are at least as large as
b.) Let st(b) denote the closest standard real to b; si(b) is sometimes read “the standard
part of b”.

2. If st(e/€') = 0, then ae < € for all positive standard real numbers a. (If ae were greater
than €, then €/€’ would be greater than 1/a, contradicting the assumption that st(e/€e') =

0.)

Given a non-Archimedean field IR*, a nonstandard probability space (NPS) over (W, F) (with
range IR*) is a tuple (W, F, u), where W is a set of possible worlds, F is an algebra of subsets of
W, and p assigns to sets in F an element of IR* such that u(W) =1 and p(UUV) = pu(U)+u(V)
if U and V are disjoint. If W is infinite, we may also require that F be a o-algebra and that
i be countably additive. (There are some subtleties involved with countable additivity in
nonstandard probability spaces; see Section 4.3.)

3 Relating Popper Spaces to (S)LPS’s

In this section, I consider a mapping Fs_.p from SLPS’s over (W, F) to Popper spaces over
(W, F), for each fixed W and F, and show that, in many cases of interest, Fg_,p is an iso-

morphism. Given an SLPS (W, F, ) of length «, consider the cps (W, F,F’, u) such that
F'=Up<a{V € F: pug(V) > 0}. For V € F', let jy be the smallest index such p;,, (V) > 0.

!The construction of IR(¢) apparently goes back to Robinson [1973]. Tt is reviewed by Hammond [1994] and
Wilson [1995] (who calls IR(e) the extended reals).



Define (U | V) = p;,, (U|V). I leave it to the reader to check that (W,F,F’, u) is a Popper
space.

There are many isomorphisms between two spaces. Why is Fs_,p of interest? Suppose that
Fs_p(W,F, i) = (W, F,F',n). It is easy to check that the following two important properties
hold:

e F' consists precisely of those events for which conditioning in the LPS is defined; that is,
F' ={U : pg(U) # 0 for some pg € fi}.

e For U € F', u(-|U) = p/(-|U), where p is the first probability measure in the sequence
f|U. That is, the Popper measure agrees with the most significant probability measure
in the conditional LPS given U. Given that an LPS assigns to an event U a sequence of
numbers and a Popper measure assigns to U just a single number, this is clearly the best
single number to take.

It seems that these are minimal properties that an isomorphism should satisfy. Moreover, it is
easy to see that these two properties completely characterize Fg_, p.

3.1 The finite case

It is useful to separate the analysis of Fs_, p into two cases, depending on whether or not the
state space is finite. I consider the finite case first.

BBD claim without proof that Fs_,p is an isomorphism from LCPS’s to conditional prob-
ability spaces. They work in finite spaces W (so that LCPS’s are equivalent to SLPS’s) and
restrict attention to LPS’s where F = 2V and F' = 2" — () (so that conditioning is defined
for all nonempty sets). Since F' = 2W _ (), the cps’s they consider are all Popper spaces.
Hammond [1994] provides a careful proof of this result, under the restrictions considered by
BBD. I generalize Hammond’s result by considering arbitrary finite Popper spaces. No new
conceptual issues arise in doing this extension; I include it here only to be able to contrast it
with the other results.

Theorem 3.1: If W is finite, then Fs—p is an isomorphism from SLPS(W,F) to Pop(W, F).

3.2 The infinite case

The case where the state space W is infinite is not considered by either BBD or Hammond. It
presents some interesting subtleties.

It is easy to see that Fs_,p is an injection from from SLPS’s to Popper spaces. However,
as the following two examples show, if we do not require countable additivity, it is not an
isomorphism.

Example 3.2: (This example is essentially due to Robert Stalnaker [private communication,
2000].) Let W = IN, the natural numbers, let F consist of the finite and cofinite subsets of
IN, and let 7' = F — {0}. If U is cofinite, take u'(V |U) to be 1 if V is cofinite and 0 if V
is finite. If U is finite, define p!(V |U) = |V NU|/|U|. I leave it to the reader to check that



(IN, F,F', ') is a Popper space. Suppose there were some LPS (IN, F, ji) which was mapped
by Fs_ p to this Popper space. Then it is easy to check that if u; is the first measure in i such
that p;(U) > 0 for some finite set U, then p;(U’) > 0 for all nonempty finite sets U’. To see this,
note that for any nonempty finite set U’, since p;(U) > 0, it follows that p;(U UU’) > 0. Since
U U U’ is finite, it must be the case that y; is the first measure in 7 such that p; (U U U’) > 0.
Thus, by definition, p! (U’ |U UU") = p;(U" |U U U"). Since pt(U'|U UU’) > 0, it follows that
wi(U") > 0. Thus, p;(U") > 0 for all nonempty finite sets U’.

It is also easy to see that p;(U) must be proportional to |U| for all finite sets U. To show
this, it clearly suffices to show that p;(n) = p;(0) for all n € IN. But this is immediate from
the observation that

pi({0} 1{0,m)) = ' ({0} [ {0, m}) = [{O}}/I{0,m)}| = .

But there is no countably probability measure p; on the natural numbers that gives all natural
numbers the same measure. For, by countable additivity, if p;(0) = 0 then p;(IN) = 0 and if
wi(0) > 0, then p;(IN) = co. 11

Example 3.3: Again, let W = IN, let F consist of the finite and cofinite subsets of IV, and
let /' = F — {0}. As with p!, if U is cofinite, take p?(V |U) to be 1 if V is cofinite and
0 if V is finite. However, now, if U is finite, define p?(V |U) = 1 if max(V N U) = maxV,
and p2(V|U) = 0 otherwise. Intuitively, if n > n’, then n is infinitely more probable than n'
according to p2. Again, I leave it to the reader to check that (IN,F, F’, u?) is a Popper space.
Suppose there were some LPS (IN,F, i) which was mapped by Fs_,p to this Popper space.
Then it is easy to check that if p, is the first measure in g such that p,({n}) > 0, then u,
comes before y,, in i if n > n/. However, since /i is well-founded, this is impossible. I

As the following theorem, proved by Spohn [1986], shows, there are no such counterexamples
if we restrict to countably additive SLPS’s and countably additive Popper spaces.

Theorem 3.4: [Spohn 1986] For all W, the map Fs_p is an isomorphism from SLPS¢(W,F)
to Pop®(W, F).

It is important in Theorem 3.4 that we consider SLPS’s and not LCPS’s. Fs_,p is in fact
not an isomorphism from LCPS’s to Popper spaces.

Example 3.5: Consider the Popper space ([0, 1], F, F’, 1) which is the image under Fs_,p of
the SLPS constructed in Example 2.4. It is easy to see that this Popper space cannot be the
image under Fg_,p of some LCPS. 1

3.3 Related Work

It is interesting to contrast these results to those of Rényi [1956] and van Fraassen [1976]. Renyi
considers what he calls dimensionally ordered systems. A dimensionally ordered system over
(W, F) has the form (W, F,F',{u; : i € I}), where F is a an algebra of subsets of W, F' is
a subset of F closed under finite unions, I is a totally ordered set (but not necessarily well-
founded, so it may not, for example, have a first element) and p; is a measure on (W, F) (not
necessarily a probability measure) such that



e for each U € F', there is some i € I such that 0 < p;(U) < oo (note that the measure of
a set may, in general, be 00),

o if 11;(U) < oo and j < i, then p;(U) = 0.

Note that it follows from these conditions that for each U € F', there is exactly one i € I such
that 0 < p;(U) < o0.

There is an obvious analogue of the map Fs_, p mapping dimensionally ordered system to
cps’s. Namely, let Fp_,c map the dimensionally ordered system (W, F,F' . {u; : i € I}) to
the cps (W, F,F',u), where u(V |U) = p;(V |U), where i is the unique element of I such
that 0 < p;(U) < oo. Rényi shows that Fp_,¢ is an isomorphism from dimensionally ordered
systems to cps’s where the set F is closed under finite unions. (Csaszar [1955] extends this
result to cases where the set ' is not necessarily closed under finite unions.) Rényi assumes
that all measures involved are countably additive and that F is a o-algebra, but these are
inessential assumptions. That is, his proof goes through without change if F is an algebra and
the measures are additive; all that happens is that the resulting conditional probability measure
is additive rather than o-additive.

It is critical in Rényi’s framework that the p;’s are arbitrary measures, and not just prob-
ability measures. His result does not hold if the p;’s are required to be probability measures.
In the case of finitely additive measures, the Popper space constructed in Example 3.2 already
shows why. It corresponds to a dimensionally ordered space (u1,us) where pp(U) is 1 if U is
cofinite and 0 if U is finite and po(U) = |U| (i.e., the measure of a set is its cardinality). It
cannot be captured by a dimensionally ordered space where all the elements are probability
measures, for the same reason that it is not the image of an SLPS under Fs_ p. (Rényi [1956]
actually provides a general characterization of when the p;’s can be taken to be (countably
additive) probability measures.)

