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Abstract.  Much progress has been made in terms of boosting the e ectiveness of
backtrack style search methods. In addition, during the las t decade, a much better
understanding of problem hardness, typical case complexity, and backtrack search
behavior has been obtained. One example of a recent insight hto backtrack search
concerns so-called heavy-tailed behavior in randomized vesions of backtrack search.
Such heavy-tails explain the large variance in runtime ofte n observed in practice.
However, heavy-tailed behavior does certainly not occur on all instances. This has led
to a need for a more precise characterization of when heavy-ailedness does and when
it does not occur in backtrack search. In this paper, we provi de such a characteriza-
tion. We identify di erent statistical regimes of the tail o f the runtime distributions
of randomized backtrack search methods and show how they arecorrelated with the
\sophistication" of the search procedure combined with the inherent hardness of the
instances. We also show that the runtime distribution regim e is highly correlated
with the distribution of the depth of inconsistent subtrees discovered during the
search. In particular, we show that an exponential distribu tion of the depth of
inconsistent subtrees combined with a search space that gravs exponentially with
the depth of the inconsistent subtrees implies heavy-tailed behavior.

Keywords: backtrack search, runtime distributions, heavy-tailed di stributions, phase
transitions, typical case analysis.

1. Introduction

Signi cant advances have been made in recent years in the diem of
search engines for constraint satisfaction problems (CSR)including
Boolean satis ability problems (SAT). For complete solvers, the basic
underlying solution strategy is backtrack search enhancedby a series of
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increasingly sophisticated techniques, such as non-chratogical back-
tracking [10, 25], fast pruning and propagation methods [1424, 22, 28,
4], nogood (or clause) learning (e.g., [7, 26, 2, 21]), and me recently
randomization and restarts [12, 13]. For example, in areasugh as plan-
ning and nite model-checking, we are now able to solve largeCSP's
with up to a million variables and several million constraints (see e.g.,
[3, 23)).

The study of problem structure of combinatorial search prodems
has also provided tremendous insights in our understandingof the
interplay between structure, search algorithms, and more gnerally,
typical case complexity. For example, the work on phase trasition
phenomena in combinatorial search has led to a better charderization
of search cost, beyond the worst-case notion of NP-completess. While
the notion of NP-completeness captures the computational ast of the
very hardest possible instances of a given problem, in praae, one
may not encounter many instances that are quite that hard. In gen-
eral, CSP problems exhibit an \easy-hard-easy" pattern of garch cost,
depending on the constrainedness of the problem [15]. The oguta-
tional hardest instances appear to lie at the phase transitbn region, the
area in which instances change from being almost all solvablto being
almost all unsolvable. The discovery of \exceptionally had instances"
reveals an interesting phenomenon : such instances seem tefg the
\easy-hard-easy" pattern, they occur in the under-constraned area,
but they seem to be considerably harder than other similar irstances
and even harder than instances from the critically constraned area.
This phenomenon was rst identi ed by Hogg and Williams in gr aph
coloring and by Gent and Walsh in satis ability problems [11, 16].
However, it was shown later that such instances are not inhantly
di cult; for example, by renaming the variables such instan ces can
often be easily solved [30, 29]. Therefore, the \hardness" foexcep-
tionally hard instances does not reside purely in the instames, but
rather in the combination of the instance with the details of the search
method. Smith and Grant provide a detailed analysis of the ocurrence
of exceptionally hard instances for backtrack search, by casidering
a deterministic backtrack search procedure on sets of instices with
the same parameter setting (see e.g., [31]). Recently, remechers have
noted that for a proper understanding of search behavior onehas to
study full runtime distributions * [16, 9, 12, 8, 17], as opposed to
only considering statistics such as the mean of the distribtion. In our
work we have focused on the study of randomized backtrack seeh

