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1 Intr oduction

Recentstate-of-the-arSAT solverscanhandlehand-craftednstancesith hundredsof thousand®f
variablesand several million clausesOnly a few yearsago, the ability to handlesuchinstancesap-
pearedcompletelyout of reach.The most effective completesolvers are generallybasedon Davis-
Putnam-Laeland-Logenannstyle searchproceduresugmentedvith a numberof speciatechniques,
suchasclause-learningion-chronologicabacktrackinglookaheadfastunit-propagationfandomiza-
tion, and restartstratgies. The progressn this areahaslargely beendriven by experimentalwork
on diversesetsof benchmarkproblems,including regular SAT competitions.Given the tremendous
adwancesin recentyears,this hasclearly beena highly successfubpproachOnekey openareaof
researchis to obtaina betterunderstandingsto why thesemethodswork sowell. In this paper we
hopeto advanceour understandingf the effectivenesof currenttechniquesindanalyzewhatfeatures
of practicalinstancesnakesthemsoamenabldo thesesolutionmethodsOf the mary enhancements
of DPLL, we will focusour attentionon the interplay betweencertain specialfeaturesof problem
instancespolytime propagatiommethods andrestarttechniquesThis analysisis clearly only part of
thefull story, sinceotherenhancementsuchasclauselearningandnon-chronologicabacktracking,
provide additionalpower to thesesolvers.

In orderto characterizéhiddenstructurein probleminstanceswe introduceda notion of a spe-
cial subsetof vaiablescalledthe badkdoorvariables[21]. A setof variablesforms a backdoorfor a
probleminstancdf thereavalueassignmento thesevariablessuchthatthe simplified formulacanbe
solvedin polynomialtime by the propagatiorand simplificationmechanisnof the SAT solver under
considerationAnotherway of statingthis is to saythataftersettingthe backdoowariableshe simpli-
fied formulafallsin apolynomiallysolvableclass Note howeverthatthis classmaynot have a simply
syntacticcharacterization.

Thereis no apriori reasonwhy backdoorsetsare interesting.However, we have obsened that
structuredprobleminstancesan have suprisinglysmall setsof backdoorvariables.For example,the
logistics-dplanningprobleminstanceglog.d.cnf)hasa backdoorsetof just 12 variablescomparedo a
total of nearly7,000variablesn theformula.More specifically thereis asettingto thesevariablessuch
thatthe remainingformulais solvedimmediatelyby the polytime propagatiortechniquesf the SAT
solver, satz[14]. We have found similarly small backdoorsfor other structuredproblemsinstances,
suchasthosefrom boundedmodel-checkingdomains.Moreover, we have alsoidentified classesof
formulasthat do not appearto have small backdoorsFor example,for random3SAT problems,the
backdoorappeargo be a constanfraction (roughly 30%) of the total numberof variables[11]. This
mayexplainwhy thecurrentDPLL basedsolvershave notmadesignificantprogresson hardrandomly

* This papercomplementshe work reportedin [21]. In [21] we formally introducedthe notion of backdoorand
characterizehe compleity of several algorithmsdesignedo take advantageof backdoorsjncluding restart
stratgies.In this paperwe focuson the connectiorbetweerheary-tails andbackdoors.



generatednstances(Hard random3-SAT instanceswith morethan400 variablesare out of reachof
mostcompletesolvers.Seealsoanalysisn [1].)

Backdoorvariablesarerelatedto the notion of independentariables[20,5]. In fact, a setinde-
pendentariablesof a problemalsoformsabackdoorset(providedthe propagatiormechanisnof the
SAT solver, after settingtheindependenvariables caneffectively uncovertheremainingvariablede-
pendencies)n practice backdoorganstill bequiteabit smallerthanthesetof independentariables.
For example,in thelogisticsplanningdomain,the setof independentariabless givenby thenumber
of operatorsapplicableat eachtime step.This setof variableswill generallybe muchlargerthanthe
minimal backdoorsetof 12 variablesmentionedearlier Intuitively, the minimal backdooralsoincor-
poratesanotionof critical variables i.e., thosevariableghatcapturesomeof thecritically constrained
resource®f theoriginal problem?

