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Abstract

We describe theoretical results and empirical study of
context-sensitive restartpoliciesfor randomizedsearchpro-
cedures. The methodsgeneralizeprevious resultson opti-
malrestartpoliciesby exploiting dynamicallyupdatedbeliefs
aboutthe probability distribution for run time. Ratherthan
assumingcompleteknowledgeor zeroknowledgeaboutthe
run-timedistribution, we formulaterestartpoliciesthat con-
siderreal-timeobservationsaboutpropertiesof instancesand
thesolver’sactivity. Wedescribebackgroundwork ontheap-
plicationof Bayesianmethodsto build predictive modelsfor
runtime,introduceanoptimalpolicy for dynamicrestartsthat
considerspredictionsaboutruntime,andperformacompara-
tive studyof traditionalfixedversusdynamicrestartpolicies.

Introduction
Thepossibilityof developingtractableapproachesto combi-
natorialsearchhasbeena long-heldgoalin AI. We describe
theoreticalresultson dynamicrestarts, restartpolicies for
randomizedsearchproceduresthat take real-timeobserva-
tionsaboutattributesof instancesandaboutsolverbehavior
into consideration.The resultsshow promisefor speeding
up backtrackingsearch—andthus,move usonestepcloser
to tractablemethodsfor solvingcombinatorialsearchprob-
lems.

Researchershave notedthat combinatorialsearchalgo-
rithms in many domainsexhibit a high degree of unpre-
dictability in running time over any given set of prob-
lems(Selman,Kautz,& Cohen1993;Gent& Walsh1993;
Kirkpatrick & Selman1994;Hogg,Huberman,& Williams
1996; Gomes& Selman1997; Walsh 1999). In the most
extremecase,therunningtime of a searchalgorithmover a
problemset is bestmodeledby a heavy-tailed(powerlaw)
distribution, having infinite meanand/orvariance(Gomes,
Selman,& Crato 1997; Gomes,Selman,& Kautz 1998a;
Gomeset al. 2000).1 Investigatorshave soughtto under-
standthebasisfor suchgreatvariationbymodelingsearchas
aprocessthatgeneratesself-similaror fractal trees(Smythe
& Mahmound1995).Researchon algorithmportfoliosand
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1Technically, becausereal-world searchspacesarelargebut fi-
nite, theremustalwaysbesomeupperboundon therunningtime.
However, it is commonpracticeto refer to suchtruncatedheavy-
tailed distributionssimply as “heavy tailed,” in the casewherea
heavy-taileddistributionfits thedataover severalordersof magni-
tude.

on randomizedrestartshasshown that it is possibleto de-
velopmorepredictableandefficient procedures(Gomes&
Hoos 2000) by minimizing the risk associatedwith com-
mitting large amountsof computationto instancesthat are
likely to have long run times. In the first approach,a port-
folio of searchalgorithmsis executedin parallel. Experi-
mentshave shown that suchportfolios may exhibit a low
meanand low variancein run time, even if eachmember
of theportfolio hashigh meanandvariance(Gomes& Sel-
man2001). In the secondmethod,randomnessis addedto
thebranchingheuristicof a systematicsearchalgorithm. If
thesearchalgorithmdoesnot find a solutionwithin a given
numberof backtracks,known as the cutoff, the run is ter-
minatedand the algorithmis restartedwith a new random
seed. Randomizedrestartshave beendemonstratedto be
effective for reducingtotal executiontime on a wide vari-
etyof problemsin scheduling,theoremproving,circuit syn-
thesis,planning,andhardwareverification(Luby, Sinclair,
& Zuckerman1993; Huberman,Lukose, & Hogg 1997;
Gomes,Selman,& Kautz1998b;Moskewicz et al. 2001).