1 Namely the probability (density) function (PDF); the cumul ative distribution
function (CDF) and the survival function (SF) or tail probab ility.
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algorithms [12]. By studying the runtime distribution prod uced by a
randomized algorithm on asingleinstance, we can analyze the variance
causedsolely by the algorithm, and therefore separate the algorithmic
variance from the variance between di erent instances dravn from an
underlying distribution. We have shown previously that the runtime
distributions of randomized backtrack search procedures @an exhibit
extremely large variance, even when solvinghe same instance over and
over again [12, 13]. This work on the study of the runtime distribution s
of randomized backtrack search algorithms further clari ed that the
source of extreme variance observed in exceptional hard itences was
not due to the inherent hardness of the instances: A randomied version
of a search procedure on such instances in general solves timstance
easily, even though it has a non-negligible probability of aking very
long runs to solve the instance, considerably longer than &lthe other
runs combined. Such extreme uctuations in the runtime of backtrack
search algorithms are nicely captured by so-called heavyailed distribu-
tions, distributions that are characterized by extremely long tails with
some in nite moments [16, 12]. The decay of the tails of heawtailed
distributions follows a power law | much slower than the decay of
standard distributions, such as the normal or the exponental distribu-
tion, that have tails that decay exponentially. Further ins ights into the
empirical evidence of heavy-tailed phenomena of randomizbacktrack
search methods were provided by abstract models of backtr&csearch
that show that, under certain conditions, such procedures povably
exhibit heavy-tailed behavior [6, 13, 33, 34].

Main Results

So far, evidence for heavy-tailed behavior of randomized kektrack
search procedures on concrete instance models has been Egygem-
pirical. Moreover, it is clear that not all problem instances exhibit
heavy-tailed behavior. The goal of this work is to provide a better
characterization of when heavy-tailed behavior occurs, andwhen it
does not when using randomized backtrack search methods. We study
the empirical runtime distributions of randomized backtrack search
procedures across di erent constrainedness regions of rdom binary
constraint satisfaction models? In order to obtain the most accurate
empirical runtime distributions, all our runs are performed without

2 Hogg and Williams (94) provided the rst report of heavy-tai led behavior in
the context of backtrack search. They considered a deterministic backtrack search
procedure on di erent instances drawn from a given distribu tion. Our work is of
di erent nature as we study heavy-tailed behavior of the run time distribution of a
given randomized backtrack search method on a particular problem instance, t hereby
isolating the variance in runtime due to di erent runs of the algorithm.
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Figure 1. Heavy-tailed (linear behavior) and non-heavy-tailed regi me in the runtime
of instances of model E hl7; 8; pi. CDF stands for Cumulative Density Function.

censorship (.e., we run our algorithms without a cuto ) over the
largest possible size. Our study reveals dramatically di eéent statistical
regimes for randomized backtrack search algorithms acrogbe di erent
constrainedness regions of the CSP models. Figure 1 provid@ preview
of our results. The gure plots the runtime distributions (t he survival
function, i.e., the probability of a run taking more than x backtracks)
of a basic randomized backtrack search algorithm (no look-aead and
no look-back), using random variable and value selection,dr di erent
constrainedness regions of one of our CSP models (model E;stances
with 17 variables and domain size 8). We observe two regions iit
dramatically di erent statistical regimes of the runtime d istribution.

In the rst regime (the bottom two curves in gure 1, p 0:07), we
see heavy-tailed behavior. This means that the runtime distibutions
decay slowly. In the log-log plot, we see linear behavior oveseveral
orders of magnitude. When we increase the constrainedness our
model (higher p), we encounter a di erent statistical regime in the run-
time distributions, where the heavy-tails disappear. In this region, the
instances become inherently hard for the backtrack searchlgorithm,
all the runs become homogeneously long, and therefore the siance of
the backtrack search algorithm decreases and the tails of & survival
function decay rapidly (see top two curves in gure 1, with p = 0:19
and p = 0:24; tails decay exponentially).
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Figure 2. Inconsistent subtrees in backtrack search.

A common intuitive understanding of the extreme variability of
backtrack search is that on certain runs the search procedug may hit a
very large inconsistent subtree that needs to be fully expleed, causing
\thrashing" behavior.

To con rm this intuition and in order to get further insights into
the statistical behavior of our backtrack search method, westudy the
inconsistent sub-trees discovered by the algorithm duringthe search
(see gure 2).