Oncea (small)backdoorsethasbeenidentified,the SAT solver canrestrictits searcho the setting
of thosevariables)eadingto a 2*poly(n) searchor abackdoomith & variablesandpoly(n) captur
ing the polynomialpropagatiorafter settingthe backdoorvariables.For small &, in particularof size
O(Log(n)), thesdeadsto avery effective overallsearchOf coursejn practice thesmallbackdoorset
(if it exists)still needgo beuncoveredby the SAT solweritself. In [21], we shav thatevenwhentaking
into accounthe costof searchingor backdoowariablespnecanstill obtainanoverall computational
adwantageby focusingin on a backdoorset, provided the setis sufficiently small. Heuristics,incor-
poratedin mary in currentSAT solwvers,alsoimplicitly searchfor backdoorvariablesby uncovering
thosevariablesthat causea large numberof unit-propagation.

Thenotionof backdoorcameaboutin the context of our studyof heavy-tailedbehaior asobsened
in backtrackstyle search10,9]. Heavy-tailed distributionsprovide a justificationof why restartsare
effective, namelyto preventthe searchprocedurdrom gettingstuckin un-productve portionsof the
searctspacehatdo not containsolutions.Suchdistributionsalsoimply the existenceof awide range
of solutiontimes, often including shortruns. For example,in [4], we proposeda formal model of
heary-tailedbehavior for combinatoriakearckcharacterizetly aninfinite meanyet, with areasonable
probability of finding solutionsby searchingsmall sub-treesf sizes2, 21, 22, - - - 2* nodes(for small
k). Thisis wherebackdoorgomein. Intuitively, asmallbackdoorexplainshow abackstraclsearctcan
get“lucky” on certainruns,wherebackdoorvariablesareidentifiedearly on in the searchandsetthe
right way. (Below we alsointroducea notion of “strongbackdoor"which explainsshort,unsatisfiable
runs.)In fact, we cannow provide a detailedmathematicamodel explaining heary-tailed behaior
(Paretolik e tails) in backtracksearchasfunctionof the sizeof the minimal backdoorset.

Severalresearcherbave demonstratethe effectivenesof randomizatiorandrestartstratejiesfor
solvingreal-world applicationsFor example the work of Marques-Sila et al. hasshavn the success
of suchtechniquesgcombinedwith learning,for ElectronicDesignAutomation([18,2,16]). Random-
izatign andrestartstratgjies are now an integral part of mary currentSAT solvers([3, 8,13,16,19,
23)).

The structureof the paperis asfollows. We startby formally introducingthe conceptof backdoor
andprovideempiricalresultsonthesizeof thebackdoorWe thenrelatethebackdoomotionto variable
choicetreesandprovide formal heary-tailednessesultsasa function of the sizeof thebackdoor

! For certainproblemclassessuchas parity problemsand DES instancesthe minimal backdoorsetcoincides
with thefull setof independentariablesforcing abacktracksearchprocedurdo exhaustvely searchthesetting
of thesevariableq7].

2 A restartstratgyy doesnot needto involve explicit randomizationFor example the clauselearningmechanism
in Chaf, implicitly causeghe solver to explore differentpartsof the searchspaceon eachrestart(a form of
“deterministicrandomization”[22]).



2 Backdoors

In this sectionwe definethenotionof backdoowariablesfirstintroducedn [21]. We will alsopresent
someof theempiricalresultsfor backdoorsOur definitionsarefor the SAT problembut caneasilybe
adaptedo the moregenerakettingof constraintsatisactionproblems(CSP).

TheSAT problemis definedin theusualway. We have aBooleanformulaovern Boolearvariables.
Theformulaconsistsof a conjunctionof clauseswhereeachclauseconsistof a disjunctionof literals.
A literal is a Booleanvariableor its negation.SAT is the problemof determiningwhetherthereexists
atruth assignmento the Booleanvariableshatsatisfiesall clauses.

Letas : S C V — {True, False} beatruth partial assignmentWe use F[ag] to denotethe
simplified SAT instanceobtainedfrom the formula F' by settingthe variablesdefinedin ag, i.e., by
fixing thetruth valuesof thevariablesn ags.

A setof backdoorvariablesis definedwith respectto a particularalgorithm; oncethe backdoor
variablesareassignedvalue,theproblembecomefasyunderthatalgorithm.To begin our exposition
of backdoorsyve definethe sortof algorithmswe havein mind. We will call themsub-solves, asthey
solwve tractablesubcasesf thegeneralSAT problem.