In this paper, we extendprior resultson fixedrestartpoli-
ciesto moreefficientdynamicrestartsby harnessingpredic-
tivemodelsto providesolverswith a real-timeability to up-
datebeliefsaboutruntime. Wefirst review previouswork on
restartpolicies. Thenwe review recentwork on construct-
ing Bayesianmodelsthat can be usedto infer probability
distributionsover the run time of backtrackingsearchpro-
ceduresbasedonobservationalevidence.We introducenew
resultson optimalrestartpoliciesthatconsiderobservations
aboutsolver behavior. Finally, we demonstratetheefficacy
of therestartpolicieswith empiricalstudiesof backtracking
searchfor solvingquasigroup,graph-coloring,andlogistics-
planningproblems.

Research on Restart Policies
The basisfor the value of randomizedrestartsis straight-
forward: the longer a backtrackingsearchalgorithm runs
without finding a solution,the morelikely it is that the al-
gorithmis exploringabarrenpartof thesearchspace,rather
thanbranchingearlyonstatesof critical variablesnecessary
for a solution. But whenshouldthealgorithmgive up on a
particularrun andrestartthe executionaftersomerandom-
ization?Thedesignersof restartpoliciesmustgrapplewith
minimizationof totalruntimegivenatradeoff: As thecutoff
time is reduced,the probability that any particularrun will
reacha solutionis diminished,so runsbecomeshorterbut
morenumerous.



Previoustheoreticalwork on theproblemof determining
anideal� cutoff hasmadetwo assumptions:first, thattheonly
feasibleobservation is the lengthof a run; andsecond,that
thesystemhaseithercompleteknowledgeor no knowledge
of the run-time distribution of the solver on the given in-
stance.UndertheseconditionsLuby et al. (1993)described
provably optimal restartpolicies. In the caseof complete
knowledge,the optimal policy is the fixed cutoff that min-
imizes �������
	 , the expectedtime to solution restartingev-
ery � backtracks.In thecaseof no knowledge,Luby further
showedthatauniversalscheduleof cutoff valuesof theform��
���
���
���
���
���
���
������
givesan expectedtime to solutionthat is within a log fac-
tor of that given by the bestfixed cutoff, andthat no other
universalscheduleis betterby morethanaconstantfactor.

Althoughtheseresultsweretakenby many in theresearch
communityto have settledall openissueson restartstrate-
gies,real-life scenariostypically violate both assumptions.
For one,we often have partial knowledgeof the run-time
distribution of a problemsolver. For example,considerthe
caseof a satisfiability (SAT) solver running on a mix of
satisfiableandunsatisfiableprobleminstances.In general,
run-time distributionsover satisfiableand unsatisfiablein-
stancesarequite different(Frost,Rish, & Vila 1997). We
might know thata new given instancewasdrawn from one
of severaldifferentdistributionsof satisfiableandunsatisfi-
ableproblems,but not know which distribution. We cannot
calculatea fixedoptimal cutoff value,but still wish to take
advantageof theknowledgethatwedohave;the“log factor”
of thesimpleuniversalschedulecanbequite large in prac-
tice(two or moreordersof magnitudeincludingtheconstant
factors).

The assumptionthat only the runningtime of the solver
can be observed may also be violated. Beyond run time,
otherevidenceaboutthebehavior of a solver maybe valu-
ablefor updatingbeliefsabouttherun-timedistribution. In-
deed,watchinga traceor visualizationof a backtracking
searchenginein actioncanbequiteenlightening.Observers
can watch the algorithm make a few bad variableassign-
mentsandthenthrashfor millions of stepsin the “wrong”
areaof thesearchspace.A personwatchingthesystemof-
tenhasintuitionsaboutwhenit might bebestto restartthe
search.2 Can a programalso make suchjudgments?Can
it recognizedynamicallychangingpatternsof activity that
indicatethatthesearchis lost andwould bestberestarted?