The distribution of the depth of inconsistent trees is quite revealing:
when the distribution of the depth of the inconsistent trees decreases
exponentially (see gure 3, bottom panel, p = 0:07) the runtime dis-
tribution of the backtrack search method has a power law decg (see
gure 3, top panel, p = 0:07). In other words, when the backtrack
search heuristic has a good probability of nding relatively shallow
inconsistent subtrees, and this probability decreases exnentially as
the depth of the inconsistent subtrees increases, heavy-tied behavior
occurs. Contrast this behavior with the case in which the suwival
function of the runtime distribution of the backtrack search method
is not heavy-tailed (see gure 3, top panel,p = 0:24). In this case,
the distribution of the depth of inconsistent trees no longe decreases
exponentially (see gure 3, bottom panel, p = 0:24).

In essence, these results show that the distribution of incosistent
subproblems encountered during backtrack search is highlgorrelated
with the tail behavior of the runtime distribution. We provi de a formal
analysis that links the exponential search tree depth distibution with
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Figure 3. Example of a heavy-tailed instance (p = 0:07) and a non-heavy-tailed
instance (p = 0:24): (top) Survival function of runtime distribution, (bot tom) prob-
ability density function of depth of inconsistent subtrees encountered during search.
The subtree depth for p = 0:07 instance is exponentially distributed.

heavy-tailed runtime pro les. As we will see below, the predctions of
our model closely match our empirical data.

The structure of the paper is as follows. In the next section we
provide de nitions of concepts used throughout the paper, ramely
concepts related to constraint networks and search trees, description
of the random models used for the generation of our problem istances,
and a description of the search algorithms that we use in our xper-
imentation. In section 3 we provide empirical results. In s&tion 4 we
present a theoretical model of heavy-tailed runtime distrbutions that
considers the distribution of the depth of inconsistent sulirees and the
growth of the search space inside such inconsistent subtregin this
section we also compare the results of our theoretical modetith our
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empirical results. In section 5 we present conclusions andiscuss future
research directions.

2. De nitions, Problem Instances, and Search Methods

Constraint Networks

A nite binary constraint network P = (X;D;C) is dened as a
set of n variables X = fxq;:::;Xpg, @ set of domains D =

for variable xj, and a set C of binary constraints between pairs of
variables. A constraint Cj on the ordered set of variables Xi;X;) is
a subset of the Cartesian productD(x;) D(x;) that species the
allowed combinations of values for the variablesx; and x;. A solution
of a constraint network is an instantiation of the variables such that
all the constraints are satis ed. The constraint satisfaction problem
(CSP) involves nding a solution for the constraint network or proving
that none exists. We used a direct CSP encoding and also a Bosdn
satis ability encoding (SAT) [32].

Random Problems

The CSP research community has always made a great use of ran-
domly generated constraint satisfaction problems for compring di er-
ent search technigues and studying their behavior. Severainodels for
generating these random problems have been proposed overetlyears.
The oldest one, which was the most commonly used until the midle
90's, ismodel A. A network generated by this model is characterized
by four parameters hN; D; p 1; p2i, where N is the number of variables,
D the size of the domains,p; the probability of having a constraint
between two variables, andp,, the probability that a pair of values
is forbidden in a constraint. Notice that the variance in the type of
problems generated with the same four parameters can be laeg since
the actual number of constraints for two problems with the same pa-
rameters can vary from one problem to another, and the actuahumber
of forbidden tuples for two constraints inside the same prollem can
also be di erent. Model B does not have this variance. Inmodel B, the
four parameters are againN; D;p 1, and p2, whereN is the number of
variables, andD the size of the domains. But now,p; is the proportion
of binary constraints that are in the network (i.e., there are exactly
c=bpp N (N 1)=2c constraints), and p, is the proportion of
forbidden tuples in a constraint (i.e., there are exactlyt = bp, DZ2c
forbidden tuples in each constraint). Problem classes in tis model are
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denoted by N; D;c;ti. In [1] it was shown that model B (and model
A as well) can be \ awed" when we increaseN . Indeed, whenN goes
to in nity, we will almost surely have a awed variable (that is, one
variable which has all its values inconsistent with one of the constraints
involving it). Model E was proposed to overcome this weakness. It is
a three parameter model,hN; D;pi, where N and D are the same as
in the other models, andbp D2 N (N  1)=2c forbidden pairs of
values are selected with repetition out of theD? N (N 1)=2 possible
pairs. There is also a way of tackling the problem of awed varables
in model B. In [35] it is shown that by enforcing certain constaints on
the relative values of N, D, p1, and p,, one can guarantee that model
B is sound and scalable, for a range of values of the parametrin our
work, we only considered instances of model B that fall withn such a
range of values.

