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Abstract

Recentlythere hasbeensignificantprogressin our un-
derstandingof the computationalnature of combinatorial
problems.Randomizedsearch methods,bothcompleteand
incomplete, often outperformdeterministicstrategies. In
this paper, werelatetheperformanceof randomizedmeth-
odsto geometricpropertiesof theunderlyingsearch space.
In particular, our studyrevealsthe inherent fractal nature
of the search space, at different lengthscales,for a range
of combinatorialproblems.We also discussthe impactof
theseresultson thedesignof bettersearch methods.
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1 Introduction

In recentyears,muchprogresshasbeenmadein terms
of our understandingof the natureof searchproblemsand
theperformanceof searchalgorithms.

Many resultshave beenobtainedfirst throughcareful
empirical studies,and later confirmedby a formal analy-
sis.A key recentfindingwasthediscoveryof hardproblem
instancesat phaseboundaries,asthey occurin combinato-
rial problems.(See[11] for a seriesof papersin this area.)
Otherresultsconcernthestudyof theperformanceof search
algorithmsona varietyof benchmarkproblems.

Typically, one characterizesthe perfomanceof algo-
rithms by consideringthe meanor the medianruntimeon
a rangeof benchmarkproblems.Recently, moresophisti-
catedapproachesencompassthe studyof the full runtime
distribution profiles,eitheron an ensembleof problemin-
stancesor on a seriesof runsof a randomizedmethodon
a singleinstance(seee.g., [5], [9], and[12]). Performance
is generallymeasuredin termsof thenumberof backtracks,
or anotherruntimerelatedmeasure,for findingasolutionor
proving infeasibility. The characterizationof searchmeth-

ods through the study of their runtime distributions has
provenvery insightful.

A concreteexampleof the impactof the studyof run-
timedistributionsinvolveslocalsearchmethods.Hoos[12]
shows that the runtimedistribution of certainlocal search
methodsis exponentiallydistributed.As a consequence,as
discussedin [12], onecanobtainanoptimalspeeduponpar-
allel runs.For completemethods,it hasbeenobservedthat
extremevariationsin runtimecanoccur([6], [7], [19] and
[11]). In [9], Gomeset al. show that the extremefluctua-
tionsof backtrackstyleproceduresaretheresultof theso-
calledheavy-tailednatureof theunderlyingruntimedistri-
butions. This phenomenoncanbeexploited in algorithmic
senseby usinga rapid-restartstrategy to speedup combi-
natorialsearch.Someexamplesof concretespeedupshave
sincebeenfoundin planningandscheduling(e.g, [20], [10],
and[21]).

Runtimedistributionsareobtainedby solvinganensem-
ble of problemsor by repeatedrunson a single instance.
One obvious limitation of runtime distributions is to deal
with anunsolvedprobleminstancefrom anew problemdo-
main. In this case,onewould like to tunethesearchalgo-
rithmsbut no apriori informationexistsabouttheunderly-
ing runtimedistribution.

We proposean approachto overcomethis difficulty by
studyingthe geometricpropertiesof the searchspace. In
our approach,no completerunsareneededto obtaina run-
timedistribution,insteadonecanusetheinformationfrom a
single,partialrun. Morespecifically, weshow how extreme
variationsin runtimedistributions(heavy-tailedness)seem
to correspondto a highly irregular searchspace. In con-
trast,our experimentsalsoindicatethat,whenthe runtime
distribution is notheavy-tailed,theunderlyingsearchspace
is highly regular. Wecanmeasurethedegreeof irregularity
of a searchspaceby consideringthe fractal dimensionof
thefringe of thesearchtree.Usingthis approach,basedon
a relatively shortpartial run, onecandeterminethe shape
of thefringe of thesearchspace,andthereforedecidewhat
typeof searchstrategy (e.g., rapidrestarts)will bemostef-
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fective.

