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Abstract

Consider a distributed systei in which each agent has an input value and each communica-
tion link has a weight. Given a global function, that is, adtion f whose value depends on the
whole network, the goal is for every agent to eventually cataphe valuef (V). We call this prob-
lem global function computatianvarious solutions for instances of this problem, such asl&m
function computation, leader election, (minimum) spagrinee construction, and network determi-
nation, have been proposed, each under particular assamaatbout what processors know about
the system and how this knowledge can be acquired. We giveessary and sufficient condition
for the problem to be solvable that generalizes a number dfkmewn results [Attyia, Snir, and
Warmuth 1988; Yamashita and Kameda 1996; Yamashita and #ait@99]. We then provide a
knowledge-based (kb) progratitke those of Fagin, Halpern, Moses, and Vardi [1995, 19873t
solves global function computation whenever possiblealjinwe improve the message overhead
inherent in our initial kb program by giving eounterfactual belief-based prografHalpern and
Moses 2004] that also solves the global function computatibenever possible, but where agents
send messages only when they believe it is necessary to dtheolatter program is shown to be
implemented by a number of well-known algorithms for sodyieader election.

1 Introduction

Consider a distributed systeii in which each agent has an input value and each communidation
has a weight. Given a global function, that is, a functfowhose value depends on the whole network,
the goal is for every agent to eventually compute the vglu€). We call this problenglobal function
computation Many distributed protocols involve computing some gldioaiction of the network. This
problem is typically straightforward if the network is know For example, if the goal is to compute
the spanning tree of the network, one can simply apply ond@faell-known algorithms proposed
by Kruskal or Prim. However, in a distributed setting, agemiay have only local information, which
makes the problem more difficult. For example, the algorigroposed by Gallager, Humblet and Spira
[1983] is known for its complexity. Moreover, the algorithm does not work for all networks, aith
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1Gallager, Humblet, and Spira’s algorithm does not actusdlye the minimum spanning tree as we have defined it, since
agents do not compute the minimum spanning tree, but oniy ledevant information about it, such as which of its edges
lead in the direction of the root.



it is guaranteed to work correctly when agents have distmuiits and no two edges have identical
weights.

Computing shortest paths between nodes in a network is enmistance of global function com-
putation that has been studied extensively [Ford and Fatket962; Bellman 1958]. The well-known
leader election problenfiLynch 1997] can also be viewed as an instance of global céatipa in all
systems where agents have distinct inputs: the leader iaghiet with the largest (or smallest) input.
The difficulty in solving global function computation degksnon what processors know. For example,
when processors know their identifiers (names) and all iduaique, several solutions for the leader
election problem have been proposed, both in the synchsoand asynchronous settings [Chang and
Roberts 1979; Le Lann 1977; Peterson 1982]. On the other, lamgluin [1980], and Johnson and
Schneider [1985] proved that it is impossible to deternticedly elect a leader if agents may share
names. In a similar vein, Attiya, Snir and Warmuth [1988]vyarthat there is no deterministic algorithm
that computes a non-constant Boolean global function ingaof unknown and arbitrarily large size if
agents’ names are not necessarily unique. Attiya, GorlmahMoran [2002] characterize what can be
computed in what they catibtally anonymous shared memory systewtsere access to shared memory
iS anonymous.

We aim to better understand what agents need to know to cengpgltobal function. We do this
using the framework dknowledge-based (kb) programmoposed by Fagin, Halpern, Moses and Vardi
[1995, 1997]. Intuitively, in a kb program, an agent’s asianay depend on his knowledge. To say
that the agent with identity knows some fach we simply write ;. For example, if agent sends
a messagensg to agentj only if he does not know that already has the message, then the agent is
following a kb program that can be written as

if K;(has;(msg)) then skip else send(msg).

Knowledge-based programs abstract away from particultaildeof implementation and generalize
classes of standard programs. They provide a high-levaldweork for the design and specification
of distributed protocols. They have been applied to a nurobproblems, such aatomic commitment
[Hadzilacos 1987]distributed commitmerfMazer and Lochovsky 1990], Byzantine agreement [Dwork
and Moses 1990; Halpern, Moses, and Waarts 2001], sequemsenission [Halpern and Zuck 1992],
and analyzing the TCP protocol [Stulp and Verbrugge 2002].

We first characterize when global function computation Isadale, i.e., for which networksv and
global functionsf agents can eventually leafit/N'). As we said earlier, whether or not agents can learn
f(N) depends on what they initially know abodt. We model what agents initially know as a 96t
of networks; the intuition is thad/ is the set of all networks such that it is common knowledgé tha
belongs taV. For example, if it is commonly known that the network is ayriV is the set of all rings;
this corresponds to the setting considered by Attiya, Smir\armuth [1988]. If, in addition, the size
n of N is common knowledge, theK is the (smaller) set of all rings of size Yamashita and Kameda
[1996] focus on three different types of sets (1) for a givenn, the set of all networks of size, (2)
for a fixedd, the set of all networks of diameter at mastand (3) for a grapli, the set of networks
whose underlying graph i§, for all possible labelings of nodes and edges. In gendralirtore that is
initially known, the smallepV' is. Our problem can be rephrased as follows: gideand f, for which
sets\ is it possible for all agents itV to eventually learry (N)?

For simplicity, we assume that the network is finite and cotew that communication is reliable,
and that no agent fails. Consider the following simple protorun by each agent in the network:
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agents start by sending what they initially know to all ofitheighbors; agents wait until they receive
information from all their neighbors; and then agents tmaihsll they know on all outgoing links.
This is afull-information protoco] since agents send to their neighbors everything they ki@early
with the full-information protocol all agents will eventibaknow all available information about the
network. Intuitively, if f(/V) can be computed at all, then it can be computed when agentigin
full-information protocol. However, there are cases whas protocol fails; no matter how long agents
run the protocol, they will never learf( V). This can happen because

1. although the agents actually have all the informatioy twld possibly get, and this information
suffices to compute the value §f the agents do not know this;

2. although the agents have all the information they coulidy get (and perhaps even know this),
the information does not suffice to compute the function ealu

In Section 2, we illustrate these situations with simpleneglkes. We show that there is a natural way
of capturing what agents know in termshmgimilarity relations[Milner 1989], and use bisimilarity to
characterize exactly when global function computatiorolsable. We show that this characterization
provides a significant generalization of results of Attigajr, and Warmuth [1988] and Yamashita and
Kameda [1999].

We then show that the simple program where each agent jusafds all the new information
it obtains about the network solves the global function cotaton problem whenever possible. It is
perhaps obvious that, if anything works at all, this prograonks. We show that the program terminates
with each agent knowing the global function value iff the dition that we have identified holds.

Our program, while correct, is typically not optimal in tesrof the number of messages sent. Gen-
erally speaking, the problem is that agents may send infilomé agents who already know it or will
get it via another route. For example, consider an orientegl rA simple strategy of always sending
information to the right is just as effective as sending tinfation in both directions. Thus, roughly
speaking, we want to change the program so that an agent sdradsver information he learns to a
neighbor only if he does not know that the neighbor will evaliyy learn it anyway.

Since agents decide which actions to perform based on wiakitow, this will be a kb program.
While the intuition behind this kb program is quite straighivard, there are subtleties involved in
formalizing it. One problem is that, in describing kb prags it has been assumed that names are
commonly known. However, if the network size is unknown,ntilee names of all the agents in the
network cannot be commonly known. Things get even more doatpl if we assume that identifiers
are not unique. For example, if identifiers are not uniqueg&s not make sense to write “agekRhows
"y K;pis not well defined if more than one agent can have the id

We deal with these problems using techniques introduced foyesand Halpern [1995, 1993].
Observe that it makes perfect sense to talk about each agimg &dased on his own knowledge by
saying “if | know ¢, then ...”. I here represents the name each agent uses to refer to himbedf.
deals with self-reference; by using relative names appataly, we can also handle the problem of how
an agent refers to other agents.

A second problem arises in expressing the fact that an agentdssend information to a neighbor
only if the neighbor will not eventually learn it anyway. Abkavn by Halpern and Moses [2004]
the most obvious way of expressing it does not work; to captiis intuition correctly we must use
counterfactuals These are statements of the fopn> 1, which are read “ifp thent”, but the “if

3



... then” is not treated as a standard material implicationparticular, the formula is not necessarily
true if  is false. In Section 3.1, we provide a kb program that usesteoiactuals which solves the
global function computation problem whenever possibleilewtonsiderably reducing communication
overhead.

As a reality check, for the special case of leader electiametvorks with distinct ids, we show in
Section 5 that the kb program is essentially implementedbyptotocols of Lann, Chang and Roberts
[Le Lann 1977; Chang and Roberts 1979], and Peterson [1@82¢h all work in rings (under slightly
different assumptions), and by the optimal flooding protdtgnch 1997] in networks of bounded
diameter. Thus, the kb program with counterfactuals shdwsunderlying commonality of all these
programs and captures the key intuition behind their design

The rest of this paper is organized as follows. In Sectiongive our characterization of when
global function computation is possible. In Section 3 wecdbs the kb program for global function
computation, and show how to optimize it so as to minimizesagss. In Section 5, we show that the
program essentially implements some standard solutioleatter election in aring. We remark that
to define kb programs with counterfactuals requires a logécfimical machinery, which can sometimes
obscure the essential simplicity of the ideas. Thus, werdéfie detailed formal definitions and the
proofs of results to the appendix, giving only the esseidizgds in the main part of the paper.

2 Characterizing when global function computation is solvale

We model a network as a directed, simple (no self-loops)nected, finite graph, where both nodes and
edges are labeled. Each node represents an agent; itsdabelagent’s input, possibly together with
the agent’s name (identifier). Edges represent commuaicttiks; edge labels usually denote the cost
of message transmission along links. Communication ialsldj meaning that every message sent is
eventually delivered and no messages are duplicated arated.

We assume that initially agents know thkical information i.e., their own input value, the number
of outgoing links, and the weights associated with thedesliHowever, agents do not necessarily know
the weights on non-local edges, or any topological charigtitss of the network, such as size, upper
bound on the diameter, or the underlying graph. Additignafents may not know the identity of the
agents they can directly communicate with, or if they shhaeértnames with other agents. In order to
uniquely identify agents in a network of sizen, we label agents with “external names; ..., n.
Agents do not necessarily know these external names; wéesefor our convenience when reasoning
about the system. In particular, we assume that the globatifan f does not depend on these external
names;f(N) = f(N') for any two networksV and N’ that differ only in the way that nodes are labeled.

Throughout the paper we use the following notation: We wiritéV) for the set of agents itV and
E(N) for the set of edges. For eack V(N), letOut (i) be the set of’'s neighbors on outgoing links,
so thatOuty (i) = {j € V(N) | (i,j) € E(N)}; let Iny(i) be the set of’s neighbors on incoming
links, so thatlny (i) = {j € V(N) | (4,i) € E(N))}; letiny(i) denotei’s input value. Finally, ife is
an edge inE(N), letwy (e) denotee’s label.

We want to understand, for a given netwadykand global functiory’, when it is possible for agents to
eventually knowf (V). This depends on what agents know abiutAs mentioned in the introduction,
the general (and unstated) assumption in the literatuieats besides their local information, whatever
agents know initially about the network c@mmon knowledgeWe start our analysis by making the
same assumption, and characterize the initial common launel as a seV” of networks.
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In this section, we assume that agents are following a fifitirmation protocol. We think of the
protocol as proceeding iunds in each round agents send to all neighbors messages degailb
the information they have; messages are stamped with timel roumber; round for agent; starts after
he has received all rourfd— 1 messages from his neighbors (since message deliveryablelithis is
guaranteed to happen). The round-based version of thanfalimation protocol makes sense both in
synchronous and asynchronous settings, and for any assamsipbout the order in which messages are
delivered.

Intuitively, the full-information protocol reduces untainty. For example, suppose thetconsists
of all unidirectional 3-node rings, and I&{ be a three node ring in which agents have inpyt$,
andc, and all edges have the same weight Let ¢ be the external name of the agent with injut
Initially, 7 considers possible all 3-nodes rings in which the weightisrohtgoing edge i and his
input isa. After the first round, learns from his incoming neighbor, who has external ngmbat
j's incoming edge also has weight and thatj has inputc. Agent;j learns in the first round that his
incoming neighbor has inpdtand that his incoming edge also has weightAgentj communicates
this information toi in round 2. At the end of roung, i knows everything about the netwaor, as do
the other two agents. Moreover, he knows exactly what thear&tis. But this depends on the fact that
1 knows that the ring has size

Round 0O Round 1

Figure 1: Howi’s information changes with the full-information protocol

Now consider the same networK, but suppose that agents do not know the ring size, \eis
the set of all unidirectional rings, of all possible sized &or all input and weight distributions. Again,
at the end of round 2, agenthas all the information that he could possibly get, as do therawo
agents. However, at no point are agents able to distinghismétworkN from a 6-node ringV’ in
which agents look just like the agents on the 3-node ring Fsgere 2). Consider the pair of agerits
in NV andi’ in N'. It is easy to check that these agents get exactly the sansagessin every round of
the full-information protocol. Thus, they have no way oftitiguishing which is the true situation. If
the functionf has different values ofV and N’, then the agents cannot compyieV). On the other
hand, if vV consists only of networks where inputs are distinct, thezalizes at the end of round 2 that
he must bé:’s neighbor, and then he knows the network configuration.

We want to characterize when agenn network N thinks he could be agernt in network N'.
Intuitively, at roundk, 7 thinks it possible that he could béif there is a bijectionu that mapsi’'s
incoming neighbors t@’s incoming neighbors such that, at the previous rokind 1, each incoming
neighbor; of ¢ thought that he could be(j).