Another example is provided by the Popper space considered in Example 3.3. This corre-
sponds to the dimensionally ordered system {yus: 8 € IN U {co}}, where

0 ifmax(U) <n
n(U) =< 1 ifmax(U)=n
oo if max(U) > n,

where max(U) is taken to be oc if U is cofinite.

Van Fraassen [1976] proved a result whose assumptions are somewhat closer to Theorem 3.4.
Van Fraassen considers what he calls ordinal families of probability measures. An ordinal family
over (W, F) is a sequence of the form {(Wp3, Fg,ug) : < a} such that

* Up<aWp =W;

e Fj is an algebra over Wpg;

Kg is a probability measure with domain Fjp;

Us<aFp = F;

itUcFandV € Fg, then UNV € Fg;



o if U c F,UNV € Fg, and pg(UNV) > 0, then there exists v such that U € F, and
p(U) > 0.

Given an ordinal family {(Wgs, Fs, pg) : B < a} over (W, F), consider the map Fo_.c which
associates with it the cps (W, F,F', u), where F' = {U € F : p,(U) > 0 for some v < a}
and p(V |U) = pg(V |U), where 3 is the smallest ordinal such that U € Fp and pg(U) > 0.
Van Fraassen shows that Fp_,¢ is an isomorphism from ordinal families over (W, F) to Popper
spaces over (W, F). Again, for van Fraassen, countable additivity does not play a significant
role. If F is a o-algebra, a countably additive ordinal family over (W, F) is defined just as an
ordinal family, except that now Fj is a o-algebra over Wg for all 3 < a, p, is a countably
additive probability measure, and F is the least o-algebra containing Ug<,Fp (since Ug<oFp
is not in general a o-algebra). The same map Fp_,¢ is also an isomorphism from countably

additive ordinal families to countably additive Popper spaces.

Spohn’s result, Theorem 3.4, can be viewed as a strengthening of van Fraassen’s result in
the countably additive case, since for Theorem 3.4 all the F3’s are required to be identical.
This is a nontrivial requirement. The fact that it cannot be met in the case that W is infinite
and the measures are not countably additive is an indication of this.

It is worth seeing how van Fraassen’s approach handles the finitely additive examples which
do not correspond to SLPS’s. The Popper space in Example 3.2 corresponds to the ordinal
family {(W,, Fn,pn) : n < w} where, for n < w, W, = {1,...,n}, F, consists of all subsets
of Wy, and p, is the uniform measure, while W, = IN, F,, consists of the finite and cofinite
subsets of IV, and p,(U) is 1 if U is cofinite and 0 if U is finite. It is easy to check that this
ordinal family has the desired properties. The Popper space in Example 3.3 is represented in
a similar way, using the ordinal family {(W,,, F,, u),) : n < w}, where u, (U) is 1 if n € U and
0 otherwise, while p/, = p,. I leave it to the reader to see that this family has the desired
properties. The key point to observe here is the leverage obtained by allowing each probability
measure to have a different domain.

4 Relating LPS’s to NPS’s

In this section, I show that LPS’s and NPS’s are isomorphic in a strong sense. Again, I separate
the results for the finite case and the infinite case.

4.1 The finite case

Consider an LPS of the form (uq, uo, pu3). Roughly speaking, the corresponding NPS should be
(1 —€— €)1 + ez + €2z, where € is some infinitesimal. That means that s gets infinitesimal
weight relative to p1 and ps gets infinitesimal weight relative to ps. But which infinitesimal
€ should be chosen? Intuitively, it shouldn’t matter. No matter which infinitesimal is chosen,
the resulting NPS should be equivalent to the original LPS. How can we make this intuition
precise?

Suppose that we want to use an LPS or an NPS to compute which of two bounded, real-
valued random variables has higher expected value. (The intended application here is decision
making, where the functions can be thought of as the utilities corresponding to two actions;



the one with higher expected utility is preferred.) The idea is that two measures of uncertainty
(each of which can be an LPS or an NPS) are equivalent if the preference order they place on
random variables (according to their expected value) is the same. Note that, given an LPS [,
the expected value of a random variable X is Y (X = z), where fi(X = x) is a sequence of
probability values and the multiplication and addition are pointwise. Thus, the expected value
is a sequence; these sequences can be compared using the lexicographic order <j defined in
Section 2.2. If v is either an LPS or NPS, then let E,(X) denote the expected value of random
variable X according to v.

Definition 4.1: If each of 11 and v; is either an NPS over (W, F) or an LPS over (W, F), then
11 is equivalent to vo, denoted vy = vy, if, for all random variables X and Y measurable with
respect to F, E,,(X) < E, (V) iff E,,(X) < E,,(Y). (As usual, X is said to be measurable
with respect to F if {w : X(w) = z} € F for all  in the range of X.) I

This notion of equivalence satisfies analogues of the two key properties of the map Fs_.p
considered at the beginning of Section 3.

Proposition 4.2: If v € NPS(W, F), ji € LPS(W,F), and v = fi, then v(U) > 0 iff i(U) > 0.
Moreover, if v(U) > 0, then st(v(V |U)) = p;(V |U), where p; is the first probability measure
in [ such that pu;j(U) > 0.

The next result justifies restricting to finite LPS’s if the state space is finite. Given an
algebra F, let Basic(F) consist of the basic sets in F, that is, the nonempty sets F that
themselves contain no nonempty subsets in F. Clearly the sets in Basic(F) are disjoint, so that
| Basic(F)| < |W|. If all sets are measurable, then Basic(F) consists of the singleton subsets of
W. If W is finite, it is easy to see that all sets in F are finite unions of the sets in Basic(F).

Proposition 4.3: If W is finite, then every LPS over (W, F) is equivalent to an LPS of length
at most | Basic(F)|.

I can now define the isomorphism that relates NPS’s and LPS’s. Given (W, F), let LPS(W, F)/~
be the equivalence classes of ~-equivalent LPS’s over (W, F); similarly, let NPS(W,F)/~ be
the equivalence classes of ~-equivalent NPS’s over (W, F). Note that in NPS(W,F)/=~, it is
possible that different nonstandard probability measures could have different ranges. For this
section, without loss of generality, I could also fix the range of all NPS’s to be fixed nonstandard
model R(e€) discussed in Section 2.3. However, in the infinite case, it is not possible to restrict
to a single nonstandard model, so I do not do so here either, for uniformity.

Now define the mapping Fr_,n from LPS(W,F)/~ to NPS(W,F)/~ pretty much as sug-
gested at the beginning of this subsection: If [fi] is an equivalence class of LPS’s, then choose a
representative [’ € [] with finite length. Fix an infinitesimal e. Suppose that i@’ = (ug, ..., ux)-
Let Fron([@]) =[(1 —e— -+ — o +epr + -+ + Fpu].

Theorem 4.4: IfW is finite, then Fr_,n is an isomorphism from LPS(W, F) /~ to NPS(W, F) /~
that preserves equivalence (that is, each NPS in Fr_n([{]) is equivalent to [i).
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BBD [1991a] also relate nonstandard probability measures and LPS’s under the assumption
that the state space is finite. However, the way they relate them is somewhat different in spirit
from the notion of equivalence introduced here. They prove representation theorems essentially
showing that a preference orders on lotteries can be represented by a standard utility function
on lotteries and an LPS iff it can be represented by a standard utility function on lotteries and
an NPS. Thus, they show that NPS’s and LPS’s are equiexpressive in terms of representing
preference orders on lotteries.

The difference between BBD’s result and Theorem 4.4 is essentially a matter of quantifi-
cation. BBD’s result can be viewed as showing that, given an LPS, for each utility function
on lotteries, there is an NPS that generates the same preference order on lotteries for that
particular utility function. In principle, the NPS might depend on the utility function. More
precisely, for a fixed LPS i, all that follows from their result is that for each utility function w,
there is an NPS v such that (f,u) and (v,u) generate the same preference order on lotteries.
Theorem 4.4 says that, given ji, there is an NPS v such that (i, ) and (v, u) generate the same
preference on lotteries for all utility functions u.

4.2 The infinite case

An LPS over an infinite state space W may not be equivalent to any finite LPS. However, ideas
analogous to those used to prove Proposition 4.3 can be used to provide a bound on the length
of the minimal-length LPS’s in an equivalence class.

Proposition 4.5: Every LPS over (W,F) is equivalent to an LPS over (W,F) of length at
most |F|.

Now, just as in the finite case, given an LPS (us : 8 < «) of length «, we want to show that it
is equivalent to some NPS v. Much like the finite case, the idea will be to take v =35, €gup,
where st(eg /eg) = 0 if f§ < 3 < a. There are two issues that must be dealt with in order to
get this to work. First, we must ensure that there is a non-Archimedean field where there are
infinitesimals €3, 3 < o, such that st(eg/eg) = 0if 8 < ' < a. Note, for example, that this
cannot be done in IR(¢) if @ > w. Another problem is making sense of the infinite sum. Fields
are closed under finite sums; in general, infinite sums may not be defined.