Search Trees

A search tree is composed ofnodes and arcs. A node u represents

search tree is rooted at the particular nodeug with | (ug) = ;. There
is an arc from a nodeu to a node uc if 1(uc) = (1(u);x = v), X
and v being a variable and one of its values. The nodei is called a
child of u and u a parent of uc. Every node u in a tree T de nes a
subtree T, that consists of all the nodes and arcs below in T. The
depth of a subtreeT, is the length of the longest path fromu to any
other node in T,. An inconsistent subtree (IST) is a maximal subtree
that does not contain any nodeu such that I (u) is a solution. (See
gure 2.) The maximum depth of an inconsistent subtree is rekrred
to the \inconsistent subtree depth" (ISTD). We denote by T(A;P)
the search tree of a backtrack search algorithmA solving a particular
instance P, which contains a node for each instantiation visited by A
until a solution is reached or inconsistency oP is proved. Once assigned
a partial instantiation | (u) = ( X, = vi,;;:::;X;, = V;,) for node u, the
algorithm will search for a partial instantiation of some of its children.
In the case that there exists no instantiation which does notviolate the
constraints, algorithm A will take another value for variable x;, , and
start again checking the children of this new node. In this siuation, it
is said that a backtrackhappens. We use the number of wrong decisions
or backtracks to measure thesearch costof a given algorithm [5]3

% In the rest of the paper sometimes we refer to the search cost & runtime. Even
though there are some discrepancies between runtime and thesearch cost measured
in number of wrong decisions or backtracks, such di erences are not signi cant in
terms of the tail regime of the distributions.



Algorithms

We studied di erent search procedures, that dier in the amount of
propagation they perform, and in the order in which they geneate
instantiations. We used three levels of propagation: no prpagation
(backtracking, BT), removal of values directly inconsistent with the
last instantiation performed (forward-checking, FQ, and arc consis-
tency propagation (maintaining arc consistency, MAL We used three
di erent heuristics for variable selection: random selecton of the next
variable to instantiate (randorm), variables pre-ordered by decreasing
degree in the constraint graph @eg), and selection of the variable
with smallest domain rst, ties broken by decreasing degreg dom+dey
and always random value selection. For the SAT encodings we sed
the Davis-Putnam-Logemann-Loveland procedure. More spacally we
used a simpli ed version of Satz [20], without its standard heuristic, and
with static variable ordering, injecting some randomness i the value
selection heuristics.

Heavy-tailed or Pareto-like Distributions

As we discussed earlier, the runtime distributions of backtack search
methods are often characterized by very long tails oheavy-tails (HT).
These are distributions that have so-called Pareto like deay of the tails.
For a general Pareto distribution F (x), the probability that a random
variable is larger than a given valuex, i.e., its survival function, is:

1 FX)=P[X>x] Cx ;x>0

where > 0andC > 0 are constants. l.e., we have power-law decay in
the tail of the distribution. These distributions have in n ite variance
when 1< < 2 and in nite mean and variance when 0< 1. The
log-log plot of the tail of the survival function (1 F (x)) of a Pareto-like
distribution shows linear behavior with slope determined by

3. Empirical Results

In the previous section we de ned our models and algorithmsas well
as the concepts that are central in our study: the runtime digributions

of our backtrack search methods and the associated distribiions of the
depth of the inconsistent subtrees found by the backtrack méhod. As
we discussed in the introduction, our key ndings are: (1) weobserve
di erent regimes in the behavior of these distributions as we move along
di erent instance constrainedness regions; (2) when the dath of the
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Figure 4. The progression from heavy-tailed regime to non-heavy-tailed regime:
(top) survival function of runtime distribution; (bottom) probability density func-
tion of the corresponding inconsistent sub-tree depth (IST D) distribution for BT
Random algorithm on instances of model E hl7; 8; pi. (The value of p increases by
0.01 between curves.)

inconsistent subtrees encountered during the search by théacktrack
search method follows an exponential distribution, the coresponding
backtrack search method search exhibits heavy-tailed behaor. In this
section, we provide the empirical data upon which these ndngs are
based*

We present results for the survival functions of the search ast
(number of wrong decisions or number of backtracks) of our bektrack
search algorithms. All the plots were computed with at least 10,000
independent executions of a randomized backtrack search pcedure
on a given (uniquely generated) problem satis able instane. For each