Definition 2.1 Given networksV and N’ and agent$ € V(N) andi’ € V(N'), i andi’ are0-bisimilar,
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Figure 2: Two indistinguishable networks.

written (N, i) ~q (N',4), iff

o iny(i) =iny:(i);
e there is a bijectionf>“* : Outy(i) — Outy(i') that preserves edge-labels; that is, for all
J € Outn(i), we havewy (i, j) = wn: (7', fOU4(5))-

Fork > 0, ¢ andi’ arek-bisimilar, written (N, ) ~j (N, '), iff

e (N,i) ~o (N',i),and
e there is a bijectiorf™ : Iny(i) — Iny(i') such that for allj € Inx (i)
= wn (4,4) = wn (f7(5), 7)),
— the(j,4) edge is bidirectional iff thé /" (j), ') edge is bidirectional, and
- (ij) ~k—1 (N,> fzn(]))
Note that~, is an equivalence relation on the set of pdi§ i) with i € V(N), and that~j; is a

refinement of~y.
The following lemma relates bisimilarity and the full-imfoation protocol:

Lemma 2.2: The following are equivalent:

(@) (N,i) ~p (N, 7).

(b) Agentsi € V(IV) andi’ € V(N') have the same initial local information and receive the same
messages in each of the fikstounds of the full-information protocol.

(c) If the system is synchronous, theand:’ have the same initial local information and receive the
same messages in each of the firsbunds of every deterministic protocol.

Proof: We first prove that (a) implies (c). Ld® be an arbitrary deterministic protocol. The proof
proceeds by induction, with the base case following frontf@nition of~,. Suppose that, ifV, i) ~
(N',4"), theni andi’ start with the same local information and receive same iné&tion in each of the
first & rounds of protocolP and that(N,i) ~x.1 (N',4). Then(N,i) ~; (N’,4), and there exists
a bijection f* : Iny(i) — Iny/(i) such that(N,j) ~; (N’, f(5)) for all j € Iny(i). From
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the inductive hypothesis, it follows thaeandi’ have the same initial information and receive the same
messages in the firtrounds ofP; similarly, for eachj incoming neighbor of, j and f(j) have same
initial information and receive same messages in each dirstek rounds of P. Hence,j and f"(j)
have the same local state at tit@nd, sinceP is deterministic,j sends the same messages #8 ()
sends ta’. Thus,i and:’ receive same messages in roung 1 of protocol P.

To prove that (c) implies (b), it suffices to notice that thi-fiaformation protocol is a special case
of a deterministic protocol and that, given how we have ddfirminds in an asynchronous settirig,
receives the same messages in roiénaf the full-information protocol in both the synchronousdan
asynchronous case.

Finally, we prove that (b) implies (a) by induction én For k& = 0, it is clear from Definition 2.1
that (IV,7) ~o (N',i') exactly wheni andi’ have the same initial local information. For the inductive
step, suppose thaaind:’ have the same initial local information and receive the samagsages at each
roundk’ < k + 1. We can then construct a mapping, 4%, from Iny (i) to Inx-(i') such that for all
J € Inn(i), the information that receives frony is the same as the information thateceives from
f™(45) in each of the first + 1 rounds. Sincg is following a full-information protocol, it follows that
j must have the same initial local informationAsind thatj and;’ receive the same messages in each
of the firstk rounds. By the induction hypothesisy, j) ~x (N’, f*(j)). Since part of’s information
from j is also the weight of edgg, i), f* must preserve edge-weights. Th(¥, ) ~p 1 (N',4'). 11

Intuitively, if the function f can be computed oN, then it can be computed using a full-information
protocol. The value of can be computed whefitakes on the same value at all networks that the agents
consider possible. The round at which this happens may depethe networkV, the functionf, and
what it is initially known. Moreover, if it does not happehgh f is not computable. Using Lemma 2.2,
we can characterize if and when it happens.

Theorem 2.3: The global functionf can be computed on networks M iff, for all networks N € \/,
there exists a constanty v, r, such that, for all networksV’ € AV, all i € V(V), and alli’ € V(N'),
if (V1) ~iy oy, (V') thenf(N') = f(N).

Proof: First suppose that the condition in the statement of therémednolds. At the beginning of each
round k, each agent in the network proceeds as follows. ilfeceived the value of in the previous
round, theri forwards the value to all of its neighbors and terminatelsetise,; computesf’s value

on all the networksN’ such that there exists ahsuch that agent would have received the same
messages in the firét— 1 rounds in networkV’ asi actually received. (By Lemma 2.2, these are just
the pairs(N’, ') such that(N’,i') ~,_1 (N,i).) If all the values are equal, thersends the value to

all his neighbors and terminates; otherwissends whatever new information he has received about the
network to all his neighbors.

Let k; be the first round with the property that for &' € N andi’ in N, if (N, ) ~, (N',i),
then f(N') = f(INV). (By assumption, such & exists and it is at mostyr n f.) It is easy to see
that, by roundk;, ¢ learns the value of (N), since either gets the same messages that it gets in the
full-information protocol up to round; or it gets the function value. Thusterminates by the end of
roundk; + 1 at the latest, after sending the valuefofand the protocol terminates in at mést v, + 1
rounds. Clearly all agents leayf{/V) according to this protocol.

Now suppose that the condition in the theorem does not hald layn way of contradiction, that
the value off can be computed by some protoddlon all the networks in\/. There must exist some
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network N for which the condition in the theorem fails. Consider a rureve all messages are delivered
synchronously. There must be some roérglich that all agents itV have computed the function value
by roundk. Since the condition fails, there must exist a netwdrke N and agents € V(NV) and

i’ € V(N') such that N,i) ~, (N',i) and f(N) # f(N'). By Lemma 2.2; andi’ have the same
initial information and receive the same messages in thiekfirsunds of protocolP. Thus, they must
output the same value for the function at roundut sincef(N) # f(N'), one of these answers must
be wrong, contradicting our assumption tffacomputes the value gf in all networks inV. I

Intuitively, kx v, ¢ is @ round at which each ageinknows thatf takes on the same value at all the
networksi considers possible at that round. Since we are implicithyasng that agents do not forget,
the set of networks that ageintonsiders possible never grows. Thus, if the funciidakes on the same
value at all the networks that agertonsiders possible at roukigithen f will take on the same value at
all networks that considers possible at roud > k, so every agent knows the value (fNV) in round
kx n.¢. In some cases, we can provide a useful upper bounkhog ¢. For example, it consists
only of networks with distinct identifiers, or, more gengrabf networks in which no two agents are
locally the same, i.e(N, %) ¢ (IV,j) for all i # j, then we can takén, n = diam(N) + 1, where
diam(N) is the diameter ofV.

Theorem 2.4 If initially it is common knowledge that no two agents aredibcthe same, then all global
functions can be computed; indeed, we can takey, ; = diam(N) + 1.

Proof: Sincef(N) = f(N') if N andN’ are isomorphic, it suffices to show th@V, i) ~ gigm(n)+1
(N’,4") implies that N and N’ are isomorphic for allN, N’ € N. First observe that, by an easy
induction onk, if there is a path of length < diam(N) from i to j in N, then there must exist a
node;j’ € V(N') such that there is a path froifito j* of lengthk and(V, j) ~ gigm(ny+1-k (N, 5').
Moreover, note thaj’ must be unique, since {iV, j) ~ giamn)+1- (N',5"), thenj, 5, andj” must
be locally the same and, by assumption, no distinct agen& iare locally the same. Define a map
from N to N’ by takingh(j) = j'. This map is 1-1, since ik(j;) = h(j2), thenj; andj> must be
locally the same, and hence identical.

Let N” be the subgraph oV’ consisting of all nodes of distance at mastm(N) from i’. An
identical argument shows that there is a 1-1 mhafrom N” to N such thatj’ and /' (') are locally
the same for alf’ € V(N"). The functionh’ is the inverse of., sinceh(h/(j')) and;’ are locally the
same, and hence identical, for glle V' (V). Finally, we must have thdtis a graph isomorphism from
N to N”, since the facj andh(j) are locally the same guarantee that they have the same,lahdl§
(41,J2) € E(N), then(h(j), h(j')) € E(N") and the two edges have the same label.

It remains to show thalv’ = N”. Suppose not. Then there is a ngdec V(N’) of distance
diam(N) + 1 fromi’. Letjo € V(N) be such thaf; is an outgoing neighbor gf, and the distance
from i’ to jo is diam(N). By construction;j, € V(N"); by our previous argument, there is a node
Js € V(IV) suchtha( N, j3) ~1 (N, j2). Sincej; andjs are locally the same, they must have the same
number of outgoing links, say.. That means that there ane nodes inN that havej; as an incoming
neighbor, say,...,i,. Thus, each ofi(i1), ..., h(iy), all of which are inN”, must havej; as an
incoming neighbor. Bufs has onlym outgoing edges, and one of them goegstowhich is not inV”.
This is a contradiction

Attiya, Snir, and Warmuth [1988] prove an analogue of Lemn#ai2 their setting (where all net-
works are rings) and use it to prove a number of impossihiisults. In our language, these impossi-
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bility results all show that there does not exist auch that NV, i) ~ (N',i') implies f(N) = f(N')
for the functionsf of interest, and thus are instances of Theorent2.3.

Yamashita and Kameda characterize when global functiombeaomputed in undirected networks
(which have no weights associated with the edges), assutinaigan upper bound on the size of the
network is known. They define a notion wiew and show that two agents have the same information
whenever their views argmilar in a precise technical sensg(/N) is computable iff for all networks
N’ such that agents itV and N’ have similar views,f(N’) = f(N). Their notion of similarity is
essentially our notion of bisimilarity restricted to uretted networks with no edge labels. Thus, their
result is a special case of Theorem 2.3 for the caseNhednsists of undirected networks with no edge
labels of size at most* for some fixed constant*; they show that v, ; can be taken to be* in that
case. Not only does our result generalize theirs, but ouackerization is arguably much cleaner.

Theorem 2.4 sheds light on why the well-known protocol fonimium spanning tree construction
proposed by Gallager, Humblet, and Spira [1983] can de&lwih systems with distinct ids (provided
that there is a commonly-known ordering on ids) and for neteavith identical ids but distinct edge-
weights. These are just instances of situations where tnsnoon knowledge that no two agents are
locally the same.

3 A standard program for global function computation
3.1 Standard programs with shared names

A standardprogram Pg has the form
if ¢; then act;
if ¢t then acty

ey

where thet;s are standard tests (possibly involving temporal opesatach as)), and theact;s are
actions. The intended interpretation is that agemins this program forever. At each point in time,
nondeterministically executes one of the actieass such that the test; is satisfied; if no such action
exists,: does nothing. We sometime use obvious abbreviationdfiike then . .. else.

Following Grove and Halpern [Grove 1995; Grove and Halpe383] (GH from now on), we dis-
tinguish between agents and their names. We assume thaapregnention only names, not agents
(since in general the programmer will have access only tm#mees, which can be viewed as denoting
roles). We useN to denote the set of all possible names and assume that ohe ohies id. In
the semantics, we associate with each name the agent whbdtasame. We assume that each agent
has a way of naming his neighbors, and gives each of his neigttifferent names. However, two
different agents may use the same name for different neighbor example, in a ring, each agent may
name his neighborgé and R; in an arbitrary network, an agent whose outdegreénsay refer to his
outgoing neighbors ak 2, ...,d. We allow actions in a program to depend on names, so the ngeani
of an action may depend on which agent is running it. For exanpour program for global function
computation, ifi uses name to refer to his neighboy, we writei's action of sending messagesg
to j assendy(msg). Similarly, if A is a set of names, then we takend 4(msg) to be the action of

2\We remark that Attiya, Snir, and Warmuth allow their globahétions to depend on external names given to agents in the
network. This essentially amounts to assuming that thetsgeemes are part of their input.



sendingmsg to each of the agents iA (and not sending anything to any other agents). Nétr de-
note the neighbors of an agent, so thatdnp, (msg) is the action of sendingusg to all of an agent’s
neighbors.

We assume that message delivery is handled by the chanmkiqarot under the control of the
agents). In the program, we use a primitive propositiome_new _info that we interpret as true for
agents iff ¢ has received some new information; in our setting, that mdhat: has learned about
another agent in the network and his input, has learned tightMabeling some edges, or has learned
that there are no further agents in the network. (Note tha&henlatter casej can also compute the
function value. For example, in doing leader election oniditgctional ring, ifi gets its id back after
sending it around the network, therknows that it has heard from all agents in the network, and can
then compute which agent has the highest id.) Notedbat _new _info is a proposition whose truth is
relative to an agent. As already pointed out by GH, once wéwoa setting with relative names, then
both propositions and names need to be interpreted relatima agent; we make this more precise in
the next section. In the program, the actiomd,, (new_info) has the effect of sendingn whatever
new information: learned.

With this background, we can describe the program for glabaition computation, which we call
P¢%“; each agent runs the program

if some_new_info then sendnp(new_info); receive,

where thereceive action updates the agent’s state by receiving any messhgesre waiting to be
delivered. As written,PgGC does not terminate; however, we can easily modify it so tharminates

if agents learn the function value. (They will send at most omessage after learning the function
value.)

We would like to prove thaPg““ solves the global function computation problem. To do this,
need to give precise semantics to programs; that is thedudifjéhe next section.

3.2 Protocols, systems, and contexts

We interpret programs in theins and systemamework of Fagin et al. [1995], adapted to allow for
names. We start with a possibly infinite sébf agents. At each point in time, only finitely many agents
are present. Each of these agentsin some local statg. Theglobal stateof the system at a particular
point is a tuples consisting of the local states of the agents that exist apthiat. Besides the agents, it
is also convenient to assume that there igm@rironment statevhich keeps track of everything relevant
to the system not included in the agents’ states. In oumsgtthe environment state simply describes
the network.

A run is a function from time (which we take here to range over thieima& numbers) to global
states. Intuitively, a run describes the evolution of thetesy over time. With each run, we associate the
set of agents that exist in that run. For simplicity, we assuinat the set of agents is constant over the
run; that is, we are not allowing agents to enter the systelsave the system. However, different sets
of agent may be associated with different runs. (While thiggpropriate in our setting, it is clearly not
appropriate in general. We can easily extend the framewagemted here to allow agents to enter or
leave the system.) Led(r) denote the agents present in nunA pair (r,m) consisting of a rum and
timem is called gpoint If i € A(r), we user;(m) to denote agents local state at the poiritr, m). A
systeniR consists of a set of runs.
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In a system for global function computatioaach agent’s initial local information is encoded in
the agent’s local state; it must be consistent with the enwirent. For example, if according to the
environment the network is a bidirectional ring, each ageust have two outgoing edges according to
its local state. We assume that agents haendect recall so that they keep track in their local states of
everything that they have heard and when they heard it. Teawthat, in particular, the local state of
an agent encodes whether the agent has obtained new infmmraabut the network in a given roud

We are particularly interested in systems generated bypgots. A protocolP; for agent; is a func-
tion from’s local states to nonempty sets of actions thaty perform. If the protocol is deterministic,
then P;(¢) is a singleton for each local stafe A joint protocolis a tupleP = {P; : i € A}, which
consists of one protocol for each agent.