I now construct a family of non-Archimedean fields where these problems are solved. Define
a nonstandard model of the integers to be a model that contains the integers and satisfies every
property of the integers expressible in first-order logic. It follows easily from the compactness
theorem of first-order logic [Enderton 1972] that, given an ordinal «, there exists a nonstandard
model of the integers that includes elements ng, 8 < a, such that ng = 0 and ng < ng if § < G2

Given a nonstandard model I* of the integers, let IR(I*) be the non-Archimedean model
defined as follows: IR(I*) consists of all polynomials of the form 3 5_, 7€ for some ordinal

2The compactness theorem says that, given a collection for formulas, if each finite subset has a model, then
so does the whole set. Consider a language with a function + and constant symbols for each integer, together
with constants ng, # < a. Consider the collection of first-order formulas in this language consisting of all the
formulas true of the integers, together with the formulas no = 0 and ng < ng/, for all 8 < 8’ < a. Clearly any
finite subset of this set has a model-—namely, the integers. Thus, by compactness, so does the full set. Clearly
the model has the properties we want.

11



a, where ng € I* for § < a, ng < ng if § < ' (so that the set {ng: 3 < a} is well founded),
and rg is a standard real for all 8 < o. We can identify the standard real » with a polynomial
of the form form re". These polynomials can be added and multiplied using the standard rules
for addition and multiplication of polynomials. It is easy to check that the result of adding
or multiplying two polynomials is another polynomial in IR(/*). In particular, if p; and po
are two polynomials, N7 is the set of coefficients of p;, and Ny is the set of coefficients of
pa, then the coefficients of p; + pso lie in Ny U Ny, while the coefficients of p1ps lie in the set
N3 ={ni+ng:n € Ni,ng € No}. Both N;1UN> and N3 are easily seen to be well founded if N;
and Ny are. Moreover, for each expression ny+ny € N3, it follows from the well-foundedness of
N; and Ny that there are only finitely many pairs (n,n’) € Ny x Ny such that n+n' = nj + no.
Finally, each polynomial (other than 0) has an inverse that can be computed using standard
“formal” division of polynomials; I leave the details to the reader. An element of IR(I*) is
positive if its leading coefficient is positive. Define an order < on IR(I*) by taking a < bifb—a
is positive. With these definitions, IR is a non-Archimedean field. Moreover, st(e"?/€e"') =0 if
ny < na.

Given (W, F), let a be the minimal ordinal whose cardinality is greater than |F|. Let [, w.F)
be a nonstandard model of the integers such that there exist elements ng in IEKW,F) for all
B < a such that ng = 0 and ng < ng if 8 < ' < a. We can now define a map Fr_n from
LPS(W,F)/~ to NPS(W,F)/~ as follows: Given an equivalence class [fi] € LPS(W,F), by
Proposition 4.5, there exists /i € [fi] such that /i has length o’ < a. Let v = 3755, €5 and
define Fr_ n[fi] = [v]. Arguments essentially identical to those of Lemma A.7 in the appendix
can be used to show that v ~ . The following result is immediate.

Theorem 4.6: Fi_,n is an injection from LPS(W,F)/~ to NPS(W,F)/~ that preserves
equivalence.

What about the converse? Is it the case that for every NPS there is an equivalent LPS? As
the following example shows, the answer is no.

Example 4.7: As in Example 3.2, let W = IN, the natural numbers, let F consist of the finite
and cofinite subsets of IN, and let 7' = F — {(}. Let v! be an NPS with range IR(e), where
vIi(U) = |Ule if U is finite and v(U) = 1 — |Ule if U is cofinite. This is clearly an NPS, and
it corresponds to the cps ! of Example 3.2, in the sense that st(v(V |U)) = p*(V |U) for all
Ve F, U e F. Just as in Example 3.2, it can be shown that there is no LPS ji such that
ARSI |

4.3 Countably additive nonstandard probability measures

Do things get any better if we require countable additivity? To answer this question, we must
first make precise what countable additivity means in the context of non-Archimedean fields.
To understand the issue here, recall that for the standard real numbers, every bounded nonde-
creasing sequence has a unique least upper bound, which can be taken to be its limit. Given
a countable sum each of whose terms is nonnegative, the partial sums form a nondecreasing
sequence. If the partial sums are bounded (which they are if the terms in the sums represent
the probabilities of a pairwise disjoint collection of sets), then the limit is well defined.
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None of the above is true in the case of non-Archimedean fields. For a trivial counterexam-
ple, consider the sequence ¢, 2¢, 3¢, . ... Clearly this sequence is bounded (by any positive real
number), but it does not have a least upper bound. For a more subtle example, consider the
sequence 1/2,3/4,7/8,... in the field R(e). Should its limit be 17 While this does not seem
to be an unreasonable choice, note that 1 is not the least upper bound of the sequence. For
example, 1 — € is greater than every term in the sequence, and is less than 1. So are 1 — 3¢ and
1 — €2, Indeed, this sequence has no least upper bound in IR(e).

Despite these concerns, I define limits in R(I*) pointwise. That is, a sequence a1, as, as, . ..
in IR(I*) converges to b € IR(I*) if, for every n € I*, the coefficients of € in ay,as,as,...
converge to the coefficient of €” in b. (Since the coefficients are standard reals, the notion of
convergence for the coefficients is just the standard definition of convergence in the reals. Of
course, if € does not appear explicitly, its coefficient is taken to be 0.) As usual, Y ;2 a; is
taken to be b if the sequence of partial sums )" ; a; converges to b. Note that, with this notion
of convergence, 1/2,3/4,7/8,... converges to 1 even though 1 is not the least upper bound of
the sequence.? 1 discuss the consequences of this choice further in Section 7.

With this notion of countable sum, it makes perfect sense to consider countably-additive
nonstandard probability measures. If F is a o-algebra and LPS°(W, F) and NPS(W, F) denote
the countably additive LPS’s and NPS’s on (W, F), respectively, then Proposition 4.6 can be
applied with no change in proof to show the following.

Proposition 4.8: Fj,_,n is an injection from LPS¢(W,F) to NPS¢(W, F).

However, as the following example shows, even with the requirement of countable additivity,
there are nonstandard probability measures that are not equivalent to any LPS.

Example 4.9: Let W = {w;,wo,ws,...}, and let F = 2. Choose any nonstandard I*
and fix an infinitesimal € in /R(I*). Define an NPS (W, F,v) with range IR(I*) by taking
U(w]’) = aj —i—bjG, where a; = 1/2j, bgj_l = 6/2].71, and bgj = —6/2].71, for j = 1,2,3,....
Thus, the probabilities of wi,ws, ... are characterized by the sequence 1/2 +¢€,1/4 —¢,1/8 +
€/2,1/16 — €/2,1/32 + ¢/4,.... For U C W, define v(U) = 3 (5. ev} @5 + € X gjiw;evy by 16 s
easy to see that these sums are well-defined. As I show in the appendix (see Proposition A.9),
there is no LPS i over (W, F) such that v ~ fi. I

Roughly speaking, the reason that v is not equivalent to any LPS in Example 4.9 is that the
ratio between a; and b; in the definition of v (i.e., the ratio “standard part” of v(w;) and the
“Infinitesimal part” of v(w;)) grows unboundedly large. This can be generalized so as to give
a condition on nonstandard probability measures that is necessary and sufficient to guarantee
that they can be represented by an LLPS. However, the condition is rather technical and I have
not found an interesting interpretation of it, so I do not pursue it here.

3For those used to thinking of convergence in topological terms, what is going on here is that the topology
corresponding to this notion of convergence is not Hausdorff.
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5 Relating Popper Spaces to NPS’s

Consider the map Fy_.p from nonstandard probability spaces to Popper spaces such that
Fnop(W,F,v) = (W, F,F',u), where F' = {U : v(U) # 0} and pw(V|U) = st(v(V|U))
for V.e F, U € F'. 1 leave it to the reader to check that (W, F,F’,u) is indeed a Popper
space. Define an equivalence relation ~ on NPS(W,F) (and NPS¢(W,F)) by taking 11 ~ 1y
if {U :11(U) =0} ={U : »u(U) =0} and st(v1(V |U)) = st(ve(V|U)) for all V,U such that
v1(U) # 0. Let NPS/~ (resp., NPS¢/~) consist of the ~ equivalence classes in NPS (resp.,
NPS€). Clearly Fy_ p is well defined as a map from NPS/~ to Pop(W,F) and from NPS¢/~
to Pop®(W, F). As the following result shows, Fy_ p is actually a bijection.

Theorem 5.1: Fn_ p is a bijection from NPS(W, F)/~ to Pop(W, F)/ =~ and from NPS¢ (W, F)/ ~
to Pop®(W, F)/ ~.

McGee [1994] proves essentially the same result as Theorem 5.1 in the case that F is an
algebra (and the measures involved are not necessarily countably additive). McGee [1994,
p. 181] says that his result shows that “these two approaches amount to the same thing”.
However, this is far from clear. The ~ relation is rather coarse. In particular, it is coarser than

~
~.