2. Characterizing search methods: cost distri-
butions

Backtrack style searchmethodscan exhibit dramatic
variationsin solutiontimeondifferentprobleminstancesor,
for randomizedmethods,even whenrunningon the same
probleminstancewith different randomseeds.Gomeset
al. [9] characterizedtheseruntimedistributionsusingnon-
standardprobability distributions. Thesedistributionsare
called heavy-tailed distributions, and were introducedto
modelphenomenathat arecharacterizedby extremevari-
ations([14], ([15] and[18]).

Figure 1 illustratesthe heavy-tailed phenomenon.We
considera randomizedbacktracksearchwith a cutoff pa-
rameter, whichgivesthenumberof backtracksatwhich the
searchis terminated.We run this proceduefor a rangeof
cutoff values.Thefiguregivesthefractionof unsuccessful
runsasafunctionof thecutoff value.For example,consider
theprobleminstancecalled“rand 500/ 3.5”. This is a un-
derconstrained,randomlygenerated3CNFformula(satisfi-
able)with 500variablesandaratioof clausesto variablesof
3.5.At acutoff of 1000backtracks,� 10%of therunswere
unsuccessful;at a cutoff of 10,000,the fraction is � 1%.1

Thekey point to observeis thatthefractionof unsuccessful
runsdecreasesrelatively slowly asa functionof thecutoff.
In fact, the distribution rangesover several ordersof mag-
nitude. (Notethe log scale.)This is typical of heavy-tailed
behavior. Formally, oneobservesa powerlaw decayin the
underlyingprobability distribution. On a log-log plot this
correspondsto (approximate)linear behavior of the tail of
thedistribution. Weseein thefigurethat“rand500”and“lo-
gisticc” (aplanningproblem)exhibit heavy-tailedbehavior.
In contrast,“parity 16” and“rand200/ 4.3” exhibit a sharp
dropoff in the fraction of unsuccessfulruns. In fact, these
two instancesarenotheavy-tailed.The“parity 16” problem
is apropositionalencodingof aproblemfrom cryptography
[2]. The “rand200/ 4.3” is a critically constrained3CNF
formulawith 200variables.

Thedifferentunderlyingdistributionsgive riseto differ-
entsearchstrategies.For thenon-heavy tailedinstances,the
optimalstrategy is to simplyrunwith acutoff slightly above
thepointwherethecurvesdropoff sharply. Fromthefigure,
it is clearthaton a singlerun,onewill almostalwayssolve
theproblem,assuminga cutoff valueof around4000back-
tracks. The situationis quite different in the heavy-tailed
case.A so-calledrapid restartstrategy is oftenmosteffec-
tive. In a sense,oneshouldtry to avoid the long tail of the
distribution.

1For our experiments,we useda randomizedversionof a state-of-the-
artSAT solver, calledsatz[13].
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Figure 1. Runtime profiles of randomiz ed
complete search methods. Two examples of
heavy-tailed behavior and two of non-hea vy-
tailed distrib utions.
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Figure 2. Illustration of rapid restar t strategy .

Figure2 illustratessucha strategy. Thefigureshows the
averagenumberof backtracksperformeduntil a solutionis
foundfor a largeplanningprobleminstanceasafunctionof
differentvaluesof the cutoff (from 2 to 128,000).We see
thata cutoff of around20 leadsto a minimal averagesolu-
tion time(around2000backtracks).At thiscutoff, approxi-
mately100restartsareperformedpersolution. In contrast,
atahighercutoff value,e.g., 100,000,roughly1 in 3 runsis
successful,andthereforetheaveragetotal timepersolution
is around300,000.The figure providesa goodillustration
of theeffectivenessof arapidrestartstrategy in thepresence
of heavy-tailedbehavior.
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Figure 3. Example of backtrac k tree .