Definition 1. A sub-solverA givenasinputa formula F' satisfieghefollowing:

¢ (Trichotomy)A eitherrejectstheinput I, or “determines” F' correctly (asunsatisfiableor satis-
fiable, returninga solutionif satisfiable),

o (Efficiency)A runsin polynomialtime,

o (Trivial solvability) A candetermingf F istrivially true (hasnoclausespr trivially unsatisfiable
(hasa contradictoryclause),

e (Self-educibility) if A determinesF', thenfor any variable 2 and value v, then A determines

For instance, A could be analgorithmthat solves2-SAT instancesut rejectsall otherinstances.
In general A captureghe polytime propagatiorandsimplificationmechanismshatare partof DPLL
style SAT solvers.Our resultsbelov areindependenof a particularsub-soher; our resultswill hold
for any A satisfyingthe above four properties.

In whatfollows,let A beasub-soler, andF' aBooleanformula.

We first considera notionof “backdoor”thatis suitablefor satisfiableproblemsnstances.

Definition 2. [backdoor] A nonemptysubsetS of thevariablesis a backdooifor F' wir.t. A if for some
as : S — {False, True}, A returnsa satisfyingassignmentf F'[as].

Intuitively, the backdoorcorrespondso a setof variables,suchthat when setcorrectly the sub-
solver cansolve theremainingproblem.In a sensethe backdooris a “witness” to the satisfiability of
theinstancegivena sub-soleralgorithm.We alsointroducea strongemotion of the backdoorto deal
with bothsatisfiableandunsatisfiabl€inconsistentprobleminstances.

Definition 3. [strongbackdoor] A nonemptysubsetS of thevariablesis a strongbackdooffor C wi.r.t.
Affforall as : S — {False, True}, A returnsa satisfyingassignmenor concludesunsatisfiability
of F[(Is]



It follows directly that, whengiventhe backdoorS for a SAT problem,the searchcostis of order

poly(n)2!5l. (Simply checkall possibleassignment®f S.) This meansif S is relatively small, one
obtainsa largeimprovementover searchinghefull spaceof variablehalueassignments.

We obsenrethatindependentariablesareaparticularkind of backdoorAs statedn [12], they area
setS of variablesfor which all othervariablesmaybethoughtof asdefinedn termsof S. For example,
amaximalsubsebf independentariablesin a SAT encodingof a hardwareverificationproblemis a
backdoorfor unit propagationasthe othervariables'valuesmay be directly determinedafter setting
theindependenbnes[17,20,5].

Therearetwo key questiongoncerningpackdoors(1) Whatis the sizeof thebackdooiin practical
probleminstances?2) Whentakinginto accounthecostof searchingor abackdoorset,canonestill
obtainanoverall computationahdvantage?

In [21], we presentformal compleity resultsthat shav a concretecomputationaladvantageof
using backdoorvariableseven whentaking into accountthe costof searchingfor the backdoorset,
providedthata relatively small backdoorsetexists. Moreover, empiricaldatashows that for practical
structuredprobleminstanceghe backdoorsetscanindeedbe suprisinglysmall. Table 1 givessome
examplestatisticson backdoorsizes.The backdoorsn the table were obtainedusing the SatzSAT
solver SAT solver Satz-randa randomizedversionof Satz[14]. Satzincorporatepowerful variable
selectionheuristicsand an efficient simplification strateyy (i.e., a good sub-soler). In the table,we
shav a logistics planningproblem(log.d), a circuit designproblem(3bitadd 32), a boundedmodel-
checkingproblem(pipe),andtwo quasigrougcompletionproblems.