Proposition 5.2: If 1n = 1o than v1 ~ vs.

The ~ relation identifies nonstandard measures that behave quite differently in decision
contexts. This difference already arises in finite spaces, as the following example shows.

Example 5.3: Suppose W = {wy,ws}. Consider the nonstandard probability measure 14 such
that v1(w1) = 1/2 + € and v1(wa) = 1/2 — €. (This is equivalent to the LPS (u1, u2) where
p1(wy) = po(wse) = 1/2, po(wy) = 1, and po(wa) = 0.) Let vo be the nonstandard probability
measure such that vo(wi) = va(we) = 1/2. Clearly 11 ~ vo. However, it is not the case that
v ~ vy. Consider the two random variables Xy, and x{u,}- (I use the notation xy to denote
the indicator function for U; that is, xp(w) =1 if w € U and xy(w) = 0 otherwise.) According
to v1, the expected value of xy,,,y is (very slightly) higher than that of x{,,}. According to vy,
X{w} and X{w,} have the same expected value. Thus, vy % 5. Moreover, it is easy to see that
there is no Popper measure p on {w;, w2} that can make the same distinctions with respect
t0 X{w,y and X{u,} as vi, no matter how we define expected value with respect to a Popper
measure. According to v1, although the expected value of xy,,y is higher than that of xy,1,
the expected value of xy,,} is less than that of ax(,,) for any (standard) real o > 1. There is
no Popper measure with this behavior. i

More generally, Theorem 3.1 shows that, in a precise sense, Popper spaces are equivalent
to SLPS’s, while Theorem 4.4 shows that LPS’s are equivalent to NPS’s. Thus, there is a
gap in expressive power between Popper spaces and NPS’s that essentially amounts to the gap
between SLPS’s and LPS’s.
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6 Independence

BBD [1991a] and Hammond discuss independence, but they consider only when a (standard
or nonstandard) probability measure can be viewed as a product measure (that is, a product
of other measures). Interestingly, their discussion does not consider independence directly for
LPS’s; indeed, it is far from clear what it would mean that an LPS can be written as a product
measure. Rather than considering product measures, I start by considering more standard
notions of independence: independence for events and then independence for random variables.
The latter discussion will enable me to relate my definitions to those considered by BBD (and
later Hammond).

Intuitively, event U is independent of V if learning U gives no information about V. Cer-
tainly if learning U gives no information about V', then if p is an arbitrary probability measure,
we would expect that u(V|U) = u(V). Indeed, this is often taken as the definition of V' being
independent of U with respect to u. If standard probability measures are used, conditioning is
not defined if u(U) = 0. In this case, U is still considered independent of V. As is well known,
if U is independent of V, then u(UNV) = u(V) x p(U) and V is independent of U, that is,
w(U | V) = p(U). Thus, independence of events with respect to a probability measure can be
defined in any of three equivalent ways. Unfortunately, these definitions are not equivalent for
other representations of uncertainty (see [Halpern 2003, Chapter 4] for a general discussion of
this issue).

The situation is perhaps simplest for nonstandard probability measures.* In this case,

the three notions coincide, for exactly the same reasons as they do for standard probability
measures. However, independence is perhaps too strong a notion in some ways. In particular,
nonstandard measures that are equivalent do not in general agree on independence, as the
following example shows.

Example 6.1: Suppose that W = {wi,wq, w3, ws}. Let vj(wy) = 1 — 2 + €, vi(wy) =
vi(ws) = € — ¢, and v;(wy) = ¢, for i = 1,2, where ¢ = 2 and 3 = 2. If U = {ws, w4} and
V = {ws, w4}, then v;(U) = 1;(V) = e and v;(UNV) = ¢;. It follows U and V are independent
with respect to v1, but not with respect to vo. However, it is easy to check that 11 =~ vo. I

Example 6.1 shows that independence of events in the context of nonstandard measures
is very sensitive to the choice of €, even if this choice does not affect decision making at all.
This suggests the following definition: U is approzimately independent of V with respect to v if
v(V|U)—v(V) is infinitesimal, that is, if st(v(V |U)) = st(v(V)). Note that U can be approxi-
mately independent of V' without V being approximately independent of U. For example, con-
sider the nonstandard probability measure vy from Example 6.1. Let V' = {wy, w2 }; as before,
let U = {wq, wy}. 1t is easy to check that st(vq (V' |U)) = st(v1 (V")) = 1, but st(v1 (U | V') =1,
while st(v4(U)) = 0. Thus, U is approximately independent of V'’ with respect to vq, but V' is
not approximately independent of U. It is easy to check that, in general, U is approximately

independent of V' with respect to v iff st((v(V NU) —v(V) x v(U))/v(U)) = 0, while V is

4 Although I talk about U being independent of V' with respect to a nonstandard measure v, technically I
should talk about U being independent of V' with respect to an NPS (W, F,v), for U,V € F. There seems to
be no harm in being a little sloppy in the case of NPS’s, although it will be a little more important to take the
algebra into account in the case of Popper spaces.

15



approximately independent of U with respect to v iff st(v(VNU) —v(V) xv(U))/v(V)) =
Note for future reference that each of these requirements is stronger than just requiring that
stiv(VNU) —v(V) xv(U)) = 0. The latter requirement is automatically met, for example, if
the probability of either U or V is infinitesimal.

The definition of (approximate) independence extends in a straightforward way to (approx-
imate) conditional independence. U is conditionally independent of V' given V'’ with respect to
a (standard or nonstandard) probability measure v if v(V |U NV’) = v(V |V’) (where condi-
tional independence is taken to hold by convention if v(U N V') = 0). Again, for probability,
U is conditionally independent of V' given V' iff V is conditionally independent of U given V'
it v(VNU|V) =v(V|V') xv(U|V'). U is approximately conditionally independent of V'
given V' with respect to v if st(v(V|UNV")) = st(v(V |V")). If V' is taken to be W, the whole
space, then (approximate) conditional independence reduces to (aproximate) independence.

The following proposition shows that, although independence is not preserved by equiva-
lence, approximate indepence is.

Proposition 6.2: If U is approximately conditionally independent of V' given V' with respect
tov, and v = V', then U is approzimately conditionally independent of V' given V' with respect
tov'.

Proof: Suppose that v =~ v/. T claim that for all events U; and Uy such that vy(Us) # 0,
st(v(Uy) /v(Us)) = st(v'(Uy) /v (Uz)). For suppose that st(v (Ul)/u(Ug)) = a. Then it easily
follows that E,(xv,) < E,('xu,) for all ¢ > a, and E,(xy,) > E.(¢”xy,) for all & < a.
Thus, the same must be true for E,/, and hence st(v'(U1)/v'(Uz)) = a. It thus follows that
stiv(V|UNV")) =st(/(V|UNV")) and st(v(V | V")) = st(v/(V | V")), from which the result is

immediate. 1

There is an obvious definition of independence for events for Popper spaces: U is independent
of V given V' with respect to the Popper space (W, F,F',p) if U NV’ € F' implies that
p(VIUNV) =pu(V |V it VNV ¢ F, then U is also taken to be independent of V' given
V'. If U is independent of V given V' and V' € F', then (U NV | V') = pu(U | V") x u(V | V).
However, the converse does not necessarily hold. Nor is it the case that if U is independent of V'
given V' then V is independent of U given V'. A counterexample can be obtained by taking the
Popper space arising from the NPS in Example 6.1. Consider the Popper space (W, 2V, F/, 1)
corresponding to the NPS (W, 2" 1) via the isomorphism Fy_ p. It is easy to check that U is
independent of V'’ but V' is not independent of U with respect to this Popper space, although
p(V'nU) = p(U|V') x u(V') (= 0). This observation is an instance of the following more
general result, which is almost immediate from the definitions:

Proposition 6.3: U is approximately independent of V' given V' with respect to the NPS
(W, F,v) iff U is independent of V' given V' with respect to the Popper space Fx_p(W,F,v).

How should independence be defined in LPS’s? Requiring that g(V |U) = (V) will not
work since fi|U and [ are, in general, LPS’s of different lengths. Nor is there any obvious
way to define multiplication of two LPS’s. It seems to me that the most natural way to define
independence in LPS’s is to essentially reduce the definition to that for Popper spaces. That is,
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U is independent of V' given V'’ with respect to the LPS (W, F, i) if the leftmost number in the
sequence [@(V |UNV’) is the same as the leftmost number in #(V | V'); as usual, independence
is taken to hold trivially if Z(UNV’) = 0. Again, the following result is almost immediate from
the definitions.

Proposition 6.4: U is independent of V' given V' with respect to the LPS i iff U is approxi-
mately independent of V' given V' with respect to each NPS in the equivalence class Fr_ n([f]).

Propositions 6.3 and 6.4 emphasize the naturalness of approximate independence in this
context.