Recently Horvitz et al. (2001), motivated by such
questions—andtheassociatedpromiseof developingsound
dynamicrestartpolicies—introduceda framework for con-
structingBayesianmodelsthat canpredict the run time of
problemsolvers. They showedthatobservationsof various
featuresover time capturingthe trajectoryof statesof the
solverduringthefirst few secondsof aruncouldbefusedto
predictthelengthof a run with a usefuldegreeof accuracy.
They alsosketchedanapproachto usinglearnedpredictive
modelsto controltherestartpolicy of thesolver.

Our paper builds upon the framework of Horvitz et
al. (2001)andpresentstheoreticalandempiricalresultson
optimalrestartpoliciesin thepresenceof observationsabout
the stateof a solver andpartial knowledgeof the run-time
distribution. Our specificcontributionsinclude:

2Researchin AI on restartstrategiesbeganwith justsuchinfor-
mal observations.

� Characterizationof the knowledge conditions under
which therunsof a solver aredependentor independent,
and the impact this hason the natureof optimal restart
policies;� Specificationof a class of provably optimal dynamic
restartpolicies in the presenceof solver-stateobserva-
tions;� Empiricalevaluationof thesedynamicpoliciesagainstthe
bestfixed-cutoff policies;and� An empirical study of the sensitivity of the predictive
modelsto diminishingperiodsof observation,thatshows
thatasurprisinglyshortperiodof observationis necessary
to createaccuratemodels.

Dependent and Independent Runs
Most work on restartstrategiesfor backtrackingsearchas-
sumeexplicitly or implicitly that runsareprobabilistically
independentfrom oneanother;in theanalyses,no informa-
tion is consideredto be carriedover from one run to the
next.3 However, a careful analysisof informational rela-
tionshipsamongmultiple runsrevealsthat runsmaybede-
pendentin somescenarios:observingrun � influencesthe
probabilitydistributionweassignto run ��� �

.
Knowledgeconditionsunderwhich therunsareindepen-

dent include: (i) a new instanceis drawn from a staticen-
sembleof instancesfor eachrun, andthe full run-timedis-
tribution for theensembleis known; or (ii) somefeatureof
eachrun canbeobservedthatclassifiestheparticularrun as
arandomsamplefrom aknown run-timedistribution  "! , re-
gardlessof whethertheprobleminstanceis fixedor changes
with eachrun. By contrast,anexampleof dependentrunsis
whenweknow therun-timedistributionsof severaldifferent
problemensembles,a probleminstanceis drawn randomly
from oneof the ensembles,andeachrun is performedon
that sameinstance. In this case,the failure of eachrun to
find a solutionwithin somecutoff changesourbeliefsabout
whichensemblewasselected.

Thefamiliesof restartpoliciesthatareappropriatefor the
independentanddependentsituationsaredistinct. Consider
the simplecaseof identifying the bestfixed cutoff policies
where  �# and  "$ arepoint probabilities. Supposein the
independentcasea run alwaysendsin 10 or 100stepswith
equalprobability: theoptimalpolicy is to alwaysrestartafter
10 stepsif the problemis not solved. On the other hand,
considerthe dependentcasewherein  # all runs take 10
stepsandin  $ all runstake 100 steps,andan instanceis
chosenfrom oneof the distributions. Thenthe bestfixed-
cutoff policy is to run with no cutoff, becausea fixedcutoff
of lessthan100 givesa finite probability of never solving
theproblem.4

Independent Runs in Mixed Distributions
The restartpolicy for the caseof independentrunsin light
of a singleknown probability distribution over run time is
coveredby Luby et al. (1993)’s results,asdescribedabove.

3An exceptionto this is recentwork by di Silva on combining
clauselearningwith restarts,whereclauseslearnedin onerun are
carriedover to thenext run (Baptista& Marques-Silva 2000).

4In thegeneraldependentcase,optimalpoliciesactuallyusea
seriesof differentcutoffs, asdiscussedin Ruanetal. (2002).



We consider, therefore,the casewhereeachrun is a ran-
dom samplefrom oneof a numberof known run-timedis-
tributions,  �# 
  "$ 
�%�%�%�
  "& , wherethe choiceof  '! is an
independenteventmadeaccordingto someprior probability
distribution.