4 Instance generator and data available from the authors.
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Figure 5. The progression from heavy-tailed regime to non-heavy-tailed regime for
BT Random algorithm on instances of model B h20; 8; 60; ti. (The value of tincreases
by 1 between curves.)

parameter setting we considered over 20 instances. In orddp obtain
more accurate empirical runtime distributions, all our runs were per-
formed without censorship, i.e., we run our algorithms without any
cuto . °> We also instrumented the code to obtain the information for
the corresponding inconsistency sub-tree depth (ISTD) ditributions.
Figure 4 (top) provides a detailed view of the heavy-tailed and
non-heavy-tailed regions, as well as the progression fromne region
to the other. The gure displays the survival function (log- log scale)
for running (pure) backtrack search with random variable and value
selection on instances of Model E with 17 variables and a doma size
of 8 for values ofp (the constrainedness of the instances) ranging from

5 For our data analysis, we needed purely uncensored data. We ould therefore
only consider relatively small problem instances. The results appear to generalize to
larger instances.
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Figure 6. The progression from heavy-tailed regime to non-heavy-tailed regime for
FC Random algorithm on instances of model B h20; 8; 60; ti. (The value of tincreases
by 1 between curves.)

0:05 p 0:24. We clearly identify the heavy-tailed region in which
the log-log plot of the survival functions exhibits linear behavior, while
in the non-heavy-tailed region the drop of the survival fundion is much
faster than linear. The transition between regimes occurs eund a
constrainedness level op = 0:09.

Interestingly, we observe that some of the curves that corrgpond
to the heavy-tailed regime cross the curves correspondingotthe non-
heavy-tailed regime. That is, some of the longest runs for te heavy-
tailed instances are longer than the longest runs for the nofheavy-
tailed instances. The intuitive explanation for this is that in the heavy-
tailed regime, the backtrack search will now and then encouter an
inconsistent subproblem that is quite under-constrained. The search
trees of such sub-problems are actually larger than any inaosistent sub-
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Figure 7. The progression from heavy-tailed regime to non-heavy-tailed regime for
MAC Random algorithm on instances of model B h60; 10; 200; ti. (The value of t
increases by 1 between curves.)

problems encountered in the non-heavy-tailed regime, wherinstances
are more constrained and therefore more pruning occurs dung search.

Figure 4 (bottom) depicts the probability density function of the
corresponding inconsistent sub-tree depth (ISTD) distributions. The
gure shows that while the ISTD distributions that correspo nd to the
heavy-tailed region have an exponential behavior (see sdoh 4 where
we compare the predictions of our theoretical model againsbur data,
for a heavy-tailed instance of model Ehl7; 8;0:07), the ISTD distribu-
tions that correspond to the non-heavy-tailed region are qite di erent
from the exponential distribution.

For all the backtrack search variants that we considered onmstances
of model E, including the DPLL procedure, we observed a patten
similar to that of gure 4. (See bottom panel of gure 9 for the DPLL
data.)
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Figure 8. Heavy-tailed and non-heavy-tailed regimes for instances of model B: (top)
h20; 8; 60; ti, using BT-random (bottom) Hh50; 10; 167;ti, using MAC-random

We also observed a similar behavior | a transition from heavy -tailed
region to non-heavy-tailed region with increased constraiedness | for
instances of Model B, for di erent problem sizes and di erert search
strategies. Figures 5, 6 and 7 show the same qualitative belir as
in gure 4, for instances of model B, with search strategy BT-random
FC-random and MAC-randonrespectively. These gures were generated
by running the corresponding randomized backtrack search pcedure
on the same instance (10,000 runs per instance). Again, weeaarly see
the progression from the heavy-tailed to the non-heavy-taied region.
Note that for the sake of clarity, for MAC-randong gure 7), the prob-
ability density function is plotted in log scale (Y-axis) and therefore
the exponential distributions exhibit linear behavior. Figure 8 (top)
shows the survival functions of runtime distributions of instances of
model B h20; 8; 60; ti, for di erent levels of constrainedness, solved with
BT-random Figure 8 (bottom) shows the survival functions of runtime
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Figure 9. Heavy-tailed and non-heavy-tailed regimes for instances of (top) model
B h20; 8;60; ti, using DP-random(DPLLprocedure with static variable ordering and
random value selection) and (bottom) model E h25; 10; pi using DP-random

distributions of instances of model Bh60; 10; 167 ti, for di erent levels
of constrainedness, solved withMAC-randomThe top panel of gure 9
gives the DPLL data for instances of model B. Again, the two dierent
statistical regimes of the runtime distributions are quite clear in these
plots.