3. Characterizing search spaces: a geometric
approach

As we notedabove, the main limitation of using run-
timedistributionsto optimizesearchstrategiesis theneedto
collectdetailedruntimedata.This approachrequiresmany
runson a singleprobleminstanceor on a collectionof in-
stances.Furthermore,the instancescannotbe too difficult
becauseweneedto solvethemrepeatedlyto collectreason-
ablestatistics(typically 10,000runsareneeded).

We will now considera differentapproachto determine
theappropriatesearchstrategy by studyingtheshapeof the
searchtree,which canbe estimatedfrom a single,partial
runon asingleinstance.

Figure3 shows an exampleof a backtracksearchtree.
This tree was obtainedby running a randomizedDavis-
Putnamsearchprocedure[13] on a 100 variable,random
3CNFformula. In theplot, wehaveconnectedtheleavesof
the tree. We refer to this curve asthe “fringe” of the tree.
Wealsoindicateleafnodesthatcorrespondto satisfyingas-
signments.

Ourhypothesisis thattheshapeof thetree,ascharacter-
izedby its fringe, canbeusedto predictpropertiesof run-
time distributions,suchas,its heavy-tailedness.Intuitively,
a highly irregularfringe would explain heavy-tailedbehav-
ior. The solutionsaredistributedthroughoutthe fringe of
thetree,but how quickly a backtracksearchprocedurewill

find asolutionwill behighly dependentonwherein thetree
thesearchstarts.In particular, asearchmayhit uponalarge
subtreewithout any solution,resultingin a largeruntime.

In order to measurethe degree of irregularity of the
fringe of the tree,we considerits fractal dimension. The
fractaldimensionmeasuresthe “degreeof meandering”or
“roughness”of a geometricobject. It is difficult to give
a comprehensive introduction to fractals in this short pa-
per. Wewill thereforeonly giveaflavor of theideasbehind
fractalsandrefer to theliteraturefor moredetails(seee.g.,
[16]).

The classicalexampleusedto introducethe notion of
fractal dimensionis the questionof how to measurethe
lengthof the coastlineof GreatBritain. In the beginning
of this centurythe scientistLewis Richardsonpointedout
thatthelengthof a coastlinedependson theyardstickused
to measureit: the smaller the yardstick, the longer the
length measured,becausemore and more details of the
coastlineare taken into account. Figure 4 illustratesthis
phenomenon. When using a yardstick of length “S=1”,
the perimeterof the curve is 6. If we usea yardstickof
length “S=2”, the length of the curve is lessthan 6, and
evensmallerwhenthelengthof theyardstickis “S=3”.

In fact, Richardsonobserved that when plotting the
lengthof thecoastlineasa functionof theprecisionof the
measuringtool on a log-log plot, one obtainsa linear re-
lationship. Formally, we have �����
	���
������ , where � is



S=3, L=1.75*3=5.25

S=2, L=2.75*2= 5.5

S = 1

S =1, L=6*1=6

Figure 4. Using diff erent yardstic ks to mea-
sure the length of a cur ve.

themeasuredlength, � is the lengthof theyardstick,and �
and � areconstants.Richardsonobtained������� ��� for the
coastlineof Britain. Mandelbrotintroducedthe fractal di-
mension,� , definedas ����� . A straightline has � �!��� � .
A fractal dimensionof ��� ��� , 0.22above 1.0, indicatesthe
“degreeof meandering”or “roughness”of thecurve.
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Figure 5. The length of the fring e of the search
tree measured over a rang e of scales ( � ) for
the logistics.d problem and the parity 16 in-
stance .

We now considerthe fractal dimensionof the fringe of
our searchtrees.(Notethat thefringe is thecurveobtained
by connectingtheleavesof thesearchtree.)Figure5 shows
the log-log plot of the lengthof the fringe asa functionof
themeasurementlengthscale.Thefigureshows theresults

for two differentsearchproblems.Thetopsetof datapoints
correspondsthesearchtreeof alargelogisticplanningprob-
lem (sameinstanceasusedin figure2). Theplot revealsa
linearrelationship.Wehavefittedaline usingaleastsquare
fit. Theangleof theline is ���#�%$ . Wethusobtaina fractaldi-
mensionof ���&�'$ for thefringe. For comparison,thebottom
setof datapointscorrespondsto thefringe of a searchtree
for theparity 16 problem(not heavy-tailed). Thefitted line
hasa slopeof �(� �*) , i.e., the fringe hasa fractal dimension
of ��� ��) , closeto � .