If the systemhasno knowledgeof which  "! is selected
andmakesno observationsotherthanthe lengthof therun,
then this casealso collapsesto that handledby Luby et
al. (1993):

Proposition 1 Theoptimal restartpolicy for a mixedrun-
time distribution with independentruns and no additional
observationsis theoptimalfixedcutoff restartpolicy for the
combineddistribution.

It is more interesting,therefore,to considersituations
wherethesystemcanmake observationsthatupdatebeliefs
aboutthe current  ! . Horvitz et al. (2001)segmentobser-
vationsinto static anddynamicclassesof evidence. Static
observationsaredirectly measurablefeaturesof a problem
instance. As an example, one could measurethe clause
to variableratio in a SAT instance,ashasbeenlong con-
sideredin work on random ( -SAT (Mitchell et al. 1992;
Selman& Kirkpatrick 1996). Dynamic featuresare mea-
surementsobtainedvia theprocessof problemsolving;they
areobservationsof a searchalgorithm’s statewhile it is in
the processof trying to solve a particular instance. Both
kinds of evidenceareusefulfor identifying the sourcedis-
tributionof aninstance.

We shall simplify our analysiswithout loss of general-
ity by consideringa single evidential feature ) that sum-
marizesall observationsmadeof the current instance/run
pair. In the experimentsdescribedbelow ) is a function
of a decisiontreeovera setof variablesthatsummarizethe
traceof the solver for the initial 1,000stepsof a run. The
variablesincludethe initial, final, average,andfirst deriva-
tivesof suchquantitiesas the numberof unassignedvari-
ablesin the currentsubproblem,the numberof unsatisfied
constraints,the depthof the backtrackingstack,andso on
(seeHorvitz et al. (2001)for a moredetaileddiscussionfor
featuresandtheir usein probabilisticmodelsof run time).
The decisiontreesarecreatedby labelinga setof test run
tracesas “long” or “short” relative to the mediantime to
solution,andthenemploying aBayesianlearningprocedure
(Chickering,Heckerman,& Meek1997)to build probabilis-
tic dependency modelsthat link observationsto probability
distributionsover run time. Note thatbecausethesummary
variablesinclude somequantitiesthat refer to the initial,
unreducedproblem(suchasthe initial numberof unbound
variables),the feature ) combinesstaticanddynamicob-
servations.

Thefeature) maybebinary-valued,suchaswhetherthe
decisiontreepredictsthatthecurrentrunwill belongerthan
the medianrun time. In other experiments,describedbe-
low, we definea multivalued ) , whereits value indicates
theparticular leaf of thedecisiontreethat is reachedwhen
traceof a partial run is classified. In an ideal situation, )
would indicatethe  '! for which thecurrentrun is a random
samplewith perfectaccuracy. Suchan ideal ) simplifies
theanalysisof optimalrestartstrategies,becausewe do not
have to considererror terms. We can in fact achieve such
perfectaccuracy by a resamplingtechnique,describedbe-
low, wherebythe ) is usedto defineasetof distributions  "!
(which in generalaredifferentfrom thedistributionsusedto

createtheoriginal decisiontree).Therefore,without lossof
generality, wewill assumethat ) alwaysindicatestheactual '! for therun.

Let us assumefirst that ) is binary valued,so thereare
two distributions  �# and  "$ , andwe wish to find the op-
timal restartpolicy. First we must decidewhat we mean
by “optimal:” do we wish to minimize expectedrun time,
minimize variancein run time, or some combinationof
both? In this paper, we pursuethe minimization of ex-
pectedrun time, althoughin someapplicationsonemaybe
willing to tradeoff an increasein expectedrun time for a
decreasein variance;suchtradeoffs arediscussedin work
on algorithmportfolios(Huberman,Lukose,& Hogg1997;
Gomes,Selman,& Kautz1998b).