To summarize our ndings:

For both models (B and E), for CSP and SAT encodings, for the
di erent backtrack search strategies, we clearly observe wo dif-

ferent statistical regimes | a heavy-tailed and a non-heavy -tailed

regime.

As constrainedness increasep(ncreases), we move from the heavy-
tailed region to the non-heavy-tailed region.
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The transition point from heavy-tailed to non-heavy-taile d regime
is dependent on the particular search procedure adopted. As
general observation, we note that as the e ciency (and, in ge-
eral, propagation strength) of the search method increasesthe
extension of the heavy-tailed region increases and therefle the
heavy-tailed threshold gets closer to the phase transition

Exponentially distributed inconsistent sub-tree depth (I STD) com-
bined with exponential growth of the search space as the tredepth
increases implies heavy-tailed runtime distributions. We observe
that as the ISTD distributions move away from the exponential
distribution, the runtime distributions become non-heavy-tailed.

These results suggest that heavy-tailed behavior in the cdsdistri-
butions depends on the e ciency of the search procedure as weas on
the level of constrainedness of the problem. Increasing thalgorithm
e ciency tends to shift the heavy-tail threshold closer to t he phase tran-
sition. We conjecture that even when considering more sophiticated
search methods involving, e.g., intelligent backtrackingand no-good
learning (see e.g., [7, 26, 2, 21]), one will encounter quéditively the
same pattern, albeit for larger problem instances. Althoudr we have
not yet studied this pattern for more sophisticated search $rategies,
we have identi ed heavy-tailed behavior for SAT solvers with no-good
learning and probing in earlier work on structured problems[13].

For both models, B and E, and for the di erent search strategies,
we also clearly observed that when the ISTD follows an expondial
distribution, the corresponding distribution is heavy-tailed. In the next
section we present a theoretical model and validate it agaist our data.

4. Validation

Let X be the search cost of a given backtrack search proceduf®;stq [N ]
be the probability of nding an inconsistent subtree of depth N during
search, andP [X > x jN] the probability of having a inconsistent search
tree of size larger thanx, given a tree of depthN. Assuming that the
inconsistent search tree depth follows an exponential distbution in the

tail and the search cost inside an inconsistent tree grows gronentially,

then the cost distribution of a search method is lower boundd by a
Pareto distribution. More formally:
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Theoretical Model
Assumptions:

Pista [N ] is exponentially distributed in the tail, i.e.,
Pisa[N]= B1e B2N:N>ny 1)
where B4, By, and ng are constants.

P[X > x JN] is modeled as a complementary Heavyside function,
1 H(x kN), wherek is a constant and

Ox<a
H(x a)= 1'x  a

Then, P[X > x ] is Pareto-like distributed
PIX>x] x

for x>k "o, where and are constants.
Derivation of result:

Note that P[X > x ] is lower bounded as follows
Z,
PIX >x] Pista [NJP[X > x jN]dN 2)
=0
This is a lower bound since we consider only one inconsisteritee
contributing to the search cost, when in general there are mce incon-
sistent trees. Given the assumptions above, Eq. (2) results

Z,
P[X >x ] Psd [NJ(L H(x kV))dN
ZN1=0
= . Pista[N]dN )
Sincex >k "0, we can use Eq.(1) forPisig [N ], so Eq.(3) results in:
Z,
B2N Bi_ B,nx
P[X >x] Bie "2"dN = —e "2mnk = X
=Inx Bz
N In k
with
_ B _ B
Ink’ B>
Note that when 1< < 2, X has in nite variance; when 1, X