We can associate with each joint protoddla system, given aontext A context describes the
environment’s protocol, the initial states, the effectci@ns, and the association of names with agents.
Since names are relative to agents, we do the associatiog aisaming functionu : G x A x N — A,
whereg is the set of global states. Intuitively(g,i,n) = j if agenti assigns name to agent; at
the global statg. Thus, we take a contextto be a tuple(P., Gy, 7, 1), whereP, is a protocol for the
environmentg, is a set of initial global states; is atransition function andy is a naming functior.
The environment is viewed as running a protocol just likedgents; its protocol is used to capture,
for example, when messages are delivered in an asynchraystesm. The transition function and
naming functiory, determine a mapping denotegassociating with eadoint action(a tuple consisting
of an action for the environment and one for each of the ajjagtobal state transformerthat is, a
mapping from global states to global states. Note that wd tiee naming function since actions may
involve names. For the simple programs considered in tipetpahe transition function will be almost
immediate from the description of the global states.

We focus in this paper on a family of contexts that we cahitexts for global function computation
Intuitively, the systems that represent programs in a stifide global function computation are systems
for global function computation. A context®” = (P., Gy, 7, uu) for global function computation has
the following features:

e The environment’s protocaP, controls message delivery and is such that all messagesemne e
tually delivered, and no messages are duplicated or cedupt

e The initial global states are such that the environmendtesiecords the network and agent’s
local state records ageiis initial local information; we useV, to denote the network in a run
(as encoded by the initial global staterin

e The transition functiorr,, is such that the agents keep track of all messages sent anerelel
and the set of agents does not change over time. Thatsiss d global stategct is a joint action,
ands’ = 7,(act)(s), then A(s) = A(s’) and ageni’s local state ins’ is the result of appending
all messages thatsent and received as a result of actianto i’s local state ins. We assume that
7, 1S such that the actiogend,(new_info) has the appropriate effect, i.e.,séndy (new_info)
is agent’'s component of a joint actioact and agent gives agenj namen in the global state
(note here we need the assumption that the naming funptidepends only on the global state)

3Fagin et al. [1995] also have a component of the context #mtribes the set of “allowable” runs. This plays a role when
considering issues like fairness, but does not play a ralkignpaper, so we omit it for simplicity. Since they do not sicler
names, they do not have a compongrith their contexts.
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ands’ = 7,(act)(s), then ins’, j’s local state records the fact thahas received the information
from i.

In the following, we will denote the set of all networks eneddn the initial global states of a context
~&C for global function computation as"(y%<).

A run r is consistent with a joint protocaP if it could have been generated when runniRg
Formally, runr is consistent with joint protocaoP in contexty if its initial global stater(0) is one of
the initial global stategj, given in+, and for allm, the transition from global statgm) to »(m + 1)
is the result of performing one of the joint actions specifigdP according to the agents in and the
environment protocoP, (given in+) in the global state(m). Thatis, ifP = {P, : i € A} andP, is
the environment’s protocol in context thenr(0) € Gy, and ifr(m) = (e, {¢; : i € A(r)}), then there
must be a joint actiotfact,, {act; : i € r(A)}) such thatact. € P.({.), act; € P;(¢;) fori € r(A),
andr(m + 1) = 7,(acte, {act; : i € r(A)})(r(m)) (so thatr(m + 1) is the result of applying the joint
action(acte, {act; : i € A}) tor(m). For future reference, we will say that a ruiis consistent withy
if r is consistent witlsomejoint protocol P in . A systemR represents joint protocolP in a context
~ if it consists of all runs consistent witR in v. We useR/(P, ) to denote the system representiRg
in contexty.

We want to associate with a program a protocol. To do this, edrto interpret the tests in the
program. In doing so, we need to consider the fact that tastise programs we consider here may
contain names. This is the case for example of leader efegiiograms in a ring network, where
an agent may send a message only if his identifier is larger timleft neightbor's. We can write
this asid; > idy, and clearly this test holds for the agent with maximum id, dmes not hold for
the agent with minimum id. This is why we need to interpret tbsts in a program relative to an
agent and with respect to a naming functjerthat resolves names relative to the agent. Given a set
® of primitive propositions, let aninterpretation7 be a mapping that associates with each naming
function i a functionr, : G x A x ® — {true, false}. Intuitively, 7, (g, 4, p) = trueif p is true at the
global statey relative to agent. Furthermore, we need to ensure that the interpretatioonisistent,
in the sense that ifd; > idy is interpreted as true in a global statevith respect to agent andi's
left neighbor refers ta as his right neighbor, theit/g > id; is taken as true in same global state,
this time when interpreted relative its left neighbor. To formalize this, we tak®’ to be the set of
all propositions in® with relative names replaced by “external nameés” . ., n, and take functions
' : G x & — {true,false} to be objective interpretation functionsWe say thatr, is consistent
if there exists an objective interpretatiari such that, for all global stateg agentsi and tests in
®, m,(g,4,p) = trueif and only if 7'(g,p") = true, wherep' is just like p, except that all names
are replaced by the external namgy, i,n). In the following, we will focus only on contexts and
interpretationsr such thatr,, (for 1 the naming function iny) is consistent. Of course, we can extend
w, to arbitrary propositional formulas, in the standard way;&xample, we take,(g,i, ~p) = true
iff 7,(g,1,¢) = false m,(g,1, ¢ AN) = trueiff m,(g,i,¢) = trueandmr,(g,1%,1) = true, etc.

An interpretation idocal (for programPg and in contexty) if the testsp in Pg depend only on the
local state, in the sense thatiils agent’s local state in the global stateand also ageni's local state in
the global state’, thenr,, (g, 7, ¢) = trueiff =,(¢', 7, ») = true. In this case, we write, (¢, p) = true.
Given an interpretatiom that is local, we can associate with a progr&mnfor agenti a protocolPg™+.
We definePg™ (¢) = {act; | m, (¢, t;) = true} if there exist tests; such thatr, (¢, ¢;) = true, and take
Pg™(¢) = skip otherwise. Defind(Pg,~, ) = R(Pg™,~), for u the naming function in contex.

An interpreted context for global function computati@na pair (v, 7), where~ is a context for
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global function computation and, interpretssome_new_info appropriately (so that,, (g, i, some_new_info)
= trueif i received some new information about the networl end has not sent a message since re-
ceiving that information).

For the purpose of global function computation, we oftek #ddout agentknowinga fact about the
network, some piece of information, or the function valuag dow this knowledge changes during a
run of a protocol Iike(PgGC)T“. Intuitively, this says that, regradless of the agent’santainity about
the network, and in general about the global state he ig iholds. i's uncertainity about the global
world comes from two sources’s uncertainty about the local states of other agents;andacertainity
about his own identity and the identities of the other agéet€an refer to by certain names. More
precesily, when in some local state= r;(m), ¢ cannot distinguish between the global worldr) and
any global worldr’(m') such that there exists an ageéhivith same local state asi.e.,r;,(m') = £. In
the following, we will a tuple(r, m, 7) asituation and we will say that situations, m, ) and(r’, m’, ')
are indistinguishable to agentf i thinks possible he ig in +/(m/), i.e.,r;(m) = r,(m'). We define
anextended interpreted systembe a tupleZ = (R, 7, 1), whereR is a systemg is an interpretation,
andyp is a naming function. We say that fagtolds at situatiorir, m, ) and with respect to interpreted
systemZ, denoted a$Z,r,m,i) |= ¢, precisely whenr,(r(m),i,¢) = true. We can now formalize
the fact that knows at point(r, m) as the condition thap holds at all situations intistinguishable to
ifrom (r,m, i), i.e.,(Z,r',m',i") |= ¢ for all situations(r’, m’, 7’) in Z with 7, (m’) = r;(m).

ProgramPyg solves the global function computation problem for funatfan the interpreted context
(v%¢, ) if and only if, in all runsr of I(Pg,7“C, ), eventually all agents itd(r) know the value
f(N,). Thatis, for all such runs, there exists a time: such that, for all agentsin A(r), f takes the
same valuef (V,)) on all networksi thinks possible when in local statg(m), i.e., on all networks in
runsr’ such that there exists a time’ and an agent with 7, (m’) = r;(m).

3.3 Proving the correctness ofPg““

Theorem 3.1: If f and /' (v“©) satisfy the condition in Theorem 2.3, thélg““ solves the global
function computation problem fgfin all interpreted context§y““, ) for global function computation.

Proof: Let f be a global function and léty““, 7) be an interpreted system for global function com-
putation such thaf and V' (v““) satisfy the condition in Theorem 2.3. Letoe a run in the system
I(PgGC, ,.}/GC7 7'(').

We first show that at some point in some agent knowg(N,.). Suppose not. Let’ be the unique
run of the full-information protocol starting with the sainéial global state as. We show by induction
on k that there is a timen;, such that, at timér, m;), all the agents ind(r) have at least as much
information about the network as they do at the beginningpofdk in /. That is, for all agents in
A(r), the set of networksconsiders possible at timey, in r (i.e., the set of all networka/,.. for " run
in I(Pg“C, ¢ 1) such that there exists a situatior!’, m”, i") with %, (m”) = r;(m;,)) is a subset
of the set of networks considers possible at the beginning of rounith 7/ (i.e., if m}, is the time in”’
when roundk begins, the set of networks,.» for " run of the full-information protocol such that there
exists a situationtr”, m”, ") with 77, (m") = ri(m},)).

The base case is immediate: we can take= 0 since, by assumption, agentsrimndr’ start with
the same initial states. For the inductive step, suppode; learns some new information frognin
roundk of /. That meang knew this information at the beginning of roukdn ’ so, by the induction
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hypothesis,j must have known this information by time;, in ». Thus, there is a timen), < my
such thatj first learns this information in run (where we taken) = 0 if £ = 1). It follows from
the semantics oP¢“C thatj sends this information toat timem;_in r. Since we have assumed that
communication is reliable; learns it by some timen). Since: has only finitely many neighbors and
there are only finitely many pieces of information about tevork, there must be a time inby which

1 learns all the information that it learns by the beginningafndk + 1 in 7/. And since there are only
finitely many agents in4(r), there must be a timew; 1 by which all the agents ind(r) learn all the
information about the network that they know at the begigrmifiroundk + 1 in r’.

By Theorem 2.3, there exists a roulg,cc) v, s such that, running the full-information protocol,
for all networksN’ € N (v%¢), all i’ € V(N'), and alli € V(N,), we have thaif(N,.) = f(N') if
(Nrs )~y oo, ., (N',7'). Suppose thatis an agent inV,., ' is a run inI(Pg““ ~5¢ ), andi’
is an agent inV,, such thab“i(mkmwac),m,f) = rl,(m’). A straightforward argument now shows that
(N, 1) VIR (N,+,i"). (Formally, we show by induction ol with a subinduction o’ that if
k < kayoey N, g k' < k, andj is an agent at distandé from : in N,, then there exists an agejit
of distancek’ from ¢’ in N,» such that{ N,., ) ~;_x (N,,4), and similarly switching the roles af ¢/,
N,, andN,..) It follows thati knows f(N,.) by timemkN(qGC),Nr,f in r, contradicting the assumption
that no agent learng(NV,.).

Suppose that is the first agent to learn the function valuerinand does so at time: (or one of
the first, if there are several agents that learn the functidne at timem). We can now use the same
argument as above to show that eventually all agents learfutiction value. A formal proof proceeds
by induction on the distance of ageinfrom i in V,.; we omit details herel

4 Improving message overhead

While sending only the new information that an agent leatesiah step reduces the size of messages, it
does not preclude sending unnecessary messages. One \edycifig communication is to have agent

1 not send information to the agent he namaghe knowsthatn alreadyknowsthe information. Since
agent; is acting based on what he knows, this isr@wledge-based (kb) prograrive now formalize
this notion.

4.1 Knowledge-based programs with shared names

Consider a language with a modal operakt for each namen € N. When interpreted relative to
agent;, K, is read as “the agenthamesn knowsy”. A knowledge-based progratfy,,;, has the form

if t1 A k1 do acty
if t9 A ko do acty

wheret; andact; are as for standard programs, drndare knowledge tests (possibly involving belief
and counterfactual tests, as we will see later in the séction

Let cont(new_info) be a primitive proposition that characterizes the contétiteomessagecw_info.
For example, suppose that is a unidirectional ring, andew _info says that’s left neighbor has input
valuewv;. Thencont(new_info) is true at all points wherés left neighbor has input value;. (Note
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that cont(new_info) is a proposition whose truth is relative to an agent.) THuseems that the follow-
ing kb program should solve the global function computaposblem, while decreasing the number of
messages:

if some_new_info then
for each nonempty subset A of agents do Q)
if A={n € Nbr : ~K;K,(cont(new_info))} then send 4(new_info); receive.

There are, however, some subtleties involved giving seigstd this program; we consider these in the
next section. In the process, we will see that there are nuofheays that the message complexity of
the program can be further improved.

4.2 Semantics of kb programs with shared names

We can use the machinery that we have developed to give sesémformulas such a&,,. The
statementi,» holds with respect to a situatigm, m, i) and an interpreted systefmprecisely when
the agentj = p(r(m),7,n) i namesn knows ¢ when in local state;(m), i.e., wheny holds in all
situations(r’, m’, j') in Z agent;j cannot distinguish fronir, m, j). We can then define

(Z,r,m,i) = Knp iff, forall j, ;" and point(r’, m’) such thatu(r(m),i,n) = j
andr;(m) = i, (m'), we have(Z, ', m’, j') |= ¢.