I now consider independence for random variables. Let V(X)) denote the set of possible
values (i.e., the range) of random variable X. For simplicity here, assume that the range of all
random variables is finite. In the context of standard probability, random variable X is taken
to be independent of Y if the event X = z is independent of the event Y = y, for all z € V(X)
and y € V(Y). It easily follows that if X is independent of Y, then X € U; is independent of
Y € Vi conditional on Y € V5 and Y € Vi is independent of X € U; conditional on X € Us,
for all Uy, Us C V(X) and Vi,V C V(Y). The same arguments show that this is also true for
for nonstandard probability measures. However, the argument breaks down for approximate
independence.

Example 6.5: Suppose that W = {1,2,3} x {1,2}. Let X and Y be the random variables
that project onto the first and second components of a world, respectively, so that X (i,j) = ¢
and Y (i,7) = j. Let v be the nonstandard probability measure on W given by the following
table:

1 2
1] 1—3e—3¢

€ €
3 € 2¢?

It is easy to check that X = 7 is approximately independent of Y = j and that ¥ = j is
approximately independent of X = i with respect to v, for all i € {1,2,3}, j € {2,3}. However,
stiv(X =2|X €{2,3}NY =2)) =1/3, while st(v(X =2| X € {2,3})) =1/2. 1

In light of this example, I define X to be approximately independent of Y with respect to v
if X € Uy is approximately independent of Y € V; conditional on Y € V5 for all U; C V(X)
and V1,V C V(Y). I leave to the reader the obvious analogues of this definition for Popper
spaces and LPS’s.

Now I can compare the definitions given here to those discussed by BBD and Hammond.
BBD define a (standard or nonstandard) probability measure v on W = Wy x --- x W, to
be a product measure if there exist measures v; on W; for ¢ = 1,...,n, such that such that
v((wi,...,wy,)) = vi(w1) X -+ X vp(wy). If X; is the random variable that projects on to
the ith component, then it is easy to see that v is a product measure iff X1,...,X,, are inde-
pendent. BBD then go on to define a decision-theoretic notion of stochastic independence on
preference relations on acts over W. Under appropriate assumptions, it can be shown that a
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preference relation is stochastically independent iff it can be represented by some (real-valued)
utility function u and a nonstandard probility measure v such that Xi,...,X,, are approx-
imately independent with respect to v [Battigalli and Veronesi 1996]. BBD also consider a
weak notion of product measure that requires only that there exist measures v1,...,v, such
that st((v(wi,...,w,)) = st(vi(wi) x ---v(wy)). As we have already observed, this notion of
independence is rather weak. Indeed, an example in BBD shows that it misses out on some
interesting decision-theoretic behavior.

Hammond mainly focuses on Popper spaces, follows BBD’s lead in considering when a
Popper space can be, in a sense, viewed as a product measure. He defines a notion of conditional
independece of a Popper space defined on W = Wy x --- x W,, which is similar in spirit to
the notion of independence of random variables in Popper spaces as defined here. In fact, it
is straightforward to show that the Popper space (W7 x --- x Wy, F,F’, u) is conditionally
independent in Hammond’s sense iff the random variables Xi,...,X,, are independent with
respect to the Popper space, in the sense defined here.

7 Discussion

As the preceding discussion shows, there is a sense in which NPS’s are more general than both
Popper spaces and LPS’s. LPS’s are more expressive than Popper measures in finite spaces and
in infinite spaces where we assume countable additivity (in the sense discussed at the end of
Section 5), but without assuming countable additivity, they are incomparable, as Examples 3.2
and 3.3 show.

Although NPS’s are the most expressive of the three approaches I have considered, they have
some disadvantages. In particular, working with a nonstandard probability measure requires
defining and working with a non-Archimedean field. LPS’s have the advantage of using just
standard probability measures. Moreover, their lexicographic structure may give useful insights.
It seems to be worth considering the extent to which LPS’s can be generalized so as to increase
their expressive power. I am currently exploring LPS’s ordered by an arbitrary (not necessarily
well-founded) index set. It seems that such LPS’s may be useful in characterizing iterated
deletion of weakly dominated strategies. (This is done by Brandenburger and Keisler [2000]
using finite LPS’s; it seems that results are more cleanly stated using infinite LPS’s ordered by
the integers.) I hope to report on this in future work.

I conclude with a brief discussion of a few other issues raised by this paper.

e Belief: The connections between LPS’s, NPS’s, and CPS’s are relevant to the notion
of belief. Brandenburger and Keisler [2000] defined a notion of belief using LPS’s and
provided an elegant decision-theoretic justification of it. According to their definition,
an agent believes U in LPS [i if there is some j < m such that p;(U) = 1 for all i < j
and p;(U) = 0 for ¢ > j. Independently, van Fraassen [1995] defined a notion of belief
using Popper spaces that can be shown to be essentially equivalent to the definition given
by Brandenburger and Keisler. That there should be equivalent notions of belief in the
context of LPS’s and Popper spaces is perhaps not that surprising, in light of the close
connection between them. The results of this paper suggest that it may also be worth
considering notions of belief defined in NPS’s.
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e Nonstandard utility: In this paper I have assumed that, while probabilities may be lex-
icographically ordered or nonstandard, utilities are standard real numbers. There is a
tradition in decision theory going back to Hausner [1954] and continued recently in a
sequence of papers by Fishburn and Lavalle (see [Fishburn and Lavalle 1998] and the ref-
erences therein) of considering nonstandard or lexicographically-ordered utilities. 1 have
not, considered the relationship between these ideas and the ones considered here, but
there may be some fruitful connections.

e Countable additivity for NPS’s: Countable additivity for standard probability measures is

essentially a continuity condition. The fact that Y ;°; a; may not be the least upper bound
of the partial sums Y i ; a; in an NPS leads to a certain lack of continuity in decision-
making. For example, let W = {w1,ws,...}. Consider a nonstandard probability measure
v such that v(w1) = 1/3 —¢, v(wa) = 1/3+ ¢, and v(wyio) = 1/(3 x 2F), for k =1,2,....
Let Up, = {ws,...,wp} and let Uss = {ws3,wy,...}. Clearly v(U,) — v(Ux) = 1/3.
However, v(Uy,) < v(wi) for all n. Thus, E,(X{w,}) > E,(xv,) for all n > 3 although
Ey(Xguiy) < Ev(XUs)-
Not surprisingly, the same situations can be modeled with LPS’s. Consider the LPS
(p1, u2), where pp = st(v1), pw(wr) = 0, po(we) = 2/3, and pz(wrie) = 1/(3 x 2F) for
k =1,2,.... It is easy to see that again Ej(x{w,}) > Ez(xv,) for all n > 3 although
Ei(X{uwy) < Eu(Xvs)- (A similar example can be obtained using SLPS’s, by replacing
each world w; by a pair of worlds w}, w/, where w/ is in the support of p; and w! of ps.)
An analogous continuity problem arises even in finite domains. Let W = {w;, w9, w3} and
consider a sequence of probability measures v, such that v,(w;) = 1/3 —1/n, v,(ws) =
1/3 — e and v(ws) = 1/3+1/n+e. Clearly v, — v, where v(w;) = 1/3, v(ws) = 1/3 —,
and v(ws3) = 1/3+€. However, v, (X{w,}) < Vn(X{w,}) for all n, while v(x {u,1) > v(X{ws})-
Again, the same situation can be modeled using LPS’s (and even SLPS’s).

Is this lack of continuity a problem? I am not sure, but I believe it deserves further
thought.

Acknowledgments: 1'd like to thank Adam Brandenburger and Peter Hammond for a num-
ber of very enlightening discussions, Bob Stalnaker for pointing out Example 3.2, Brain Skyrms
for pointing me to Hammond’s work, Bas van Fraassen for pointing me to Spohn’s work, and
Larry Blume, Eddie Dekel, and Horacio Arlo-Costa for a number of useful comments on an
earlier draft of this paper.

A Appendix: Proofs

In this section, I prove all the results claimed in the main part of the paper. For the convenience
of the reader, I repeat the statements of the results.

Theorem 3.1: If W is finite, the map Fs_p is an isomorphism from SLPS(W,F) to
Pop(W, F).

Proof: The only difficulty comes in showing that Fg_.p is onto. Given a Popper space
(W, F,F', u), we must show that there is an SLPS (W, F, i) that is mapped to (W, F, F', u) by
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Fs_ p. Inductively define a sequence of pairwise disjoint sets in F’ as follows. Let Uy = (). Let
Ui be the smallest set U € F such that u(U) = 1. Since W is finite, there is such a smallest set
(it is simply the intersection of all sets U such that pu(U) = 1). Since pu(Uy | W) > 0, it follows
that Uy € F'. If Uy € F' and Uy # 0, let Us be the smallest set in F such that u(Us |Uq) = 1.
Note that Uy € F'. Continuing in this way, it is clear that there exists a sequence of sets
Uy, Un,...,Ug such that (1) U; € F' fori=1,...,k, (2) fori <k, UgU...UU; € F and U; 14
is the smallest subset of F such that u(Uj+1 |UpU...UU;) = 1 and (3) either Uy U... UUy ¢ F'
or Uy U...UUg = 0. Note that condition (2) guarantees U; 1 is a subset of Uy U ... UU;), so
the U;’s are pairwise disjoint. Define the LPS [ = (u1,...,ux) by taking p;(V) = w(V |U;).
Clearly the support of yu; is U;, so this is an LCPS (and hence an SLPS).