has in nite mean and in nite variance.
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In order to empirically validate our theoretical model we compared
its predictions against our data, for instances of model B ad E. Fig-
ure 10 and gure 11 illustrate the comparison for two instances. Fig-
ure 10 concerns an instance from model BRG; 8;60; 7i, running BT-
random the same instance plotted in gure 8 (top), for which heavy-
tailed behavior was observed { = 7). The plots in gure 10 provide
the regression data and tted curves for the parametersB,, B, and k,
usingng = 1. The good quality of the linear regression t suggests tha
our assumptions are very reasonable. Based on the estimateehlues
for k, B1, and B,, we then compare the lower bound predicted using
the formal analysis presented above with the empirical data As we
can see from gure 10, the theoretical model provides a goodtight)
lower bound for the empirical data. In gure 11 we illustrate the com-
parison between our theoretical model and our data for an intance
from model E h17; 8;0:07i, also running BT-random the same instance
plotted in gure 3 (top), for which heavy-tailed behavior wa s observed
(p=0:07). As in the previous case, the theoretical model lower bouds
the empirical data quite well.

5. Conclusions and Future Work

We have studied the runtime distributions of complete backtrack search
methods on instances of well-known random CSP binary modelOur
results reveal di erent regimes in the runtime distributio ns of the back-
track search procedures and corresponding distributionsfathe depth of
the inconsistent sub-trees. We see a changeover from heavgiled be-
havior to non-heavy-tailed behavior when we increase the atstrained-
ness of the problem instances. The exact point of changeovatepends
on the sophistication of the search procedure, with more sdpisticated
solvers exhibiting a wider range of heavy-tailed behavior.In the non-
heavy-tailed region, the instances become harder and harddor the
backtrack search algorithm, and the runs become nearly hongeneously
long. We have also shown that there is a clear correlation be&teen the
the distributions of the depth of the inconsistent sub-trees encountered
by the backtrack search method and the heavy-tailedness ofte runtime
distributions, with exponentially distributed sub-tree d epths leading
to heavy-tailed search. To further validate our ndings, we compared
our theoretical model, which models exponentially distributed subtrees
in the search space, with our empirical data: the theoretich model
provides a good (tight) lower bound for the empirical data. Our ndings
on the distribution of inconsistent subtrees in backtrack sarch give, in
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Figure 10. Regressions for the estimation of B1=0.015, B2=0.408 (top p lot; quality
of t R2=0:88), and k = 4:832 (middle plot; R? = 0:98) and comparison of lower
bound based on the theoretical model with empirical data (bo ttom plot). We have

= B,=In(k) = 0:26 from our model; = 0:27 directly from runtime data. Model
B h20; 8; 60; 7i, using BT-random
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e ect, information about the inconsistent subproblems that are created
during the search.

We believe that these results can be exploited in the designfanore
e cient restart strategies and backtrack solvers. Note that a restart
strategy provably eliminates heavy-tailed behavior [13].Furthermore,
heavy-tailed distributions are characterized by a wide rarge of run-
times. By using fast restarts not only does a solver avoid thdong-tailed
runs, it also has a good chance of encountering very short soess-
ful runs. Many current state-of-art SAT solvers exploit such restart
strategies [23]. However, current restart schemes are somvbat adhoc,
and are often tuned by hand. In practice, it has been observedhat
relatively fast restarts are most e ective. One interesting direction for
future research is whether one can detect during a single rumhether
the solver has reached a large inconsistent subtree. For pliminary
results on this issue, see [18, 19]. More generally, an impant research
direction is the design of more sophisticated restart straegies.

Another interesting direction for future research involves the study
of more structured problem domains. In recent work, we have ntro-
duced the notion of a \backdoor set", which is a special set ofariables
such that, when assigned values, the polytime propagation mchanism
of the solver can resolve the remaining instance [33, 34]. (ff a closely
related notion, see the work on treewidth and cutset [27, 8). We have
found that practical, structured instances, have surprisingly small sets
of backdoor variables (often only a few dozen from among thosands
of variables). Moreover, variable selection heuristics a& quite good at
nding those backdoor variables, which explains the presene of very
short, successful runs in structured domains. Further workis needed to
better understand the semantics of backdoor sets, namely byelating
the presence of small backdoor sets with the structure of dierent prob-
lem domains. In other recent work we have also provided somanitial
results on the connections between backdoors, restarts, aheavy-tails
in combinatorial search [34]. We hope the ndings reported i this paper
will provide additional insights on the nature of heavy-tailed behavior
in combinatorial search and lead to further improvements inthe design
of restart strategies and search methods.
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