In otherwords,thefractalanalysisshows thatthefringe
of thesearchtreefor parity problemis muchmoreregular
thanthat for the logisticsplanningproblem. (A morereg-
ular fringe meansthat all brancheshave roughly the same
length.Thefringeof acompletebinarytreehas �+�,��� � .)

The fractal dimensionsnicely correlatewith the fact
that thesearchon thelogistic planningproblemis strongly
heavy-tailedwhereasthedistribution for theparity16prob-
lem is not.

10.5

11

11.5

12

12.5

13

-3 -2.5 -2 -1.5 -1 -0.5 0

lo
g(

le
ng

th
)"

log(1/s)

d = 0.03

d = 0.16

d = 0.06

d = 0.19

d = 0.16

rand 500 / 3.5
logistics c
logistics d
parity 16
parity 32

Figure 6. The length of the search tree fring e
for a rang e of problems.

To obtainfurtherevidencefor therelationbetweenfrac-
tal dimensionand heavy-tailedness,we considerseveral
other searchproblems. Figure 6 shows the results. (We
includedour two previous probleminstances.)The three
slopedlines ( �-�.�(�&�'/�01�(�&�'$�0����#�%/ ) correspondto heavy-
tailed distributions, whereasthe two near-horizontal lines
( �2�,��� ��)�0���� ��/ ) correspondto two non-heavy tailedprob-
lem instances(parity problems). The lines are not com-
pletely horizontalbecausethe branchesof the searchtree
are not exactly the samelength, they fluctuate slightly.
However, apparentlynot enoughto causeheavy-tailed be-
havior. A directvisual inspectionof partof thesearchtree
confirmsthat the treesfor rand500,logistics.c,and logis-
tics.dareindeedmuchmoreirregularthanthetreesfor the
parity problem,asonewould expectbasedon their fractal



dimensions.Notethatfor this analysis,weonly usedapar-
tial run(about100,000branches)of thesearchalgorithmon
eachinstance.The time on SUN workstationto obtainthe
treeswasabout10 minuteson the easiestproblem(parity
16) and 2hrs on the hardest(logistics.d). On theseruns,
logistics d and parity 32 were not actually solved. This
shouldbe contrastedwith the effort to createruntimedis-
tributions for theseproblems,as shown in figure 1. The
runtimedatafor theheavy-tailedcurvestook many daysto
generate;also,it is notpracticallyfeasibleto createcostdis-
tributionsfor parity 32 andlogisticsd. Theseinstancesare
toodifficult for obtainingagoodsampleof thedistribution.

4. Conclusions

Wehavepresentedanalternativewayto gaininsightinto
combinatorialsearchspaces.In particular, we showedthat
thefractaldimensionof thefringe of backtracksearchtree
can reveal whetherthe searchspaceleadsto heavy-tailed
behavior. The main advantageof our approachis that it
eliminatestheneedto obtaina full runtimedistribution be-
fore decidingon a searchstrategy, suchas rapid restarts.
Our resultsare still preliminary. Further researchis re-
quired.

An interestingfuturedirectionis to studytherelationbe-
tweenthe performanceof varioussophisticatedbacktrack
strategies,suchasdynamicbacktrackingandother looka-
headand lookbackstrategies ([1], [3], [8], [4], and [17]).
One conjectureis that a more sophisticatedstrategy will
lead to a more regular searchspacewith a lower fractal
dimension. We hope that our approachwill lead to fur-
ther studiesof the geometricpropertiesof searchspaces,
enablingthedesignof bettersearchmethods.
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