We seesomesurprisinglysmall backdoorsets.Clearly, the probleminstancesave lots of hidden
structureandmoreover suchstructurecanbe uncoveredby the propagatiorandsimplificationproce-
duresin Satz3

It shouldbe notedthattheseinstancesarenow well within therangeof the fastesturrentsolvers,
suchasSatz[14]. However, they arenon-trivial andcannotbe solved with the previous generatiorof
SAT solwvers,suchasTableay6]. Clearly thenew solversarebetterableto discorerandexploit hidden
structure suchassmallbackdoors.

instance [# varg# clausefhackdoof fract.
log.d [6783]437431] 12 0.0019
3bitadd32 | 8704 32316 53 ]0.0061
pipe01 |7736] 26087 23 ]0.003(
gqwh.30.320[ 1235 8523 14 ]0.0113
gwh 35405 1597| 10658 15 ]0.0094
Table 1. Sizeof backdoordor several practicalSAT instancesSource{21]

As mentionedearlier the notion of backdoorsetcameaboutwhenwe studiedthe mechanisms
underlyingheary-tailed phenomenan combinatorialsearchin the next section,we provide a formal
analysismakingthe connectiorbetweerbackdoorsheavy-tails andrestartgrecise.

3 Search Treesand Backdoors

For our analysiswe introducethe notion of variable choicetrees binary treeswith integerlabelson
theirleaves,but with semanticgjuite differentfrom standardsearchrees.Thetypical semanticgiven

% The table gives resultson satisfiableinstancesWe believe similarly small strongbackdoorsexist in mary
structureunsatisfiablgprobleminstancesWe are currentlymodifying satz-rando allow usto searchfor such
strongbackdoors.



@ successful leaf

Fig. 1. Variablechoicetreewith onebackdoor;1/h is the probability of the branchingheuristicmakinga good
decisionandb is the branchingfactot in this caseb = 2. This tree modelhasfinite meanandinfinite variance
whenl/2 < 1/h < 3/4, and infinite varianceandinfinite meanwhen1/h < 1/2

to a searchtree is that the nodesrepresentvariables,and the branchesout of a noderepresenthe
variousvaluesthatcanbe assignedo nodevariable.In variablechoicetrees,aninnernoderepresents
the selectionof a variable, so branchesorrespondo differentvariablechoices andthe integerlabel
of leaf | representdhe costof a searchon the variablesthat were selectedn the pathto [. In our
work, we considerthe variablesof an instanceto be partitionedinto two kinds; for the purposesof
abstractiorwe will simply call thetwo partitions“‘good” and“bad” here.Intuitively, goodvariablesare
onesthatwe would like to chooseearly in our searchfor us,thesewill be backdoowariablesAs we
choosehemearlierin the searchthe solver performsbetter Left-brancheof the treerepresengood
variablechoicesandright-branchesepresenbadones Onceall of thegood(backdoor)ariableshave
beenchosenin a pathof the selectiontree, the pathendswith a leaf labeledwith the searchcostof
an algorithmrun on thosevariablechoicesdescribedby the branchesFollowing the empiricalwork
in [9], whererandomizatiorof variableselectionleadsto increasecerformancen searchwe attach
probabilitiesto thebranchessothatgoodvariablesarechoserwith someprobability1 /k andbadones
with 1 — 1/h. Figure 1 depictsa variablechoicetreewhenwe have a backdoorconsistingof a single
variable.

Notice that the performanceof several deterministicsearchalgorithmsfor SAT/CSPscould be
representedvith onevariablechoicetree,asfor eachproblemand eachalgorithmthereis a unique
orderingof the variableschosenfor branching,which correspondso differentpathsin the variable
choicetree.In orderto formailize the notion of variablechoicetree,we will usea recursve charac-
terization. This versionilluminatesthe fact that a variablechoicetree specifiesa kind of treethatis
self-similag i.e., fractal.

Definition 4. V(B) - variablechoicetreefor B backdoorvariables(minimum-sized) Recusivefor-
mulation.

1.V(0) is asingleleaf.
2.For B > 0,V (B) hasV (B — 1) asaleft subtee anda copyof V(B) asa right subtee

For example,V (1) is theinfinite binarytreein Figurel. SeeFigure2 for V(2) andV(3).



Fig. 2. Sketchof V(2) andV/(3).

We augmenthetreeV ( B) with probabilitylabelsonits edgesandsearctrostlabelsontheleaves,
asinformally suggestedbove. To simplify the exposition,throughoutthe paperwe will assumehe
edgesof V(B) arelabeledwith probabilities;the left and right brancheswill have labels1/h and
1— 1/h, respectiely. Theleavesof V(B) will belabeledaccordingo aseach costfunctionf : N —
N, which is monotoneincreasingLeaf [ getslabel f(d(1)), whered(n) is the depthof noden. The
function f is meantto modeltheimpactof choosinggoodvariablesover badones,andvice-versa.