As observed by GH, once we allow relative names, we must lefutabout scoping. For example,
suppose that, in an oriented ringg left neighbor isj andj’s left neighbor isk. What does a formula
such asK ;K (left_input = 3) mean when it is interpreted relative to agent Does it mean that
knows thatj knows thatk’s input is 3, or does it mean thatkknows thatj knows thatj’s input is 3?
That is, do we interpret the “left” ifkeft _input relative toi or relative toi’s left neighbor;j? Similarly,
to which agent does the secoidin K; K K refer? That, of course, depends on the application.
Using a first-order logic of naming, as in [Grove 1995], akkous to distinguish the two interpretations
readily. In a propositional logic, we cannot do this. In thlegmsitional logic, GH assumeadnermost
scoping so that thdeft in left_input and the second in K;K; Ko are interpreted relative to the
“current” agent considered when they are evaluated (which).i For the purpose of this paper, in
a formula such ad(; K,, cont(new_info), we want to interpretont(new_info) relative to ‘", the
agent; that sends the message, not with respect to the ggeat is the interpretation ai. To capture
this, we add limited quantification over names to the langudg particular, we allow formulas of the
form 3n’(Calls(n, I,n’) A K,(n’sy)), which is interpreted as “there exists a nanfesuch that the
agent/ namesn gives namen’ to the agent that currently has nathandn knows thaty interpreted
relative ton’ holds”. Thus, to emphasize the scoping, instead of wrifiyg<,, cont(new_info), we
write K7(3n’(Calls(n, I,n’) A Ky(n"scont(new_info)))).

We can now give semantics to kb programs. We can associdteavwkb programPg,;, and an
extended interpreted system = (R, w, ) a protocol for agent denoted(ngb)iI . Intuitively, we
evaluate the standard testsHp,, according tor andu and evaluate the knowledge tests according to
Z. Formally, for each local stateof agenti, we define(Pg,,;)Z(¢) to consist of all actionact; such
that the test; A k; holds with respect to a tuple, m, i) in Z such that;(m) = ¢ (recall that protocols
can be nondeterministic); if there is no pointdrwhere some agent has local stét¢hen(Pg,; )7 (¢)
performs the null action (which leaves the state unchanged)
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A joint protocol P is said toimplementPg,, in interpreted contexty, =) if, by interpretingPg,,,
with respect td (P, ~, 7), we get back protocaP; i.e., if, for each agent we haveP; = (ngb)iﬂp’%”).
Here we seem to be implicitly assuming that all agents rursétmee kb program. This is certainly true
for the programs we give for global function computationd actually does not result in any loss of
generality. For example, if names are commonly known, thiereg performed by agents can depend
on tests of the form “if your name is then ...". Similarly, if we have a system where some agers ar
senders and others are receivers, the roles of agents cawcduded in their local states, and tests in the

program can ensure that all agents act appropriately, téasging the same program.

In certain cases we are interested in joint protoddlthat satisfy a condition slightly weaker than
implementation, first defined by Halpern and Moses [2004] (fddvin now on). Joint protocol$ and
P’ areequivalent in context, denotedP ~., P, if P;(¢) = P/(¢) for every local staté = r;(m) with
r € R(P,~). We remark that if? ~, P’, then it easily follows thaR(P,v) = R(P’,~): we simply
show by induction onn that every prefix of a run ilR(P,~) is a prefix of a run ilR(P’,~), and vice
versa.P de facto implementBg,, in contexty if P ~, Pgﬁp’%”). Arguably, de facto implementation
suffices for most purposes, since all we care about are tlegemerated by the protocol. We do not

care about the behavior of the protocol on local states natmarise when we run the protocol.

The kb programPg,,, solves the global function computation problem foin the interpreted con-
text (y¢C, ) if, for all protocols P that de facto implemenPg,, in Y“¢ and all runsr in R(P,~),
eventually all agents ipd(r) know the valuef (N,).

We can now show that the kb program (1) solves the global immatomputation problem for all
functionsf and interpreted contexts““, ) for global function computation such thaand ' (v“¢)
satisfy the condition in Theorem 2.3. Rather than proving tibsult, we focus on further improving the
message complexity of the kb program, and give a formal aisbf correctness only for the improved
program.

4.3 Avoiding redundant communication with counterfactual tests

We can further reduce message complexity by not sendingniafioon not only if the recipient of the
message already knows the information, but also if he eviéintuallyknow the information. It seems
relatively straightforward to capture this: we simply ad¢l aperator to the kb program (1 to get

if some_new_info then
for each nonempty subset A of agents do
if A={n € Nbr: ~K;0(3n'(Calls(n,I,n’) N K,(n"scont(new_info))))}
then send 4(new_info); receive.

Unfortunately, this modification will not work: as observbeg HM, once we add th€ operator,
the resulting program has no implementation in the cont€t. For suppose there exists a protoédl
that implements it, and l&f = Z(P,~%“, ), that is, by interpreting the above program wZtwe get
back the protocoP. Doesi (the agent represented By sendnew_info ton in Z? If i sends its new
information ton at timem in a runr of Z, then, as communication is reliable, eventuallyvill know
i’'s new information and knows that this is the case, i.€Z,r,m,i) = K;O(3n'(Calls(n, I,n’) A
Kn(n"scont(new_info)))). As P implements the above kb program ahd- Z(P,+%C, ), it follows
thati does not send its new information io On the other hand, if no one sendsw _info to n, then
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n will not know it, andi should send it. Roughly speakingshould send the information iffdoes not
send the information.

HM suggest the use of counterfactuals to deal with this gmbl As we said in the introduction,
a counterfactual has the form > <, which is read as “ifp were the case then”. As is standard
in the philosophy literature (see, for example, [Lewis 19%Ralnaker 1968]), to give semantics to
counterfactual statements, we assume that there is a nafticlosenesslefined on situations. This
allows us to consider the situations closest to a giventstughat have certain properties. For example,
if in a situation (r, m, i) agent: sends its new information to neighbar we would expect that the
closest situation$r’, m, ) to (r,m, i) wherei doesnot send its new information ta are such that, in
r’, all agents use the same protocotiras inr, excpet that, at timez in v/, 7 sends its new information
to all agents to which it sends its new information at the p6inm) with the exception oh. The
counterfactual formulg > ¢ is taken to be true if, in the closest situations to the curséation
wherey is true, 1 is also true.

Once we have counterfactuals, we must consider systemsuwmistthat are not runs of the program.
These are runs where, for example, counter to fact, the atpers not send a message (although the
program says it should). Following HM, we can make these wi@ts less likely relative to those
generated by running the program by associating to each ramkathe higher the rank, the less likely
the run. We then require that the runs of the program be theam#s of minimal rank. Once we work
with a system that includes runs other than those genergtdtelprogram, agents may no londg@ow
that, for example, when the program says they should sendsaage to their neighbor, they actually
do so (since there could be an run in the system not genergitdek [program, in which at some point
the agent has the same local state as in a run of the prograihdbes not send a message). Agents do
know, however, that they send the message to their neighkalt funs of minimal rank, that is, in all
the runs consistent with the program. By associating a rattkeach run, we can talk about formulas
o that hold at all situations in runs of minimal rank among #es agent cannot distinguish from
the current situation. I holds at all points in runs of minimal rank thatonsiders possible then we
say that; believesy (althoughi may notknow . We write By, to denote that the agent namad
believesy, although this is perhaps better read as “the agent nankedws thaty is (almost certainly)
true”. We provide the formal semantics of belief and couatguals, which is somewhat technical, in
Appendix A; we hope that the intuitions we have provided wiiiffice for understanding what follows.

Using counterfactuals, we can modify the program to saydbant: should send the information
only if ¢ does not believe “if | do not send the information, thewill eventually learn it anyway”. To
capture this, we use the propositidn(sendy, (new_info)), which is true ifi is about to senéew _info
to n. If there are only finitely many possible values fifsayvs, ..., v, then the formulaB,(f =
v1) V...V Ba(f = vi) captures the fact that the agent with namlkenows the value of . However, in
general, we want to allow an unbounded number of functionesl For example, if agents have distinct
numerical ids, we are trying to elect as leader the agent théhighest id, and there is no bound on
the size of the network, then the set of possible valuegsisfunbounded. We deal with this problem by
allowing limited quantification over values. In particylare use formulas of the forvB,(f = v),

which intuitively say that the agent with nameknows the value of . Let Pg%¢ denote the following
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modification of P¢&¢’:

if some_new_info then
for each nonempty subset A of agents do
if A={n € Nbr : =Bj[-~do(sendy(new_info)) >
O(3n'(Calls(n, I,n’) A By (n'scont(new_info))) V JvBn(f = v))]}
then send 4 (new_info); receive.

In this program, the agefitrepresenting sendsn the new information if does not believe that will
eventually learn the new information or the function valneny case. As shown in Appendix B, this
improved program still solves the global function compiotaproblem whenever possible.

Theorem 4.1: If f and N/ (y%C) satisfy the condition in Theorem 2.3, theg%" solves the global
function computation problem fgfin all interpreted context§y““, ) for global function computation.

5 Case study: leader election

In this section we focus on leader election. If we take thefion f to describe a method for computing
a leader, and require that all agents eventually know whin@ésen as leader, this problem becomes
an instance of global function computation. We assume tip@hta have distinct identifiers (which is
the context in which leader election has been studied initbeature). It follows from Corollary 2.4
that leader election is solvable in this context; the onlesiion is what the complexity is. Although
leader election is only one instance of the global functiomputation problem, it is of particular in-
terest, since it has been studied so intensively in theatitee. We show that a number of well-known
protocols for leader election in the literature essenti@liplement the prograrﬁgfbc. In particular, we
consider a protocol combining ideas of Lann [1977] and ClaarjRoberts [1979] (LCR from now on)
presented by Lynch [1997], which works in unidirectionalgs, and Peterson’s [1982] protocol P1 for
unidirectional rings and P2 for bidirectional rings. Wesdfly sketch the LCR protocol and Peterson’s
protocols P1 and P2, closely following Lynch'’s [1997] treant.

The LCR protocol works in unidirectional rings, and does asgume a bound on their size. Each
agent starts by sending its id along the ring; whenever éives a value, if the value is larger than the
maximum value seen so far, then the agent forwards it; ifindfpes nothing, except when it receives
its own id. If this id is M, the agent then sends the message “the agent willi id the leader” to
its neighbor. Each agent who receives such a message faritanatil it reaches the agent with it/
again. The LCR protocol is correct because it ensures teahtiximum id travels along the ring and is
forwarded by each agent until some agent receives its owadH.brhat agent then knows that its id is
larger than that of any other agent, and thus becomes therlead

Peterson’s protocol P2 for bidirectional rings operatepliases. In each phase, agents are desig-
nated as eitheactiveor passive Intuitively, the active agents are those still competinghie election.
Once an agent becomes passive, it remains passive, buhwestio forward messages. Initially all
agents are active. In each phase, an active agent compaigsvith the ids of the closest active agent
to its right and the closest active agent to its left. If itdddhe largest of the three, it continues to be
active; otherwise, it becomes passive. Just as with the LORI, when an agent receives back its
own id, it declares itself leader. Then if its id Ad, it sends the message “the agent withlillis the
leader”, which is forwarded around the ring until everyonews who the leader is.
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Peterson shows that, at each phase, the number of actives agah most half that of the previous
phase, and always includes the agent with the largest idlldtds that, eventually, the only active agent
is the one with the largest id. Peterson’s protocol ternesmathen the agent that has the maximum id
discovers that it has the maximum id by receiving its own icko@ he message complexity of Peterson’s
protocol is thusD(n log n), wheren is the number of agents.

Peterson’s protocol P1 for unidirectional rings is simik&gain, passive agents forward all messages
they receive, at each round at most half of the agents renctilepand the agent with the largest value
becomes leader. There are, however, a number of differenfsgsnts now have “temporaryids as
well as their ownids. It is perhaps better to think of an agentkas being active if it has an “active
temporaryid”. (In the bidirectional case, we can identify the temporafywith the actualid, so an
agent is active iff itsid is active.) We take a temporany to be active at phase + 1 if it is larger
than the temporaryds that precede or follow it in phage But since messages can only be sent in one
direction, the way to discover this is for an active agenbtaard its temporaryd to the following two
active agents. An active agent can then tell if the precedatige agent’s temporaryl was greater than
the following and preceding active temporarys. If so, it remains active, and takes as its temporidry
what was the temporarii of the preceding active agent. Otherwise, the agent becpassive. Itis not
hard to check that an agent is active in the bidirectionalgual iff its id is active in the unidirectional
protocol (i.e., iff itsid is the temporaryid of an active agent in the unidirectional protocol). When an
agent receives its original value, then it declares itggtler and sends a message describing the result
of the election around the ring.

We remark that although they all work for rings, the LCR puoatois quite different from P1 and
P2. In the LCR protocol, agents forward their values alomgrthnique outgoing link. Eventually, the
agent with the maximum input receives its own value andzeaslthat it has the maximum value. In P1
and P2, agents are eithactive or passive in each round, the number of active agents is reduced, and
eventually only the agent with the maximum value remainseact

c

Despite their differences, LCR, P1, and P2 all essentiaiMémeanggj . There are two reasons
we write “essentially” here. The first, rather trivial reasis that, when agents send information, they
do not send all the information they learn (even if the agkey tare sending it to will never learn this
information). For example, in the LCR protocol, if agérearns that its left neighbor has valuend
this is the largest value that it has seen, it passes alonghout passing along the fact that its left
neighbor has this value. We can easily deal with this by nyaulif the protocols so that all the agents
sendnew_info rather than whatever message they were supposed to senavetpihis modification
does not suffice. The reason is that the modified protocold seme “unnecessary” messages. This is
easiest to see in the case of LCR. Supposetlimthe processor with highest id. Whgmeceives the
message with its id back and sends it around the ring agamigtessentially the message saying that
is the leader), in a full-information protocol’s second message will include thejidof the processor
just beforej. Thus, whery’ receives;’s second message, it will not need to forward itjtolf LCR’
is the modification of LCR where each process senels_info rather than the maximum id seen so
far, and the last message in LCR is not sent, then we can statlL@R indeed de facto implements
Pg%C. The modifications to P2 that are needed to get a protocotHa de facto implement8g&C
are somewhat more complicated. Each processanning P2 acts as it does in P2 (modulo sending
new _info) until the point where it first gets a complete picture of whdani the ring (and hence who the
leader is). What happens next depends on whetleethe first to find out who the leader is or not and
whetheri is active or not. We leave details to the Appendix C.
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Theorem 5.1: The following all hold:

(a) Given parameterl, the optimal flooding protocol [Lynch 1997] de facto implersePgGC in
contexts where (i) all networks have diameter at nalcestd (ii) all agents have distinct identifiers.