To see that (W, F, F', i) is the result of applying Fs_p to (W, F, i), suppose that instead
(W, F,F", i) is the result. I first show that 7' = F”. Suppose that V € F’. Then u;(V) > 0
for some i. Thus, u(V'|U;) > 0. Since U; € F', it follows that V' € F'. Thus, 7’ C F'.

To show that 7/ C F”, first note that, by construction, p(U; |Uy U...UU;—_1) = 1. It easily
follows that if V' C Uy U...UU;_; then

u(V\Ulu...UUj,l):u(VﬂUj|U1U...UUj,1).

Thus, by CP3,

,u(V|U1U...UUj_1):,u(VﬂUj|U1U...UUj_1):u(V|Uj)><,u(Uj|U1U...UUj_1),

w(V|Up) = (V|70 0T, ). (1)

Now suppose that V € F'. Clearly VN (U U...UUy) # 0, for otherwise V C Uy U ... U Uy,
contradicting the fact that UyU...UU, ¢ F'. Let ji be the smallest index j such that
VNnU; # 0. Since Uy = 0, jy > 0. I claim that p(V|UyU...UUj,—1) # 0. For if
p(V|UpU...UUj,—1) = 0, then pu(U;, —V|UgU...UUj,—1) = 1, contradicting the defi-
nition of Uj,, as the smallest set U’ such that p(U’|UpU...UUj,—1) = 1. Moreover, since
VU U... Ujvfl, it follows from (1) that ,LL(V‘ UjV) = ,U,(V ‘ UyuU... U Ujvfl) > 0. Thus,
wivy (V) > 0,50V e F".

This argument can be extended to show that p(V'|V) = p/(V'|V) for all V! € F.
Since VNU; = 0 for i < jy, it follows that p/(V'|V) = p;, (V'|V). By CP3, u(V'|V) x
p(VIUU...UUj, 1) =p(V'NV|UyU...UUj,_1). By (1) and the fact that (V' |U;,,) > 0,
it follows that pw(V'|V) = u(V' NV |Uj, )/p(V | Uj,, ), i.e., that p(V' | V) = pj, (V| V). 1

Although Theorem 3.4 was proved by Spohn [1986], I include a proof here as well, to make
the paper self-contained.

Theorem 3.4: For all W, the map Fs—_ p is an isomorphism from SLPS¢(W, F) to Pop®(W, F).

Proof: Again, the difficulty comes in showing that Fs_,p is onto. Given a Popper space
(W, F,F',u), I again show that there is an LCPS (W, F, [{) that is mapped to (W, F,F’, u) by
Fs_,p. However, now a completely different proof is required. The earlier inductive construction
of the sequence Uy, ..., U no longer works. The problem already arises in the construction of
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U;. There may no longer be a smallest set U; such that u(U;) = 1. Consider, for example,
the interval [0, 1] with Borel measure. There is clearly no smallest subset U of [0, 1] such that

wU) = 1.
As a first step to getting around this, put an order < on sets in F’ by defining U < V if
wU | UUV) > 0. (Essentially, the same order is considered by van Fraassen [1976].)

Lemma A.1: < is transitive.

Proof: By definition, if U <V and V < V', then (U |UUV) >0 and pu(V [V UV’) > 0. To
see that (U |UUV") > 0, note that u(U | UUV UV )+ u(V | UUV UV ) +p(V | UUVUV) =1,
so at least one of u(U |UUV UV'), w(V|UUVUV'), or (V' |UUV UV’) is positive. I consider
each of the cases separately.

Case 1: Suppose that u(U|UUV UV’) > 0. By CP3,
pUIUUVUV)=pU|UUV)x p(UUuV' | UUV UV

Thus, (U |U U V') > 0, as desired.

Case 2: Suppose that u(V|UUV UV’) > 0. By assumption, u(U|U UV) > 0; since
w(V|UUV UV >0, it follows that u(UUV |UUV UV’) > 0. Thus, by CP3,

pwU|UUVUV)=pU|UUV)x pf(UUV |UUV UV >0.

Thus, case 2 can be reduced to case 1.

Case 3: Suppose that (V' |UUV UV') > 0. By assumption, u(V |V U V') > 0; since
pw(V'IUUV UV >0, it follows that u(VUV'|UUV UV') > 0. Thus, by CP3,

p(VIUUVUV) =puV|IVUV)xu(VUV | UUVUV') > 0.

Thus, case 3 can be reduced to case 2.

This completes the proof, showing that < is transitive. Il

Define U ~ Vit U <Vand V <U.
Lemma A.2: ~ is an equivalence relation on F'.

Proof: It is immediate from the definition that ~ is reflexive and symmetric; transitivity
follows from the transitivity of <. i

Rényi [1956] and van Fraassen [1976] also considered the ~ relation in their papers, and
the argument that < is transitive is similar in spirit to Rényi’s argument that ~ is transitive.
However, the rest of this proof diverges from those of Rényi and van Fraassen.

Let [U] denote the ~-equivalence class of U, and let F'/~={[U] : U € F'}.
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Lemma A.3: Each equivalence class [V] € F' [~ is closed under countable unions.

Proof: Suppose that V1, Vs, ... € [V]. I must show that U2, V; € [V]. Clearly V; < U2, V; for
all j. Suppose, by way of contradiction, that U2, V; £ V; for some j. Since < is transitive, it
follows that V; < U2, V; for all j. Thus, p(V;| U2, V) = 0 for all j. But then, by countable
additivity,

1:( 1V|Uzl Z V|U )_0
Jj=1
a contradiction. Thus, [V] is closed under countable unions. 1
Fix an element Vj € [V].
Lemma A.4: inf{u(Vo|VouV"): V'€ [V]} > 0.

Proof: Suppose that inf{u(Vy | Vo U V') : V' € [V]} = 0. Then there exist sets Vi, Va, ... such
that u(Vy| Vo UV,) < 1/n. Since [V] is closed under countable unions, U ;V; € [V]. Since
Vo ~ U, V;, it follows that p(Vo| U2, Vi) > 0. But, by CP3,

p(Vo| UZo Vi) = u(Vo [ Vo U Vi) x u(Vo U Vi [ UZo Vi) < (Vo [ Vo U Vi) < 1/n.
Since this is true for all n > 0, it follows that p(Vy | U2, Vi) = 0, a contradiction. NI

The next lemma shows that each equivalence class in F’/~ has a “maximal element”.

Lemma A.5: In each equivalence class [V, there is an element V* € [V] such that u(V*|V'U
V*) =1 for all V' € [V].

Proof: Again, fix an element Vy € [V]. By Lemma A.4, there exists some ay > 0 such that
inf{pu(Vo | Vo U V') : V! € [V]} = ay. Thus, there exist sets Vi,V, V3,... € [V] such that
(Vo[ VoUV,) < e+ 1/n. By Lemma A3, V* = U2, V; € [V]. By CP3,

p(Vo | VF) =p(Vo[VoU Vo) x u(VoU Ve | VF) < u(Vo [Vo U Vi) < av +1/n.

Thus, (Vo |V*) < ay. By choice of ay, it follows that u(Vy |V*) = ay.
Suppose that pu(V* | V' UV*) <1 for some V' € [V]. But then, by CP3,

p(Vo | VUV = pu(Vo | V7)) x u(VF[VIUVY) <ay,
contradicting the choice of ay . Thus, u(V* |V ' UV*) =1 for all V' € [V]. I

Define a total order on these equivalence relations by taking [U] < [V] if U’ < V' for some
U' e [U]land V' € [V]. It is easy to check (using the transitivity of <) that if U’ < V' for some
U’ € [U] and some V' € [V], then U” < V" for all U” € [U] and all V" € [V].

Lemma A.6: < is a well-founded relation on F'[~.
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Proof: Note that if [U] < [V], then p(V |UUV) = 0. It now follows from countable additivity
that < is a well-founded order on these equivalence classes. For suppose that there exists an
infinite decreasing sequence [Up] > [U;] > [Uz] > .... Since F is a o-algebra, U2 U; € F; since
F' is closed under supersets, U2 U; € F'. By CP3,

u(Uj | UZo Us) = p(U; | U; U Ujp1) x p(Us U Ujpa | U2 Us) = 0.