4 On the connectionsbetweenheavy-tailednessand backdoors

Here,we outline our formal resultsconnectinga backtracksearchheuristicsearchmodelwith heavy-
tailed runtime phenomenaln particular we will shov that small setsof backdoorvariablesleadto
runtimeprofilesthatareboundedrom below by heary-tails.

Throughoutwe fix a particularvariablechoicetree V(B), searchcostfunction f, and heuristic
having succesgrobability 1 /4. Ourfirst stepis to defineour notationfor thetail probabilityof V' (B).

Definition 5. Pr[t > L | V(B)], thetail probability of L, is the probability that a randomlychosen
path(to someleaf! of V(B)) hasseach costf(l) > L.

Roughlyspeakingthe tail probability of L is the probability that randomvariablechoicesunder
the heuristicresultin aruntimegreaterthan L. In thefollowing we assumef (k) = b* for someb > 1.
(b is the branchingfactor b = 2 for SAT.) Thatis, the searchcostat a leaf is exponentialin lengthof
the pathleadingto the leaf. Hencefor B = 1, Pr[t > b'™! | V(B)] = (1 — 1/h)%; this resultwas
essentiallyshovn in [4]. Herewe generalizéhatresult.A lemmagivesa recursve expressiorfor the
probabilitywhenB > 1.

Lemmal. Fori > 0andB > 1,
Prit > b B | V(B)] = 4 - Pr(t > 2BV | V(B -1)]+ (1 — £) - Prit > b0~V+B | V(B)].

Proof.  Omitteddueto lack of space to beincludedin the proceedingsersion.

4.1 Thetail probability theorem

Our next stepis to find a closed-formsolutionfor this tail probability. We first give the solutionwhen
B = 2 asawarm-upto thetheoremfor arbitrary B.



Theorem 1. Pr{t > b2 | V(2)] = (1 — 1/h)¥(1 +i/h).
Proof.  Omitteddueto lack of space to beincludedin the proceedingsersion.

Theorem?2. Forall i > 1,

Prit > b+ | V(g) = (1- 1)1+ () - /).

Proof. = Omitteddueto lack of space to beincludedin the proceedingsersion.

Now we definewhatwe meanby V (B) having a heary-tailed distribution. Our only concernis
with having a searchcostdistribution thatis lower boundedby a heary-tail; if thetail is larger than
Pareto-Levy, thenarestartstrateyy is only moreviable.

Definition 6. V(B) is lower boundedby a heavy-tail if there existsa € (0,2) sud that Prt >
L | V(B)] = (). Thatis, the seach costdistribution on V(B) is boundedfrom below by a
Pareto-Leyy distribution.

Notethatthe existenceof sucha heavy-tail bounddoesnotimmediatelyimply thata polynomial
time restartstratey is available.Indeed,dependingon «, the meanof the distribution could still be
exponential[4]. Thisleadsusto believe thatheavy-tails mayalsoarisefor muchlargerbackdoorghan
thosewe saw yielding efficient restartstratgiesearlier Ourintuition is confirmedby a calculation:

Theorem 3. (Heavy-taillower bound)If B € o(IN/log N) and the probability of heuristic failure
(1—-1/h)islessthan1/b* for o € (0, 2), thenthetail probability of thesearch coston V' (B) is lower
boundedy a heavy-tail.

Proof.  Omitteddueto lack of space to beincludedin the proceedingsersion.

Intuitively, this resultshavs thatif the succesgrobability of the heuristicis sufficiently badwith
respecto thebranchingfactor, thenthereis alarge potentialfor reachinganodein the variablechoice
treeV (B) with high searchcost.