(b) LCR de facto implementBg&C in all contexts where (i) all networks are unidirectionahgs
and (ii) agents have distinct identifiers.

(c) There exists a protocol Pthat agrees with P1 up to the last phase (except that it seadsinfo)
and implement®g%C in all contexts where (i) all networks are unidirectionahgs and (i) agents
have distinct identifiers.

(d) There exists a protocol Pthat agrees with P2 up to the last phase (except that it seadsinfo)
and de facto implement%ggf in all contexts where (i) all networks are bidirectional gs and
(ii) agents have distinct identifiers.

Theorem 5.1 brings out the underlying commonality of alsthprotocols. Moreover, it emphasizes
the connection between counterfactual reasoning and geesgdimality. Finally, it shows that reason-
ing at the kb level can be a useful tool for improving the mgesaomplexity of protocols. For example,
although P2has the same order of magnitude message complexity a3(P2dg n)), it typically sends
O(n) fewer messages. While this improvement comes at the pripessfibly longer messages, it does
suggest that this approach can result in nontrivial impmuets. Moreover, it suggests that starting with
a high-level kb program and then trying to implement it usirgiandard program can be a useful design
methodology. Indeed, our hope is that we will be able to ssitte standard programs by starting with
high-level kb specifications, synthesizing a kb progrant sladisfies the specification, and then instan-
tiating the kb program as a standard program. We have sorfimimary results along these lines that
give us confidence in the general approach [Bickford, Cdestadalpern, and Petride 2005]; we hope
that further work will lend further credence to this appioac

A Counterfactual belief-based programs with names

The standard approach to giving semantics to counterfiscfuawis 1973; Stalnaker 1968] is that
¢ > 1 is true at a poin{r,m) if ¢ is true at all the points “closest to” or “most likg’, m) wherey

is true. For example, suppose that we have a wet match and ke arstatement such as “if the match
were dry then it would light”. Using= this statement is trivially true, since the antecedent lsefa
However, with>, we must consider the worlds most like the actual world whieeematch is in fact dry
and decide whether it would light in those worlds. If we thihlke match is defective for some reason,
then even if it were dry, it would not light.

To capture this intuition in the context of systems, we edtétiM’s approach so as to deal with
names. We just briefly review the relevant details here; wmme@rage the reader to consult [Halpern
and Moses 2004] for more details and intuition. Defin@ater assignmenfor an extended interpreted
systemZ = (R, u) to be a function< that associates with every situation m, ) a partial order
relation <., ;) over situations. The partial orders must satisfy the cairgtthat(r,m, ) is a mini-
mal element of<,.,, ;), SO that there is no situation’, m', ") such that(r’',m’, ') < (;.m ) (1, M, 7).
Intuitively, (r1,m1,1) < m,i) (12, M2, 12) if (r1,m1,11) is “closer” to the true situatiofr, m, 7) than

20



(re,ma,i2). A counterfactual systens a pair of the form7 = (Z, <), whereZ is an extended inter-
preted system anet is an order assignment for the situation€in

Given a counterfactual systefh = (Z, <), a setA of situations, and a situatidm, m, ), we define
the situations i that are closest to-, m, i), denotedclosest(A,r, m, 1), by taking

closest(A,r,m,i) =
{(+',m/,i") € A: there is no situatiorir”’, m”,i") € A
such thafr”, m", Z-//)<(7”,m,i) (r',m/ i)}

A counterfactual formula is assigned meaning with respeet ¢ounterfactual systegi by inter-
preting all formulas not involving> with respect taZ using the earlier definitions, and defining

(T, r,m,i) | o >iffforall (+',m',i") € closest([¢] 7,7, m, i), (T,r',m',i') |,

where[yp] 7 = {(r,m,i) : (T,r,m,q) = ¢}; thatis,[¢] s consists of all situations ity satisfyinge.

All earlier analyses of (epistemic) properties of a prota@an a contexty used the runs iR (P, ),
that is, the runs consistent with in contexty. However, counterfactual reasoning involves events that
occur on runs that are not consistent witt{ffor example, we may need to counterfactually consider the
run where a certain message is not sent, althadghay say that it should be sent). To support such
reasoning, we need to consider runs ndRifP, v). The runs that must be added can, in general, depend
on the type of counterfactual statements allowed in thelddganguage. Thus, for example, if we allow
formulas of the formdo(i,act) > ¢ for process and actioract, then we must allow, at every point of
the system, a possible future in whi€h next action isact. Following [Halpern and Moses 2004], we
do reasoning with respect to the syst®ti () consisting ofall runs compatible withy, that is, all runs
consistent with some protocét’ in contexty.

We want to define an order assignment in the sysihiy) that ensures that the counterfactual
tests inPgGC, which have an antecedentdo(send,(msg), get interpreted appropriately. HM de-
fined a way of doing so for counterfactual tests whose angettduhs the formio(i, act). We modify
their construction here. Given a context situation (r,m,4) in R*(y), actionact, and a determin-
istic protocol P,* we define the closest set of situations(tom, i) wherei doesnot perform action
sendyn(msg), close(sendyn(msg), P,v,r,m,i), as{(r’,m,i') : (@)r" € RT(v), (b)r'(m/) = r(m/)
for all m’ < m, (c) if agenti performs some actiogend 4(msg’) according toP in local stater;(m)
andn ¢ A or msg’ # msg, or if i does not perform actionend 4(msg’) for any setA of agents
and messagensg’, thenr’ = r andi = 7/, (d) if agenti performssend 4(msg) according toP in
local stater;(mm) andn € A, theni performssend 4_ ) (msg) in local stater;(m) in run+’, and fol-
lows P in all other local states in rurf, (e) all agents other tha follow P at all points ofr’}. That
is, close(sendy(msg), P,~y,r,m,i) is {r,m,i} if i does not sendnsg to n at the local state;(m);
otherwiseclose(sendy(msg), P,~,r,m,i) is the set consisting of situatiorig’, m, i') such that’ is
identical tor up to timem and all the agents act according foat later times, except that at the local
stater’, (m) = r;(m) in r’, agenti’ who is indistinguishable from does not sendsg to n, but does
send it to all other agents to which it sentg in r;(m).

Define anorder generator to be a function that associates with every protaéan order assign-
ment<? = o(P) on the situations oR*(v). We are interested in order generators that prefer runs in

“We restrict in this paper to deterministic protocols. We ganeralize this definition to randomized protocols in aighta
forward way, but we do not need this generalization for thgpses of this paper.
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which agents follow their protocols as closely as possiAleorder generatos for v respects protocols
if, for every (deterministic) protocaP, interpreted context = (v, 7) for global computation, situation
(r,m, i) in R(P,~), and actioract, closest([-send 4(msg)[yp,), 7, m, i) is @a nonempty subset of
close(sendy(msg), P,v,r, m,i) thatincludegr, m, i) if (r,m,i) € close(send s(msg), P,~,r,m,1).

Perhaps the most obvious order generator that respectepi®just setslosest([~sendn(msg)]iprc),

r,m,i) = close( sendn(msg), P,~,r, m,i), although our results hold i is replaced byC.

Reasoning in terms of the large set of rddi5 () as opposed t& (P, ) leads to agents not knowing
properties ofP. For example, even if, according 10, some agent always performs actioact when
in local statel;, in R* () there are bound to be rumsand timesm such that;(m) = ;, buti does
not perform actioract at the point(r, m). Thus, when we evaluate knowledge with respecktay),
i no longer knows that, according 18, he performsact in statel;. Following HM, we deal with
this by adding extra information to the models that allowdaisapture the agents’ beliefs. Although
the agents will noknowthey are running protocaP, they will believethat they are. We do this by
associating with each run € R* () arank x(r), which is either a natural number o, such that
min, e+ () £(r) = 0. Intuitively, the rank of a run defines the likelihood of thear Runs of rank 0 are
most likely; runs of rank 1 are somewhat less likely, thoseaok 2 are even more unlikely, and so on.
Very roughly speaking, i€ > 0 is small, we can think of the runs of raikas having probability) (¢*).
We can use ranks to define a notion of belief (cf. [Friedmantdaigern 1997]).

Intuitively, of all the points considered possible by a givegent in a situatiofir, m, ), the ones
believed to have occurred are the ones appearing in runsmifm@li rank. More formally, for a point
(r,m) define

minf(r,m) = min{x(r") |7 € RT(vy) and 7, (m’) = r;(m) for somem’ > 0 andi’ € A(r’")}.

Thus, minf(r, m) is the minimalx-rank of runsr’ in which r;(m) appears as a local state at the point
(r',m).

A counterfactual belief systefor justcb system for short) is a triple of the forti = (Z, <, k),
where(Z, <) is a counterfactual system, ards a ranking function on the runs @t In cb systems we
can define a notion of belief. We add the modal oper&gto the language for eaah € N, and define

(Z,<,k,r,m,i) | By iff, for all j, 5 and points(r’, m’) such thatu(r, m,i,n) = j,
ri(m) =r%/(m’), andk(r") = min}(r,m), we have(Z, r’,m’, j') |= ¢.
The following lemma illustrates a key feature of the defaritof belief. What distinguishes knowl-
edge from belief is that knowledge satisfies km@wledge axiomK;p = ¢ is valid. While B;p = ¢
is not valid, it is true in runs of rank 0.

Lemma A.1: [Halpern and Moses 20048uppose tha’ = (R, 7, u, <, k) is a cb system; € R, and
k(r) = 0. Then for every formulg and all timesm, we have(7, r,m, i) = Bro = .

By analogy with order generators, we want a uniform way obeis¢ing with each protocaP a
ranking function. Intuitively, we want to do this in a way thets us recoveP. We say that a ranking
function x is P-compatible(for v) if x(r) = 0 if and only if » € R(P,~). A ranking generatorfor a
contexty is a functiono ascribing to every protocdP a rankingo (P) on the runs ofR * (). A ranking
generatow is deviation compatiblé o (P) is P-compatible for every protocdP. An obvious example
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of a deviation-compatible ranking generator is tharacteristicranking generatos, whereo¢(P) is
the ranking that assigns rafktio every run inR(P,~) and rankl to all other runs. This captures the
assumption that runs @? are likely and all other runs are unlikely, without attempgtito distinguish
among them. Another deviation-compatible ranking geweriato*, whereo*(P) is the ranking that
assigns to a run the total number of times that agents deviate fiBrim ». Obviously,c*(P) assigns-

the rank 0 exactly if- € R(P,~), as desired. Intuitivelyy* captures the assumption that not only are
deviations unlikely, but they are independent.

It remains to give semantics to the formutas’(Calls(n, I,n’) A By(n''sp)) and3vBy, (f = v).
Recall that we wanfin’( Calls(n, I,n’) A By(n”’sy)) to be true at a situatiofr, m, i) if there exists a
namen’ such that the agentthat agent namesn calls: n’, and;j knows thaty interpreted relative to
n’ (i.e.,) holds. More formally,

(Z,<,k,r,m,i) = 3dn'(Calls(n, I,n’) A By(n"'sp)) iff, for all j, ;' and points(r’, m')
such thagu(r(m),i,n) = j, rj(m) = r%(m’), andk(r') = minf (r,m), we have
(Z,7",m'}i) E .

Note that the semantics f@m’( Calls(n, I,n’) A By(n'’'sp)) is almost the same as that By, . The
difference is that we evaluate at (', m’) with respect toi (the interpretation of at the situation
(r,m, 1)), notj’. We could give semantics to a much richer logic that allovistery quantification
over names, and give separate semantics to formulas ofrtmealis(n, I, n’) andn"s¢, but what we
have done suffices for our intended application.

The semantics ofv By, (f = v) is straightforward. Recall that the value pfn runris f(N,). We
can then takélv By, (f = v) to be true at a pointr, m) according so some agenif all runs n believes
possible are associated with the same function value:

/.
J

(Z,<,k,r,m,i) = JuBa(f =) iff, for all j, 7 and points»’/, m’) such thau(r(m),i,n) = j,
rj(m) =1’ (m’), andk(r') = min% (r, m), we havef (N;) = f(Ny).
With all these definitions in hand, we can define the semanficounterfactual belief-based pro-
grams such aBgbe. A counterfactual belief-based prografor cbb program for short)Pg_, is similar
to a kb program, except that the knowledge modalifigsare replaced by the belief modalitiés,. We

allow counterfactuals in belief tests but, for simplicitg not allow counterfactuals in the standard tests.

As with kb programs, we are interested in when a protdeéamplementsa cbb progranPg,;.
Again, the idea is that the protocol should act accordindnéottigh-level program, when the tests are
evaluated in the cb system corresponding’tolfo make this precise, given a cb systgin= (Z, <, k),
an agent, and a cbb prograrRg,,, let (chb){ denote the protocol derived froRg,, by usingJ to
evaluate the belief tests. That is, a tesPy),, such asB, ¢ holds at a situatiofir, m, ) in J if ¢ holds
atall situationgr’, m’, j') in J such thag(r(m), 4, n) = j, r%,(m’) = r;j(m), ands(r') = min (r, m).
Define acb contexto be a tupl€~, 7, 0, o), where(y, ) is an interpreted context with naming function
1~ (for simplicity, we useu., to refer to the naming function in contexj, o is an order generator for
R*(v) that respects protocols, andis a deviation-compatible ranking generator forA cb system
J = (Z,<, k) representshe cbb progranPg,, in cb context(v,w,0,0) if (@) Z = (Rt (v),, i),
(b) < = o(Pg?,), and (c)x = o(Pg?,). A protocol P implementsg,, in ch contexty = (7,7, 0,0)

if P= ng’o(P)"’(P)). Protocol P de facto implement8g,, in x if P ~, ng’o(P)"’(P)).
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B Proof of correctness forng,C

Theorem 4.1: If f and V' (y“©) satisfy the condition in Theorem 2.3, thlégfbc solves the global
function computation problem fgfin all interpreted context§y““, ) for global function computation.