Let Vo = Uy and, for j > 0, let V; = U; — (U{;&Uj). Clearly the Vj’s are pairwise disjoint,
UiU; = U;V;, and p(Vj| U2, U;) < p(Uj| UL, U;) = 0. It now follows that using countable
additivity that

oo
1= p(UZeUs | U2 U) = ZM(Vi | U2 Us) = 0.
i=0
This is as contradiction, so the equivalence classes are well-founded. Il

Because < is well-founded, there is an order-preserving isomorphism O from F'/~ to an
initial segment of the ordinals (i.e., [U] < [V]iff O([U]) < O([V]). Thus, the equivalence classes
can be enumerated using all the ordinals less than some ordinal a. By Lemma A.5, there are
sets Ug, B < a, in F’ such that if O([U]) = 3, then U € [U] and pu(Ug |U UUg) = 1 for all
U’ € [U]. Define an LPS i = (o, pt1, .. .) of length « by taking pg(V)) = u(V |Ug). The choice
of the Ug’s guarantees that this is actually an SLPS.

It remains to show that (W, F, F', u) is the result of applying Fo_p to (W, F, i). Suppose
that instead (W, F,F”, 1) is the result. The argument that F” C F’ is identical to that in the
finite case: If V€ F”, then pug(V) > 0 for some §. Thus, u(V |Ug) > 0. Since Ug € F, it
follows that V € F’'. Thus, 7"’ C F'.

Now suppose that V' € F'. Thus, V' ~ Vj for some § < a. It follows that p(V'|V3) > 0, so
VeF

Finally, to show that p(U | V) = p/(U | V), suppose that [ is such that V' ~ V. It follows
that u(V|Vg) = 0 for ' < 8 and pu(V |Vz) > 0. Thus, by definition, /(U | V) = pg(U | V).
Without loss of generality, assume that U C V' (otherwise replace U by U N V). Thus, by CP3,

WU V) % V[V UVy) = w(U |V U Vi) @)
Suppose V' C V. Clearly
p(VIVUV) =p(V NV | VUV + (V' N V5| VU V).
Now by CP3 and the fact that u(Vg|V UV3) =1,
p(V' OV |V UVs) = pu(V' | V) x p(Vs |V UVp) = u(V' | V)

and
p(V' OV VU V) <p(Va|VUVs) =0.

Thus, u(V'|V U V3) = u(V'|Vs). Applying this observation to both U and V shows that
p(VIVUVs)=pu(V|Vs) and p(U |V UVs) = u(U | Vp). Plugging this into (2), it follows that

pU V) = w(U | V) /u(V | V) = pus(U)/us(V) = pg(U | V) = /(U | V).
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This completes the proof of the theorem. I

Proposition 4.2: If v ~ fi, then v(U) > 0 iff G(U) > 0. Moreover, if v(U) > 0, then
st(v(V |U)) = pj(V |U), where pj is the first probability measure in (i such that p;(U) > 0.

Proof: Recall that for U C W, xp is the indicator function for U; that is, yy(w) =1if w € U
and xy(w) = 0 otherwise. Notice that £, (xv) > E,(xg) iff v(U) > 0 and Ez(xv) > Ez(xp)
iff Z(U) > 0. Since v = [, it follows that v(U) > 0 iff Z(U) > 0. If v(U) > 0, note that
E,(xunv — axvu) > E,(xp) iff o < st(v(V'|U)). Similarly, E;(xvnv — axv) > Eg(xp) iff a <
pi(U), where j is the least index such that p;(U) > 0. It follows that st(v(V |U)) = p;(V | U).
]

Proposition 4.3:  If W is finite, then every LPS over (W, F) is equivalent to an LPS of length
at most |Basic(F)|.

Proof: Suppose that W is finite and Basic(F) = {Uy,...,Ux}. Given an LPS i, define a finite
subsequence i’ = (tmng - - - , fim,,) of ji as follows. Let ux, = po. Suppose that g, ..., ux; have
been defined. If all probability measures in /i with index greater that k; are linear combinations
of the probability measures with index pig,, ..., ux,, then take i’ = (ur,, ..., ur;). Otherwise,
let pig;,, be the probability measure in i with least index that is not a linear combination of
Fkgs - - - 5 Hk;- Since a probability measure over (W, F) is determined by its value on the sets in
Basic(F), a probability measure over (W, F) can be identified with a vector in IRIBesie(F)l; the
vector defining the probabilities of the elements in Basic(F). There can be at most | Basic(F)|
linearly independent such vectors, thus i’ has length at most |Basic(F)|.

It remains to show that /i’ is equivalent to ji. Given random variables X and Y, suppose
that Ez(X) < Ez(Y). Then there is some minimal index 3 such that £, (X) = E, (Y) for
all v < 8 and E,,(X) < E,(Y). It follows that pg cannot be a linear combination of p., for
v < B. Thus, ug is one of the probability measures in [i’. Moreover, the expected value of X
and Y agree for all probability measures in i’ with lower index (since they do in ). Thus,
Eﬁ/(X) < Eﬁ/(X).

The argument in the other direction is similar in spirit and left to the reader. 1

Theorem 4.4: [fW is finite, then Fr_ x is an isomorphism from LPS(W, F) /~ to NPS(W, F) /~
that preserves equivalence (that is, each NPS in Fr_,n([{]) is equivalent to [i).

Proof: I first prove a general characterization of when an NPS is equivalent to an LPS.

Lemma A.7: Suppose that €, ..., € are such that st(e;41/€;) = 0 fori =1,...,k —1 and
Zf:oﬁi = 1. Then (po, ..., k) = €opto + - - - + €xfik-

Proof: Let i = (po,...,px) and let v = euo + - -+ + €pur. Suppose that Ei(X) < Ez(Y).
Thus, there exists some j < & such that Ey,; (X) < Ey,;(Y) and B, ,(X) = B, (Y) for all j* < j.

Since E,(X) = YF g6 E,,(X) and E,(Y) = XF (&E,,(Y), to show that E,,(X) E,(Y), it
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suffices to show that ¢;(E,, (X) — E,,(Y)) > Sk i1 €6i( B (X) — B, (Y)). Since €51 < €
for 7/ > 7, it follows that Zf:jﬂ ei(Em (X) — EM (Y)) < eﬁ_l Sk i1 1B (X) — B, (Y)]. Thus,
it suffices to show that €j11/¢; < (Ej;(X) — E,; (Y )/ Sk i1 1B (X) — By (Y)]. Since the
right-hand side of the inequation is a positive real and st(ej;1/€;) = 0, the result follows.

The argument in the opposite direction is similar. Suppose that E,(X) < E,(Y). Again,
since E,(X) = ¥ 6B, (X) and E,(Y) = X% ¢, E,,(Y), it must be the case that if j is the
least index such that E, (X) # E, (Y), then E, (X) < E,;(Y). Thus, Ez(X) < Ez(Y). 1

It follows from Lemma A.7 that
ﬁ/:()u()a' uuk) (1*6* 6k)#0+€ﬂl+“‘+€k,uk.

It remains to show that, given an NPS (W, F,v), there is an equivalence class [fi] such that
Fr_n([f]) = [v]. My goal is to find (standard) probability measures pug, ..., pur and €, ..., €
such that st(e;+1/¢;) =0 and v = egpg + - - - + ex . If this can be done then, by Lemma A.7,
v = (uo,. -, pr), and we are done.

Suppose that F has a basis Uy, ..., U and that v has range IR*. Note that a probability
measure ¢/ on F can be identified with a vector (ay,...,ax) over IR*, where v/(U;) = a;, so that
a1 + -+ 4+ ax = 1. In the rest of this proof, I frequently identify v with such a vector.

Lemma A.8: There exist k' <k, e, ...,e where eg =1, st(ej11/€;) =0 fori=1,..., k' —1,
and standard real-valued vectors bj, 7 =0,...,k', in IR* such that

k/
V= Z Gjbj
Jj=0

Proof: I show by induction on m < k that there exist €, ..., €, and m’ < m such that ¢; =0
for 7' > m/, st(€;11/€;) =0 for i =1,...,m' — 1, and standard vectors 5 j =0,. —1 and
a possibly nonstandard vector b, = (bl,1,...,b. ) such that (a) v = o ejb + embm, (b)
|b,;] <1, and (c) at least m of ¥,,...,b . are standard.

For the base case (where m = 0), just take bo =v and € = L. For the inductive step,
suppose that 0 < m < k. If by, is standard, then take by = b, bns1 = 0, and €41 = 0.
Otherwise, let b, = st(b],) and let b/r/n—i-l = b, — bpy. Let € = max{|b(m+1 |:i=1,....k}
Since not all components of [;7 are standard, ¢ > 0. Note that, by con%tructlon, st(€' [bi) =0
if by # 0, for i = 1,...,k. Let b il = bm+1/e and let €,11 = €€,. By construction,
|b(m +1yi | <1 and at least one component of bm 41 Is either 1 or —1. Moreover, if b/ ; is standard,

then b’(’m )i ’(m +1); = 0. Thus, v 41 has at least one more standard component that .