Now let us discusswhat bearingtheseresultson variablechoicetreeshave on randomizedack-
tracking. Considera model of randomizeddepth-firstsearch(DFS) with a sub-soher A, runningon
aninstanceC', having a backdoorof size B, armedwith a heuristicH, thatchooses variablefrom a
minimal strongbackdoormwith probability 1/h, andthenrandomlychoosesnarbitraryassignmento
thegivenvariablel/d (d is thevariabledomainsize).We will usethenotation(DFS,H,A) to denotea
solverwith theabove propertiesin suchamodel theworst-caseearchcostataleaf of thecorrespond-
ing variablechoicetreewill be f (k) = d* (recallthatk hereis thedepthof thevariablechoicetree,i.e.
the numberof variableschoserbeforea completebackdooris chosen)simply becausdacktracking
may have to try all possibleassignmentsn the strongbackdooreforethe sub-soler candecidethe
instance Thereforeour above discussiorconcerningunsof lengthb*+2 apply directly to measuring
theruntimecostof backtrackingwith heuristicspy settingb = d. We concludewith the following:

Theorem4. (DFS,A,H) on SAT/CSPswith o( N/ log N) strong badkdoors hasa runtimedistribution
thatis lower-boundedy a heavy-tail if the succesprobability of H is constant.



Proof.  Omitteddueto lack of space to beincludedin the proceedingsersion.
Open problem

We believe aresultof the following form is possible Definethe restartspeed-umf a solver .S on
asetof instanced to betheratio:

i expectedruntimeof Son x
min T - .
zcI optimalruntimeof ary restartstrateyy for Sonx

Considetthedenominatoof thisexpressionlt is known thatfor any particularS andz, theoptimal
restartstratey is actuallya fixed value[15]. But it is not clearhow for arbitraryz how to efficiently
determinewhat the optimal restartstratggy might be. This becomesan interestingtheoreticalopen
problemwhenwe arearmedwith abstracknowledgeof whatour solveris like (e.g.it is arandomized
backtrackingprocedure).

In asensethisratiowould measurgheworst-cas@erformancef arestartstratayy for aparticular
solver, by pitting its expectedruntimeagainstthe stratey. Obsere thatif the optimal restartstrategy
is not very good,the restartspeed-ups closeto 1, andif thereis an extremelygoodstratey but the
expectationis high, therestartspeed-uganbe exponential We conjecturgfor suitabledefinitionsof
the denominator}hatthe restartspeed-ups exponentialpreciselywhenthe runtimedistribution of S
is lower boundedby a heavy-tail for infinitely mary = € I. Toolsfrom Luby etal. [15] canprobably
be usedtowardsproving or disproving this conjecture.

5 Conclusions

We proposea generabkcenaridhatprovidesvaluableinsightsinto the structureof realworld instances
andtheway state-of-theart proceduresolve suchinstancesExperimentallyit appearshatbackdoors
canbesuprisinglysmall(O(log(n)) for certainstructuregroblemsGiventheconditionsof ourheavy-
tail lower boundresult(succesprobability of the heuristicis sufficiently low andthe backdoorsizeis
sufficiently small),theexpectedsearcicostonthesearchree(V (B)) will beexponential Furthermore,
whenthesizeof thebackdoorB = O(log n) and1/h is boundediy a constantthereexistsapolytime
restartstratgy[21]. Thuswe have reasonableonditionsunderour modelfor which bactracksearch
hasexponentialexpectedruntime, yet thereis a polynomialtime restartstratay. In otherwords,we
shaw thatwith a sufficiently smallbackdoorsetandareasonablybut not perfect,heuristic,we obtaina
backtracksearchwith polytime restartstartey. However, without restartsthe underlyingdistribution
is heavy-tailed, with anexponentialexpectedtiime. This scenaricappeargo be quite closeto whatone
obseneson structuredpracticalinstancesWe thereforebelieve that our model capturessomeof the
key featuresof practicalDPLL style SAT solvers.In essenceywe have asubtleinterplaybetweera set
of critical variablegbackdoorspndthe heuristicsthatattemptto guidethe searchOn the otherhand,
thereareinstanceghatdo not have smallbackdoorssuchashardrandominstance®r instancedased
on cryptographigrotocols.Suchinstancesappeato beinherentlyhardfor backtracksearchanddefy
the currentstate-the-artompleteSAT solvers.Of course ptherstratgiessuchasclauseearningmay
yet prove to be effective on suchinstances.

Overallwe have shaovn theoreticabndexperimentatonnectionbetweertheexistenceof backdoor
setsand heavy-tailed runtimes.We hopethat our work will inspire further investigationinto these
notions,leadingto thediscovery of new propertiesandrelationshipdetweersolversandinstances.
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