Proof: Let f and N be such that the condition in Theorem 2.3 is satisfied. Suppuato is an
order generator that respects protocelss a deviation-compatible ranking generatgrC is a context
for global computation such that in all initial states théwwk encoded in the environment state is
in \V, x“C is the cb contex{y“C, 7,0, 0), P is a protocol that de facto implemer®g& in x&C,
J = (R*(y), 7, 1y, 0(P),o(P)), andr € R(P,v““). We prove that at some point in rurall agents
in N, know f(N,).

We proceed much as in the proof of Theorem 3.1; we just highlige differences here. Again,
we first show that some agentinlearnsf(NV,.). Suppose not. Let' be the unique run of the full-
information protocol in a synchronous context startingwifite same initial global state asAgain, we
show by induction ork that there is a timen;, such that, at the poirr, my), all the agents inA(r)
have at least as much information about the network as theyt tlee beginning of round in . The
base case is immediate, as before. For the inductive stppose that learns some information about
the network fromj during roundk. Again, there must exist a time), < m wherej first learns this
information in runr. It follows that(7,r, mj,, j) = some_new_info.

Suppose thaf names: n in r; that isp (r(my), j,n) = i. Now either (a); believes at timen;,
that, if he does not perform genda(new_info) action withn € A, i will eventually learn its new
information or the function value anyway, or (pfoes not believe this. In case (b), it follows that

(J,r,my,j) = —Bi[~do(sendn(new_info)) > ¢((In'(Calls(n, I,n’)A
Bn(n'’s cont(new_info))) V JuvBy(f = v))].

SinceP implementngbe in ¢, in case (b); sends new_info at timem/, so there is some round
mj, by whichi learns this information. On the other hand, in case (a), &trba the case that

(J,r,my,j) = Brl—do(sendn(new_info)) > (3n’(Calls(n, I,n")A
Bn(n'’s cont(new_info))) V JuvBy(f = v))].

Sinceo is deviation compatible by assumption, ant a run of P, it follows thatx(r) = 0. Thus by
Lemma A.1,

(J,r,m),j) = —do(sendn(new_info)) > O(In’(Calls(n, I,n’)A
By (n'’s cont(new_info))) V JvBy(f = v)).

Since P implementsPgC in x“C, in case (a), does not sendhew_info to i in roundm),. Thus,
(J,r,my,j) = ~do(sendn(new_info)). It follows that

(J,r,my, ) E In'(Calls(n, I,n") A By(n''s cont(new_info))) V JvByn(f = v)).
Since, by assumption, no one learns the function valug we have that
(J,r,my,j) | In'(Calls(n, I,n") A By(n'’s cont(new_info))).

Thus, it follows thati must eventually learri’s information in this case too.

It now follows, just as in the proof of Theorem 3.1, that sorgerd learnsf(N,) in r, and that
eventually all agents learn it. We omit details hdre.
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status := nonleader; maxid := id; valg :=1; done := 0
sendr,(id)
do until done = 1
receive
if RQ # 1 then
valg := dequeue(RQ)
if (valg = id) then
status := leader; sendp(“id is the leader”); done := 1
else if (valp > mazxid) then
mazxid := valg; sendr(maxid)
else if (valp is a leader messapehen
sendr(valg); done := 1

Figure 3: The LCR protocol.

do until (id € valgr) A (sent leader message V maxid = idr,)
receive
if some_new_info then
if ((id ¢ valgp A maz(valg) > mazid) V (id € valg) then send,(new_info)

Figure 4: The LCRprotocol.

C Proof of Theorem 5.1

In this section we prove Theorem 5.1, which says that LR, and P2 de facto implemenng)C.
We start by sketching the proof for LCRand then provide a detailed proof for'PZhe proof for Plis
similar and is omitted here.

C.1 The argument for LCR’

The pseudocode for LCR and LCR given in Figures 3 and 4 respectively. In the code for LCB use

id to denote the agent’s initial id. We assume that each agemmaqueue, denote®l), which holds
messages received from the right. The placing of messagles queue is controlled by the channel, not
the agent. We usB(@) = L to denote that the right queue is empty. We writér := dequeue(RQ) to
denote the operation of removing the top message from thé gigeue and assigning it to the variable
valg. If RQ = 1 when adequeue operation is performed, then the agent waits until it is mopis.
Each agent has a local variabliitus that is initially set tononleader and is changed té&eader only by
the agent with the maximum id in the ring when it discovers thie leader. We takéone to be a binary
variable that is initialized to 0 and changed to 1 after th&imam id has been computed. Agents keep
track of the maximum id seen so far in the variablezid. We call a message of the formd/ is the
leader” deader messageNote that in our version of LCR, after the leader finds out ihia the leader,

it informs all the other agents of this fact. This is not theecéor the original LCR protocol. We include
it here for compatibility with our global function compuita protocol. (Similar remarks hold for P2.)

In the code for LCR walg encodes all the new information that the sender sends (aisdigmot
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just a single id). Letnaz(valr) be the maximum id encoded il . Since an agent sends all the new
information it has, there is no need for special messagdsedibrm “M is the leader”. The leader can
be computed fromval if the message has gone around the ring, which will be theitadec valrg.
Moreover, ifid € valg, an agent can also compute whether the leader is its lefhbeigand whether

it has earlier essentially sent ai/*is the leader message” (more precisely, an agent can telh#s
earlier been in a state wheié € valg and it sent a message). We take the tdgt = mazxid to be
true if an agent knows that the leader is its left neighbori¢lvtmeans that a necessary condition for
id;, = maxid to be true is thatd € valg); we takesent leader messagde be true ifid € valr and the
agent earlier sent a message whenvalzp was true. Notice that in LCRve do not explicitly sevalg;
valr can be computed from the agent’s state, by looking at the nfwnhation received.

The basic idea of the proof is simple: we must show Bﬁ@c and LCR act the same at all points
in a system that represent LCR hat means showing that an agent sends a message iff idxeligat,
without the message, its neighbor will not eventually letira information that it has or the function
value. Since LCRsolves the leader election problem, when processors doemot & message, they
believe (correctly) that their neighbor will indeed leaire tfunction value. So consider a situation
where a processarsends a message according to LCFhat means that either it has gotten a message
val g such thawalp > maxid or it has gotten a leader message. If it does not forward taadssage,
then it is clear that all the processors betweéend the leader (of which there must be at least one)
will not learn who the leader is, because no further messagkbe sent. Ifi has received a message
with valp > mazxid, then considernazid is in fact the largest id. Then it is easy to see thatill
never receive any further messages, and no processor willfiem out who the leader is. Since this
ring is consistent withi’s information, : does not believe that, if it does not forward the messége,
left neighbor will learn the information or learn who the dea is. Thus, according ®g%C, i should
forward the message. We omit the formal details of the preoé hsince we do the proof for P@vhich
is harder) in detalil.

C.2 The argument for P2

We start by describing P2. Since P2 works in bidirectiorradsi rather than just having one queue, as
in LCR, in P2, each agent has two queues, denat@dand R(), which hold messages received from
the left and right, respectively. While an agent is activprocesses a message fréify, thenL(Q), then
RQ), and so on. The status of an agent, i.e., whether it is agisgsive or the leader, is indicated by
the variablestatus. Initially, status is active. Finally, we takew! to be a binary variable that indicates
whether the agent is waiting to receive a message from its\éien an active agent receives! g, it
comparesial g to its id. If val g = id (which can happen only ifis active) then, as in the LCR protocol,

1 declares itself to be the leader (by settiigtus to leader), and it sends out a message to this effect.
If ¢ is active andvalr > id, theni becomes passive; ifulr < id, theni remains active and sends its
id to the right. Finally, ifi is passive, then forwardsval p to the left. The situation is symmetric if
receivesvalr,. The pseudocode for P2 is given in Figure 5.

To understand in more detail how P2 and R@rk, it is helpful to characterize the order in which
agents following P2 send and process messages. Since P2aackRdentical up to the point that
an agent knows the leader, the characterization will appliakly well to P2. We can get a complete
characterization despite the fact that we do not assumehsymg, nor that messages are received in
FIFO order. As usual, we ude,...,a;)* to denote O or more repetitions of a sequence of actions
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status := active; valy, :=_1; valg :=1; done := 0; wl =0
sendr,(id);
do until done = 1
if (RQ #L)A (wl =0) then
valp := dequeue(RQ)
wl:=1
if (valgp = id) then status := leader; sendr(“id is the leader”); done := 1
if status = active A valg > id then status := passive
if status = active A valg < id then sendpg(id)
if status = passive then sendy (id);if (valg is a leader messagehen done := 1
if (LQ #L)A (wl=1) then
valy, := dequeue(LQ)
wl =0
if (valy, = id) then status := leader; sendp(“id is the leader”); done := 1
if status = active A valy, > id then status := passive
if status = active A\ valy, < id then send(id)
if status = passive then sendg(id);if (valy is a leader messapehen done := 1

Figure 5: Peterson’s protocol P2.

ai,...,a. We denote the action of sending left (resp. right)Sds (resp. SR), and the action of
processing from the left (resp. right) &4. (resp. PR).

Lemma C.1L For all runsr of P2, timesn, and agents in N,

(a) if 7 is active at timen, theni’s sequence of actions in the time interV@m) is a prefix of the
sequence (SL, PR, SR, PL)

(b) if ¢ is passive at timen, i does not yet know which agent has the maximum id,idmetame
passive at timen’ < m after processing a message from the right (resp., lefty tlehistory in
the time intervalm’, m] is a prefix of the sequence (PL, SR, PR;*§tgsp., (PR, SL, PL, SR)

Proof: We proceed by induction on the time. The result is trivially true ifn. = 0, since no actions are
performed in the intervdD, 0]. Suppose the result is true for time we show it for timem + 1. If ¢ is
active at timem + 1, then the result is immediate from the description of P2cgsihis immediate that,
as long ag is active, it cycles through the sequerngg, PR, SR, PL). So suppose thdtis passive at
timem + 1. Itis clear from the description of P2 that, whilés passive PL is immediately followed
by SR and PR is immediately followed byS L. Thus, it suffices to show that (i) ifwas active when
it performed its last action, and this action wia&, theni’s next action isPL; (ii) if ¢ was active when
it performed its last action, and this action wAg., theni's next action isPR; (iii) if i was passive
when it performed its last action, and this action w8, theni’s next action isPR; and (iv) if ¢ was
passive when it performed its last action, and this actios$\fa, theni’s next action isPL. The proofs
of (i)—(iv) are all essentially the same, so we just do (i)eher
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Suppose thats last action before time: + 1 was PR, and theni became passive. It is clear from
the description of P2 thalts next action is eithePR or PL. Suppose, by way of contradiction, that
performsPR at timem + 1. It follows from the induction hypothesis that there mussegomek such
that: performedSR k times andPR k + 2 times in the interval0, m + 1]. But then the agenk; to
i’s right performedS'L at leastk + 2 times andP L at mostk in the interval[0, m]. This contradicts the
induction hypothesidl

Intuitively, P2 and P2act the same as long as agents do not know who the leader i®',[th&y
will know who the leader is once they know all the agents orritihgg To make this latter notion precise,
define the setg, (i,r,m) andIr(i,r,m) of agents as followsIg(i,r,0) = I(i,r,0) = {i}. If, at
timem + 1, ¢ processes a message from its right, and this message wdsysenat timem’, then

Ir(i,r,m+1) = Ig(i,r,m)UIg(R;,r,m')and I (i,r,m+1) = I (i,r,m)UIL(R;,r,m") — {R;}.
If, at timem + 1, i processes a message from its left, and this message waysenattimem’, then
Ip(i,r,m+1) = IL(i,r,m)UIL(L;,r,m’) andIg(i,r,m + 1) = Ig(i,r,m) U Ir(L;,r,m’) — {L;}.
Finally, if  does not process a message at time- 1, then

Ir(i,r,m+ 1) = Ig(i,r,m) andIy(i,r,m + 1) = I5(i,r,m).

Ir(i,r,m) and I (i,7,m) characterize the set of agentsite right and left, respectively, that
knows about at the poirit, m). I1(i,r,m) andIr(i,r,m) are always intervals for agents running a
full-information protocol (we prove this formally below}hus, agent hasheard from everybody in the
ring, denotedheard_from_all, if Ir(i,r,m)UIg(i,r,m) contains all agents in the ring. More formally,
(J,r,m,i) | heard_from_all if Ir(i,r,m) U Ig(i,r,m) consists of all the agents in the network
N encoded in the environment state(inm). Note thatheard_from_all may hold relative to agernit
without 7 knowing it; 7 may consider it possible that there are agents betweenghemost agent in
Ir(i,7,m) and the leftmost agent ify, (i, 7, m). We define the primitive propositiolus_all_info to be
true at at the pointr, m) relative toi if 1, (i,7,m)NIg(i,7,m)—{i} # 0. ltis not difficult to show that
has_all_info is equivalent tai; (heard _from_all); thus, we say thatknows it has all the information
if has_all_info holds relative ta.

The pseudocode for Pvhile agents do not know that they have all the informatiogiien in
Figure 6. (We describe what agents do when they know all toerration at the end of this section.)
Note that the pseudocode does not describe what happerasgéahis active andalz > id. Intuitively,
at this point, the agent becomes passive, but withtliR#te is no action that changes an agent’s status;
rather, the status is inferred from the messages that haverbeeived. (This is similar to the reason that
the LCR protocol had so many fewer steps than the LCR protocol.) eSagents running P2 perform
the same actions under essentially the same conditionsem$saginning P2up to the point that an
agent knows that it has all the information, Lemma C.1 alggiep to all runsr of P2, timesm, and
agents in N, such that did not know that it had all the information at time — 1 in r.

We now prove a number of propertiesiof(i, r,m) andIg (i, r, m) that will be useful in our analysis
of P2.