Since clearly v = Z;-"ZO ejgj + 6m+15;n 11, this completes the inductive step. The lemma follows
immediately. 1

Returning to the proof of Theorem 4.4, I next prove by induction on m that for all m < &’
(where ¥/ < k is as in Lemma A.R), there exist standard probability measures uo, <o s
(standard) vectors bpy1,....by € IR*, and €1,. .., ¢ such that v = Do €t + Z] 1 ejb
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The base case is immediate from Lemma A.8: taking gj, j=1,...,k" as in Lemma A.8, 50
i_'s in fact a probability measure since 50 = si(v). Suppose that the result holds for m. Consider
bm+1- If D(my1)i < 0 for some j then, since v(U;) > 0, there must exist j* € {1,...,m} such
that s (U;) > 0. Thus, there exists some N > 0 such that N(u;(U;)) + bgpi1); > 0. Since
there are only finitely many basic elements and every element in the vector p; is nonnegative,
for j = 0,...,m, there must exist some N’ such that I_J';,LH = N'(uo++ -+ ftm) + bms1 > 0. Let
c= Zle b/(m—i-l)i’ and let p,41 = I;ZnH/c. Clearly, v = (eg— N'epmi1)po+- -+ (€m—N'€ms1) b+
CEmt1fbm+1 + Zfl:m 192 gj. This completes the proof of the inductive step.

The theorem now immediately follows. 1

Proposition 4.5: FEvery LPS over (W, F) is equivalent to an LPS over (W,F) of length at
most |F|.

Proof: The argument is essentially the same as that for Proposition 4.3, using the observation
that a probability measure over (W, F) can be identified with an element of RV, the vector
defining the probabilities of the elements in F. I leave details to the reader. 1

Proposition A.9: For the NPS (W, F,v) constructed in Example 4.9, there is no LPS [i over
(W, F) such that v = [i.

Proof: I start with a straightforward lemma.

Lemma A.10: Given an LPS [i, there is an LPS [i' such that [i =~ [i' and all the probability
measures in [i' are distinct.

Proof: Define (i’ to be the subsequence consisting of all the distinct probability measures in
f. That is, suppose that @ = (po, p1,...). Then i = (ugy, fky»- - ), where kg = 0, and, if k,
has been defined for all o < 3 and there exists an index v such that p, # py for all a < 3,
then kg is the least index 0 such that puy, # us for all a < 3. If there is no index 7 such that
Py & { ik : @ < B}, then [ = (g, : @ < ). I leave it to the reader to check that @~ . I

Returning to the proof of Proposition A.9, suppose by way of contradiction that v ~ [.
Without loss of generality, by Lemma, A.10, assume that all the probability measures in i are
distinct. Clearly E,(xw) < E,(aX{w,}) if @ > 2 and E,(xw) > E,(ax{w,}) if @ < 2. Since
v & ji, it must be the case that Ez(xw) < Eg(ax{w,}) if @ > 2 and Ez(xw) > Eg(axqw,y) if
a < 2. Since Ez(xw) = (1,1,...), it follows that if [i = (uo,p1,...), it must be the case that
po(wy) = 1/2 and

pi(wr) = 1/2. (3)
Similar arguments (comparing yw to X{’LUj}) can be used to show that pg(w;) = 1/27 and
pa(waj—q1) > 1/27 for j = 1,2,.... Next, observe that Ey(X{uwy — 22k—1x{u,2k}) = (28 + 1)e.
Thus,
By (Xguny = 22 X)) = B2 + 1) (xquny — (xw/2)))-
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It follows that the same relationship must hold if v is replaced by i. That is,
2k—1 _ ok
pa(wr) — 277 g (war) = (27 + 1) (pa (w1) — (1/2)).
Rearranging terms, this gives
2%y (w1) + 2% L p(woy) = 2871 £ 1/2,

pr(w1) + 28 p(wey) = 1/2 4 1/2FF1, (4)

Thus, p1(wi) < 1/2 4+ 1/28+1 for all £ > 1. Putting this together with (3), it follows that
p1(wy) = 1/2. Plugging this into (4) gives u1(wqr) = 1/2%¢. It now follows that u; = puo,
contradicting the choice of z. I

Theorem 5.1: Fy_p is a surjection from NPS(W,F) to Pop(W,F) and from NPS¢(W,F)
to Pop®(W, F).

Proof: The result in the case that W is countably additive is immediate from Theorems 3.4,
Proposition 4.5, and Proposition 4.2. Thus, it remains to prove the result in the case that W
is infinite and F is an algebra (but not necessarily a o-algebra). McGee [1994] proves a result
essentially equivalent to Theorem 5.1 in this case. My proof follows the lines of his. I provide
the details here mainly for completeness.

The proof relies on the following ultrafilter construction of non-Archimedean fields. Given
aset S, a filter G on S is a nonempty set of subsets of F that is closed under supersets (so that
if U € Gand U C U, then U’ € G), is closed under finite intersections (so that if Uy, Us € G,
then Uy NUs € G), and does not contain (). An ultrafilter is a maximal filter, that is, a filter
that is not a strict subset of any other filter. It is not hard to show that if ¢/ is an ultrafilter
on S, then for all U C S, either U € U or U € U [Bell and Slomson 1974].

Suppose F' is either IR or a non-Archimedean field, J is an arbitrary set, and U is an
ultrafilter on .J. Define an equivalence relation ~z, on F/ by taking (a; : j € J) ~y (b : j € J)
if {j : a;j = b;} € U. Similarly, define a total order =<y by taking (a; : j € J) =y (bj : j € J)
if {j :a; <b;} €U. (The fact that < is total uses the fact that for all U C J, either U € U
or U € U. Note that the pointwise ordering on F’ is not total.) Let F'//~y consist of these
equivalence classes. Note that F' can be viewed as a subset of F'/ /[~y by identifying a € F with
the sequence of all a’s.

Define addition and multiplication on F/ pointwise, so that, for example, (a; : j € J)+(b; :
j€J)=(aj+bj:j€J). Itiseasy to check that if (a; : j € J) ~y (a} : j € J), then
(aj:je€J)+(bj:7€J)~y(a;:j€ )+ (bj:je€ J), and similarly for multiplication.
Thus, the definitions of + and x can be extended in the obvious way to F'//~y. With these
definitions, it is easy to check that F /~y, is a field that contains F'.

Now given a Popper space (W, F,F’, 1) and a finite subset A = {Uy,...,Ux} C F, let Fu
be the (finite) algebra generated by A (that is, the smallest set containing {Uq, ..., Uy, W} that
is closed under unions and complement). Let F/y = F4 N F'. It follows from Theorem 3.1
that there is a finite SLPS [ig over (W,F4) that is mapped to (W, Fa4, Fy,pa) by Fs_p.
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(Although Theorem 3.1 is stated for finite state spaces W, the proof only uses the fact that
the algebra is finite, so it applies without change here.) It now follows from Theorem 4.4
that, for each A, there is a nonstandard probability space (W, F4,v4) with range IR(e) that
is equivalent to ji4. By Proposition 4.2, it follows that for U € F/; iff v4(U) = 0. Moreover,
stva(V|U)) = pa(V|U) for U € F/y and V € Fu.

Let J consist of all finite subsets of F. For a subset A of F, let G4 be the subset of 27
consisting of all sets in J containing A. Let G = {G C J : G D G4 for some A C F}. It is easy
to check that G is a filter on J. It is a standard result that every filter can be extended to an
ultrafilter [Bell and Slomson 1974]. Let U be an ultrafilter containing G. By the construction
above, R(¢€)/~y is a non-Archimedean field.

Define v on (W, F) by taking v(U) = (va(U) : A € J), where v4(U) is taken to be 0 if
U ¢ F4. To see that v is indeed a nonstandard probability measure with the required properties,
note that clearly v(W) = 1 (where 1 is identified with the sequence of all 1’s). Moreover, to
see that v(U) +v(V) = v(U U V), let Ay,v be the smallest subalgebra containing U and V.
Note that if A D Ay,y, then v4(U) +v4(V) = v (UUV). Since the set of algebras containing
Ay,v is an element of the ultrafilter, the result follows. Similar arguments show that v(U) =0

iff U € F' and that st(v(V|U)) =pu(V|U) it U € F and V € F. Clearly Fn_p(v) = p. I

Proposition 5.2: If 11 = vy than v ~ vs.

Proof: Suppose that v =~ v5. To show that vy ~ vy, first suppose that v1(U) # 0 for some
UCW. Then E,, (xp) < Ey,(xv)- Since vy = g, it must be the case that E,,(xg) < Ev, (xv)-
Thus, v5(U) # 0. A symmetric argument shows that if v5(U) # 0 then 14 (U) # 0. Next,
suppose that v1(U) # 0 and v1(V |U) = a. Thus, E,, (axv) = Ey,(xunv). Since vy & vy, it
follows that E,,(axv) = Eu,(xunv), and so vo(V |U) = a. Thus, st(v1(V |U)) = st(vo(V | U)).
Hence, v1 ~ vs, as desired. |
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