Lemma C.2 For all runsr of PZ and timesn the following hold:
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sendr,(new_info);
do until has_all_info
if (RQ #L) A (wl =0) then
if status = active A\ valg < id then sendg(new_info)
if status = passive then sendr,(new_info);
if (LQ #L) A (wl=1) then
if status = active A valy, < id then send(new_info)
if status = passive then sendg(new_info);

Figure 6: The initial part of protocol PZun while agents do not know that they have all the infororati

(@) Igr(i,r,m)is an interval of agents starting withand going to the right of, and I, (i, r, m) is an
interval of agents starting withand going to the left of.

(b) If, at timem, 7 processes a message from the right senizbyt timem/, and R; did not know
that it had all the information at time:’, then

(i) Ir(Ri,r,m') D Ig(i,r,m — 1) — {3}, Ig(¢,r,m) D Ig(i,r,m — 1), andIg(i,r,m) =
{i} U Ir(R;,r,m'); and
(") IL(,L.>T7 m) = IL(i,T,m - 1)

(c) If, at timem, ¢ processes a message from the left senk pgt timem/, and L; did not know that
it had all the information at timen’, then

() Ip(Liyr,m') D Ip(iyr,m — 1) — {i}, Ip(i,r,m) D Ip(i,r,m — 1), and I (i,r,m) =
{i}UIL(L;,r,m'); and

(i) Ir(i,r,m)=Igr(i,r,m —1).

(d) If i processed a message from the right in the intef9aln], and R; did not know that it had all
the information when it last sent a messagé, tihen

Ir(d !
<y 1y VR
is the maximum id of the agents Ip(i,r,m) — {i}, wherevalg(i,r,m’) is the value of agent
i's variable val r at the point(r, m’); if i processed a message from the left in the intej¥ah],
then
max valg (i,m,m")
{m/<m:valy (i,r,m’)#L}
is the maximum id id, (¢, r,m) — {i}.

(e) ¢ is active at timen if and only ifi has the largest id id (i, 7, m) U Ig(i,r,m).
Proof: We prove all parts of the lemma simultaneously by inductiomo The result is immediate if
m = 0, sincei is active at time 0; does not process a message at time 0,7atd r,0) = Ir(i,r,0) =

{i}. Suppose that parts (a)—(e) hold for all times< m. We show that they also hold at time. They
clearly hold ifi does not process a message at timesince in that caséy (i,r,m) = I (i,r,m — 1)
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andIgr(i,r,m) = Ir(i,r,m — 1). So suppose thatprocesses a messageg from its right at timem,
andmsg was sent byR; at timem/. (The proof is similar ifi receives from the left, and is left to the
reader.) Ifmsg is the first message received bfrom the right, then it follows from Lemma C.1 that
has sent no messages to the right, &dhas sent only one messageitdhus,Iz(i,r,m — 1) = {i}.
Parts (a)—(e) now follow easily from the induction hypoikes

So suppose thatisg is not the first message thahas received fronR;. Part (a) is immediate
from the induction hypothesis. To prove part (b), #et be the last time prior ton’ that R; sent a
message, saysg’, to its left. It easily follows from Lemma C.1 (which, as wesalved, also applies
to PZ while agents do not know that they have all the informatidvat there are timesi; andmsg,
both in the intervalmy, m’), such that receivedmsg’ at timemsy and R; processed a message from
its right atmg; moreover,i did not process any messages from the right betweenstimandm. By
the induction hypothesisig(i,r,ma) = {i} U Ir(R;,r,m1), I (i,7,m2) = Ir(i,r,my — 1), and
Ir(R;,r,m3+1) D Ig(R;,m,mq). Sincems + 1 < m/, it follows thatIr(R;,r,m’) D Ig(R;, 7, m1).
Sincei does not process any messages from its right betweemnsiaandm, by definition, I (i, 7, m—

1) = Ir(i,7,m2). It follows thatIr(R;,r,m’') D Ig(i,r,m — 1) and that

IR(i,T, m) = IR(i,T,m - 1) U IR(RZ'>T7 m,) = {Z} U IR(Ri>T7m1) U IR(Rivrv m/)
= {i} UIr(R;,r,m') D {i} UIr(R;,r,m1) = Ir(i,r,m — 1).

This proves part (i) of (b) for timen. For part (ii), by definition,I;(i,r,m) = I(i,r,m — 1) U
IL(R;,r,m') — {R;}. By the induction hypothesis, it easily follows th&t(R;,r,m') — {R;} C
I(i,r,m’) C I(i,r,m —1). Thus,Ip(i,r,m) = I(i,r,m — 1).

Part (c) is immediate, sincedoes not process a message from the left at time

For the first half of part (d), there are two cases to consiflé?; was active at the poirit-, m’), then
the result is immediate from part (e) of the inductive hygsik. Otherwise, by the inductive hypothesis,
valgr = valg(i,r,m) = valg(R;,r,m’). By the inductive hypothesisial ; is greater than or equal to
the maximum id infr(R;,r,m') — {R;}. Since the first value ofal z must beR;’s id, it follows that

. /
< iy 1y VAR T )
is greater than or equal to the maximum idlig(¢, r,m) — {i} = Ir(R;,r,m’). Sincevalgr(i,r,m’)
must be an id iNg(i, 7, m), we are done. The second half of part (d) is immediate fronirttiection
hypothesis, sincé;, (i,r,m) = I (i,r,m — 1) by part (b), andval,(i,7,m) = val(i,r,m — 1).

Finally, part (e) isimmediate from the induction hypotlsasi is passive at timen — 1. So suppose
thati is active at timem — 1. By the induction hypothesig;s id is the largest in/y (i,r,m — 1) U
Ir(i,r,m — 1). If i is active at timem then, by the description of P2's id must be greater than
valg(i,7,m). Applying part (d) of the induction hypothesis and the f&ettt’s id is at least as large as
allthose in/ (i, r, m—1), it follows thati's id is at least as large asax (.., <:vai s (i,r,m) L} Valr (4,7, m').
By part (d), at timen, i's id is at least as large all those In (i, r,m). Sincely (i,r,m) = I (i,r,m —

1), it follows thati’s id is the maximum id i (¢, r,m) U I (i,7,m). Conversely, ifi's id is the maxi-
mum id inIg (i, 7, m) U IL(i,7,m), then by part (d) at timen, i's id must be greater thasulr (i, r, m),
and hence by the description of'P2is active at(r,m). I

It is not difficult to see that PZnsures that, for all agentsIy (i, r, m) U Ig(i, 7, m) increases with
time m. Thus, eventually at least one agent must know it has alltfegrhation. (Recall that we have
not yet given the pseudocode for’P@r the case that an agent knows it has all the information.)

30



Corollary C.3: In all runs r consistent with P2 eventually at least one agent knows that it has all the
information, i.e., there exist an agehand timem such thatl, (i, r,m) N Ig(i,r,m) — {i} # 0.

We say that messagesg received byi at timem originated withj at timem/ if j is the active
agent who first sentnsg, and msg was sent by; at timem’. More formally, we define origination
by induction on the timen that msg was received. linsg is received by from the right, thenmsg
originated withR; at the time that?; sent it if R; was not passive when it senisg; otherwise, ifmsg
was received at some time” < m by R;, then the messagesg received byi atm originated with the
same agent and at the same time as the messagesceived byR; atm”. The definition is analogous
if msg is received byi from the left.

Let [i..j] g denote the agents s right starting at and going toj; similarly, let[:..j];, denote the
agents ta’s left starting at: and going toj.

Lemma C.4: For all runsr of P2 and agents, j in r,

(a) if at timem agenti processes a messagesg from the right that originated withy at m’, msg
is thepth message sent left, and no agent ifi..j] z knows that it has all the information when
it sendsmsg, thenmsg is the pth message that processes from the right, ankk(i,r,m) =

Ir(j,7,m") U [i..j]r.

(b) if at timem agent: processes a messagesg from the left that originated withy at m’, and
msg 1S thepth messagg sent right, and no agent ifi..j];, knows that it has all the information
when it sendsnsg, thenmsg is thepth message thatprocesses from the left arig (i, 7, m) =

Ir(j,r,m') U [i.j]L.

Proof: We do the proof for case (a); the proof of (b) is similar andltethe reader. The proof proceeds
by induction on the number of agents|inj|r. Sincei # j, there are at least two agents|inj|r. If
there are exactly two, then= R;. Since the only messages tharocesses from the right are those sent
by j, it is immediate thatnsg is the pth message processed from the right. Moreover, by definition
Ir(i,r,m) = Ig(j,r,m")U{i} = Ig(j,r,m’) U [i..f]R.

Now suppose that (a) holds for all pairs of ageiitg’ such thafi'..;’| z consists ofd > 2 agents
and[i..j] g consists ofl + 1 agents. Leing, be the timeR; sends the messagesg to i. Sinceli..j]r
consists of at least 3 agents, it cannot be the caseithat j. Thus, R; was passive when it received
the messagensg. Letm’Ri be the timeR; processednsg. Since[R;..j| r hasd agents, by the induction
hypothesis, it follows thainsg was thepth message thak; processed from the right. By Lemma C.1,
prior to mﬁi' R; sent exactly — 1 messages to the left. Moreover, sifgemust procespg —1 messages
from the left before processing itgsh message from the right, it follows from Lemma C.1 thatust
have processed all the— 1 message®; sent to it beforeR; processednsg. It now easily follows that
msg is thepth message processed bfrom the right. By the induction hypothesitg(R;, T, m;%i) =
Ir(j,r,m') U[R;..j]R. Thus,IR(i,r,m) = Ir(R;,r,m'z ) U{i} = Ir(j,r,m') U[i..j]r. N

By Lemma C.1, we can think of P2s proceeding in phases while agents do not know all the
information. Forp = 1,2, 3, ..., we say that in rum, phasep — 1 begins for agent wheni sends left
for the pth time and phasp begins for agent wheni sends right for theth time; phase for agenti
ends when phase+ 1 begins.

The following lemma provides some constraints on what aglembw about which agents are active
and passive.
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Lemma C.5: For all runsr of P2, timesm, and agents, if m > 0, the last message thajprocessed
before timem was thepth message, and no agent knows all the information at time 1, then

(@) if j1,...,ji are the active agents at time in Ir(i,r,m), listed in order of closeness i@mn the
right (so thatj; is the closest active process s right with j; = i if 7 is active, andjy, is the
farthest) then (i¥d;, > ... > id;,, (i) if j1 # 1, theng; will be passive after having processed its
(p—1+1)stmessage, fdr= 2, ..., k, provided thatj, processes itép — [ + 1)st message before
knowing all the information; (iii) ifj; = ¢, thenj; will be passive after after having processed its
(p—1+3)rd message, far= 2, ..., k, provided thaj, processes itép — [ + 3)rd message before
knowing all the information; and (iv) the last message thptocessed from the right originated
with 7.

(b) if hy,..., hy are the active agents at time in I, (i, r, m) listed in order of closeness imn the
left, then (i)idy, > ... > idp,,, (i) if hy # i, thenh; will be passive after having processed
its (p — [ 4+ 1)st message, fdr= 2,...,k’, provided thath; processes itép — [ + 1)st message
before knowing all the information; (iii) ik, = ¢, thenh; will be passive after having processed
its (p — I 4+ 3)rd message, provided that it processegjits- [ + 3)rd message before knowing all
the information; and (iv) the last message th@rocessed from the left originated with.

Proof: We proceed by induction om. The lemma is trivially true ifm = 1, sincely(i,r,1) =
Ig(i,r, 1) = {i}. If m > 1, then the result is trivially true if does not process a message at time 1
(sincely (i,r,m) = I (i,7,m—1) unless processes a message from the left at imel, and similarly
for Ir(i,r,m); and even if some agents I (i, , m) U Ig (i, 7,m) may become passive between time
m — 1 and timem, the result continues to hold). So suppose thatocesses a message from the left
at timem — 1. Sincelg(i,r,m) = Ir(i,r,m — 1), it is immediate from the induction hypothesis that
part (a) continues to hold. For part (b), by Lemma C.4, we la&el; (i, 7,m) = I (j,r,m')U[i..5]L,
where the message thaprocessed from the left at time — 1 originated withj at timem’. By the
definition of origination, all agents ifi..j]; — {4, 7} must be passive at time — 1. Thus, the result
follows immediately from the induction hypothesis applied and timerm/, together with the following
observations:

e If j originated the message at tim€, then it follows easily from Lemma C.1 that it is th¢h
message sent by Moreover, eithet (j,7,m’') = {j} or I.(j,r,m’) = I.(j,r,m"), where
m” — 1 is the time thatj processed it$p — 2)nd message (since this is the last messagejthat
processed from the left prior to time’).

e If iis active at timen, thenid; > id;, and the(p + 1)st message thgtprocesses will originate
from i (if 7 does not know all the information before processing the amgssand will causeé to
become passive.

The argument is similar if processes a message from the right at time 1. i

We say that ageritcan be the first to learn all the information in netwakif there is a run- of P2
such thatV, = N and, in runr, ¢ knows all the information at some time and no agent knows all the
information at the poin{r,m — 1). Our goal is to prove that there can be at most two agents &mat c
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be first to learn all the information in a netwofk.> To prove this result, we first show that, although
we are considering asynchronous systems, what agents lemends only on how many messages they
have processed.

Lemma C.6: If N, = N,» = N, no agent knows all the information at the pointm) or the point
(r',m’), and agent; has processed exactly messages at both the points m) and (', m’), then
I (iyr,m) = Ip(i,7',m') andIg(i,7,m) = Ig(i,7’,m’). Moreover, thekth message thatprocessed
in run r originated withj iff the kth message thatprocessed in rum’ originated withj.

Proof: We proceed by a straightforward inductionxnt- m’. Clearly the result is true ifh = m’ = 1.

If + does not process a message at the peint. — 1), thenIy(i,r,m) U Ig(i,r,m) = Ip(i,r,m —

1) U Ig(i,7,m — 1), and the result is immediate from the induction hypothesiisiilarly, the result
follows if < does not process a message at the peinin’ — 1). Thus, we can assume thagbrocesses

a message at bothr,m — 1) and (', m' — 1). Moreover, it follows from Lemma C.1 thateither
processes from the left at both, m — 1) and(+’, m’ — 1) or processes from the right at both of these
points. Assume without loss of generality thaprocesses from the left. Then, using the induction
hypothesis, we have thé (i,r,m) = Ig(i,r,m — 1) = Ig(i,r’,m' — 1) = Ir(i,7’,m’'). Moreover,
Ir(i,r,m) = Ir(Li,m,m1) U {i}, wherem, is the timeL; sent the message thaprocesses at time
m —1inr; Ip(i,r,m') = IL(L;,r',m}) U {i}, wherem/ is the time that.; sent the message that
1 processes at timex’ — 1 in 7’. It follows from Lemma C.1 that we must have = 2k’, L; has
sentk’ messages left at the points,m;) and(r',m}), and has processdd— 1 messages at both of
these points. By the induction hypothesig(L;,r,m1) = I(L;,r',m}). The desired result follows
immediately.l

Lemma C.7: There are at most two agents that can be first to learn all tii@rimation in networky.
If an agent that can be first to learn all the information isigetwhen it learns all the information, then
it must be the agent with the highest id.

Proof. Suppose, by way of contradiction, that three agents canebgrgt to learn all the information,
sayii, iz, andig. Suppose that* is the agent inV with the highest id. Suppose that the message that
iy, processed which caused it to know all the information waspjlie message thai, processed, for
h = 1,2, 3. First assume that ¢ {i,is,i3}. It easily follows from Lemma C.5 that, fdr = 1, 2, 3,
either thep,th message or th@;, — 1)st message thaf, processed must have come fréfm Suppose
that for two ofiq, is, Oris, the message that processed froni* came from the right. Suppose, without
loss of generality, that these two agents @randi,. Now a simple case analysis shows that either
knows all the information beforg, in all runs of P2where N, = N, or i, knows all the information
beforei; in all runs whereN,, = N. For example, suppose that the message that originated*wgh
thep),th message thal, processed, fok = 1, 2; note thatp), is eitherp;, or p;, — 1. (By Lemma C.6pj,

is same in all rung such thatV,, = N.) If p} > pj then it follows from Lemma C.1 that, > pf, + 2,
and it is easy to see that must learn all the information befoig. Similarly, if p, > p/, then it is easy
to see that, must learn all the information befoig. Finally, suppose that' = p} = p,. Without loss

5In all the examples we have constructed, there is in fact only agent that can be first to learn all the information in
network NV, although that agent may not be the eventual leader. Hoywsrednave not been able to prove that this must be the
case.
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of generality, assume that going frathleft on the ring, we reacly beforei,. Then it is easy to see
that if p} = p;, so thati; knows it has all the information after processing the mes$amn:*, theni;
knows it has all the information befoig in all runsr with N,, = N, while if p; = p/ + 1, theni; must
learn it afteris in all runs (since the,th message processed hymust originate with a process farther
to the left ofi* thanis). Thus, it cannot be the case that botlandis can be first to learn the message,
a contradiction. A similar contradiction arises if bathandi, process*’s message from the left.

Thus, it follows thati* € {iy,1i2,i3}; without loss of generality, assume that= i3. Again, if
both of iy andi, processi*’s message from the left, or both process it from the rightntiwe get
a contradiction as above. So suppose without loss of géiyetiaht i; processes*’'s message from
the left, iy processes™s message from the right, and = i3 processes itpsth message from the
left. Again, it is easy to show that jf; < ps, then in all runsr with N, = N, i; knows it has all
the information beforés = i*; if p; > ps3, then in all runsr with N, = N, i* knows it has all the
information before;. Either way, we have a contradictidh.

We can now describe the remainder of protocdl Ber an agentlearns all the information. What
happens depends on (a) which agents can be first to learneaihfilrmation, and whetheris one
of them; (b) whethet is active or passive just after learning all the informatiand (c) whether the
message that results ifearning all the information is processed from the left ar tight. Note that
when an agent learns all the information, it can easily deiteg which agents can be first to learn all
the information. Rather than writing the pseudocode fdr ®2 give just an English description; we do
not think that the pseudocode will be more enlightening.

e Suppose that the only agent that can be first to learn all floenation is the leader. We now
do essentially what is done in Peterson’s algorithm. Supploat the message that resulted in
the leader learning all the information was processed fiogridft (if the message was processed
from the right, the rest of the argument remains the samé&aieg left by right everywhere), the
message originated with agentind was theth message processed by the leader. We claim that
after processing thgth message, all agents other than the leader will be padsivis the leader,
this is almost immediate. Ifis not the leader, then it follows from Lemma C.5. The leatent
sends itp + 1)st message to the left. After an agent processes the ledgderd )st message,
it will then know all the information. We require it to send assage to the left with all the
information unless it is the leader’s right neighbor. (Ofise, once it knows all the information,
the leader’s right neighbor will realize that the neighlmttte left is the leader and that the leader
already knows all the information, so it does not need to &dwmhe information.) After this
process is completed, all the agents know all the informatio

e Suppose that agentis the only agent that can know all the information and passive when
it first knows all the information. Suppose that the message resulted in’s learning all the
information was processed from the left (again, the argurisesimilar if it was processed from
the right), the message originated with aggnand was thepth message processed hylt is
easy to see thatmust have been active just prior to processingtiemessage, for otherwise
the agent ta’s left will learn all the information beforeé. Moreover,i's pth message must have
originated with the leader (sindecould not have known about the leader prior to receiving the
message, or it would not have been active). Theends the message with all the information
back to the leader, who forwards the message all the way drthwnring up to the agent s
right, at which point all the agents know all the information
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e Suppose that two passive agents, sapd:’, can be first to learn all the information. Again, it
is not hard to see thatand:’ must have been active just before learning all the inforomatif ;
andi’ both first learn all the information after processing thie message, then by Lemma C.5,
the pth message of one of them, sayoriginated withi*. Suppose without loss of generality that
i andi’ received this message from the left. Thesends a message with all the information to
the left, where it is forwarded up to and includidtg similarly, " sends a message to the left,
which is forwarded up to but not including Note thati’ will also receive ap + 1)st message
that originates with* from the right. After receiving this messagé sends a message with all
the information to the right up to but not including

e Suppose that one passive agent, sand:* can be first to learn all the information. If they both
learn all the information after receiving theith message, theilmust have been active just before
receiving the messagés message originated with, andi*’s message either originated witlor
with an agent’ such that theth message received Byoriginated withi, and:’ becomes passive
after receiving this message. Suppose without loss of gétyathat thepth message was received
from the left. Then sends a message with all the information to the left whewefdarnwarded up
to but not including:*; similarly, i* sends a message with all the information to the left, where
it is forwarded up to but not including A straightforward case analysis shows that it cannot be
the case that there exigtandp’ with p # p’ such that learns all the information after receiving
its pth message and learns all the information after receiving tpéh message. For if < p/,
thens: must learn all the information befoig in all runs, and ifp’ < p, theni* must learn all the
information before in all runs.

This completes the description of P2

Having completed the description of P@e can finally prove that P2le facto implement®g&¢
in contexts where (i) all networks are bidirectional ringeldii) agents have distinct identifiers. Let
(v’ ) denote the interpreted context for global computation witbe initial states are the bidi-
rectional rings with unique identifiers. Suppose thds an order generator that respects protocols,
o is a deviation-compatible ranking function, agtl= (R*(y""“), m, ptpr.u, 0(P2'), o (P2")) is the
interpreted system corresponding to’ R2the cb contexty®™* = (4°"*, 1, 0,0). Proving that P2
de facto implement®g%C in the cb contexty*”* amounts to showing tha®2/(¢) = PgCCY (1) for

cb 1
every local staté such that there existsc R(P2',~v*"") andm such that = r;(m). That is, for all
r € R(P2,~%"*) and timesm, we must show thaP2;(r;(m)) = act iff (J,r,m,i) = pact, Where

©act IS the precondition irPg ., for actionact.

Lemma C.8: For all runs r of P2 in the contexty’*, timesm, and agents in N,, P2(r;(m)) =
J
ngjci (ri(m)).

Proof: As we observed above, we must show that forall R(P2',~""*) and timesn, we have that
P2i(ri(m)) = actiff (J,r,m,i) = pact- SO suppose thae2.(r;(m)) = act. The relevant actionsct
have the formsendy, (new_info), wheren € {L, R}. We consider the case that= L here; the proof
for n = R is almost identical, and left to the reader. The precondlitibsend,(new_info) is

= Bj[~do(send(new_info)) > O(In’(Calls(L, I,n") A Br(n"'scont(new_info)))VIvBL(f = v))].
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SinceR is the unique name thés left nieghbor calls in a ring, we have that7,»,m,:) = Calls(L,I, R).
By the definitions in Section AlJ,7,m,i) F Qgend, (new_info) if @nd only if there exists a situation
(r',m’,4") such that

@) ri,(m') = ri(m),
(b) o(P2)(r") = min?"*)(r,m), and

(€) (Z,r',m/,i) = —[~do(send(new_info)) > O(In’(Calls(L,I,n')ABr(n"scont(new_info)))V
JuBL(f = v))], so there exists asituatign”, m", i") € closest([~do(sendn (new_info))lypo yor.u),
r’,m’,i") such that

(T,7",m" ") EO(=BL(R’s cont(new_info)) A =3v. BL(f = v)).

Thus, we must show that there exists a situatighm’, ') satisfying conditions (a), (b), and (c)
above iff P2.(r;(m)) = send,(new_info). To prove this, we need to consider the various cases where
i sends left.

e Case 1: afr,m), i is active, does not know it has all the information, and seétsdérst message
at timem. In this case, we can také to be a run of P2on the networkis] (i.e., the network
where the only agent i§, m’ = 0, andi’ = 4, and take(r”,m” ") to be an arbitrary situation
in close(do(sendr (new_info)), P2, "% v/ m’ i') such thaiN,| > 1. In+", L;» does not
receive a message froifi, so will never process any message. It easily follows tmat,j L;:
does not learn the contefit’)’s initial information, nor does it learn who the leader is.

e Case 2:i is active, does not know all the information, and does notl senfirst message to the
left at timem. In this casel; must be passive. Suppose thas about to send itéth message
left at the point(r, m). By Lemma C.1j must have receivedl — 1 message froni;, soL; must
have processekl — 1 messages from Moreover,; considers it possible thdt; has already sent
its kth message left, and is waiting to processkils message from. Sincei does not have all
the information at timen, it is easy to see thatmust also consider it possible that does not
have all the information at time:. Thus, there exists a ruri such that;(m) = r}(m) and, at the
point (r’,m), L; does not have all the information and is waiting to procesgth message from
i. Let(+”,m”,i") be an arbitrary situation ialose(do(send, (new_info)), P2/, "% ' m, ).
Sincei” does not send left &, m"), L;» will wait forever to process a message frétfn Thus,
in ", L;» never learns the content of’)’s kth message, nor does it learn who the leader is.

e Case 3:i is passive at the poir{tr, m) and does not have all the information. Siricis about
to send left and it is passive,must have last processed a message from its right; withsst lo
of generality, assume thahas processen messages from its right, and so must have processed
(p — 1) messages from its left by time. It easily follows from Lemma C.1 that > 1. Suppose
that the(p — 1)st message thatprocessed from its left originated with Sincei does not have
all the information at timen, &k did not have all the information when it sent this messagéeo t
right. After receiving its(p — 1)st message from the leftmust consider it possible that the ring
is sufficiently large that, even aftérprocesses it§p — 1)st message from the left,will still not
know all the information. That is, there exists a situatiohm’, ') with ' € R(P2',~""*) such
that conditions (a) and (b) are satisfied, and'sf (p — 1)st message from the left ifl originated
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with £/, thenk’ does not have all the information at the pojnt,m’), despite have processed
its (p — 1)st message from the left by this point. Let’,m” ") be an arbitrary situation in
close(do(sendr(new_info)), P2',~*"% v/ m’ i'). Suppose thati”)’'s (p — 1)st message from
the left in+” originated withk”. At the point(r”, m”), k" has already processes (i — 1)st
message from the left and does not have all the informatienaiise this was the case for the
agentk’ corresponding td&” in /). Inr”, all processes betweefi andk” are passive. Thus,
regardless of whethet” is active or passive, in”, k" and:” and all agents between them are
deadlocked, becaugd is waiting from a message from the right, which must passutina”,
andi” is waiting for a message from its left, which must pass thihok§ It easily follows that
L;» does not learri”)’s new information in”, nor doesl;~ learn who the leader is.

e Case 4:i has all the information at time: in ». There are a number of subcases to consider.
We focus on one of them here, where two agents, the leaderdi, are the first to learn all the
information; the arguments for the other cases are sinmlapirit, and left to the reader. We have
shown that, in this caseturns passive when it learns all the information as a regydtacessing
a messagensg that originated with*, and that the number of messagésnd: have processed
by the time they learn all the information is the same. WithHogs of generality, assume that
both:* andi first learned all the information after processing their message from the left. We
showed that either theth message that processed from its left originated withor it originated
with some agent’ whosepth message from the left originated with It is easy to see that all
agents other thait* andi are passive after they process thein message, do not have all the
information, and are waiting to receive a message from tjigt.riThus, ifi does not send left,
then all agents to the left afup to but not including™ are deadlocked. Sindeis supposed to
send left, it cannot be the case that = *. It easily follows that ifi does not send left, and
(r',m,i') is an arbitrary situation iRlose(do(send(new_info)), P2', "% r,m,i), thenL;
does not learrfi’)’s new information nor who the leader isifi

We have shown that, for alle R(P2',~%"*) and timesn, if P2,(r;(m)) = actthen(J,r,m,i) |=
¢act- For the converse, suppose t,(r;(m)) # act. Again, suppose thaict is send,(new_info).
Let (', m’,4") be a situation thatconsiders possible at time in runr (i.e., such that conditions (a) and
(b) above hold). Sincédoes not send left at the poifit, m), i’ does not send left at the poifit’, m”).
Thus, by definition,close(do(sendy (new_info)), P2, v*% v m’ i') = {(r',m/,i')}. Sincer’ is
a run of P2, and every agent eventually learns who the leader is in eweryf P2, it follows that
(J,r',m',i") E OBL(f = v), and hence

(J,r,m,i) | ~do;(sendyn(new_info)) > O(In’(Calls(L, I,n")ABp(n"scont(new_info)))VIvBL(f = v)).

Thus,(J,7,m,1) | =Psendy, (new_info)- THiS completes the prooll.
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