Next, let usconsiderthe form of thepolicy. Is thepolicy
thesamefor every run,or canit evolveover time; thatis, is
the policy stationary?The assumptionthat the runsarein-
dependentimmediatelyentailsthat thepolicy is indeedsta-
tionaryaswe do not learnanything new aboutthe  '! over
time. This is the key distinctionbetweenpoliciesfor inde-
pendentanddependentrestartsituations.Thereforewe can
concludethatthepolicy mustbea functionof ) alone:

Theorem 1 In the case of independentruns, where the
(only)observation) is madeafter ��* stepsduringeach run,
andwhere ) indicateswhethera run is a memberof  # or $ , theoptimalrestartpolicy is eitherof theform:

Setthecutoff to �+# for a fixed ��#-,.� * .
or of theform:

Observefor ��* stepsandmeasure ) ;
If ) is true thensetthecutoff to � # , elsesetthecutoff
to � $

for appropriateconstants��# 
 ��$ .
Thefirst caseis thedegenerateonewherewaiting to ob-

serve ) is never helpful. In the secondsituation,we are
ableto take advantageof our predictionof how “lucky” the
currentrun will be. In general,this kind of dynamicpolicy
outperformstheoptimalstaticpolicy wheretheobservation
is ignored. In fact, the dynamicpolicy canoutperformthe
optimalstaticpolicy even if theoptimalstaticcutoff is less
thanthetime � * requiredto make anobservation,if predic-
tionsaresufficiently accurate.

Optimal Dynamic Policies
Whatvaluesshouldbechosenfor �+# and �/$ ? They arenot,
in general,thesameastheoptimalstaticcutoffs for the in-
dividual distributions. The optimal dynamiccutoff values
are found by deriving an expressionfor the expectedtime
to solutionfor any � # and � $ , andthenselectingvaluesthat
minimizetheexpressiongiventhedataavailablefor  # and $ .

Let us begin by reviewing the formula for the expected
timeto solutionof a fixedcutoff policy for asingledistribu-
tion. Let 0��21�	 betheprobabilitydistributionovera runstop-
ping exactly at t, and 34��1�	6587:9<;�=>9?0��21A@B	 bethecumulative
probabilitydistribution functionof 0���1�	 . For a givencutoff� , the expectednumberof runsrequiredto find a solution
is themeanof theBernoulli distribution for independenttri-
als with probability 34�2�C	 , �?D 34���C	 . The expectedlengthof
eachrun is � �CE 34���C	�	F�.�G7H9F=JIK1<0���1�	L5M� E 7:9FN/IK34��1�	



(Luby, Sinclair, & Zuckerman1993). Multiplying the ex-
pectedO time per run andthe expectednumberof runsgives
anexpectedtime to solutionof

�P�2�C	Q5 � E 7:9FNJIR34��1�	
34�2�C	 (1)

Wecanextendthisresultto thecaseof multipledistributions
by consideringtheprobabilityof differentdistributionsand
computinga new expectation.Taking S�! astheprior proba-
bility of arunbeingchosenfrom distribution  "! , 0�!���1�	 asthe
probability that a run selectedfrom  "! will stopexactly at1 , and 3�!���1�	 asthecumulativefunctionof 0�!���1�	 , theexpected
numberof runsto find a solutionusingcutoff �/! , whenever
a samplecomesfrom  "! , is now

�?D �T7 ! SU!V3�!�����!V	�	 . Theex-
pectedlengthof eachrun is 7 ! S ! ��� ! E 7G9FNJI?W�3 ! ��1�	�	 The
productof thesequantitiesyields theexpectedrun time for
a particularchoiceof �/! , andthustheoptimalcutoff values
arethosethatminimizethis expectation.

Theorem 2 For independentruns where each run is se-
lectedwith probability S ! from knowndistribution  ! , the
optimaldynamicrestartpolicyusescutoffs

�2�CX# 
Y������
 �CX& 	Z5\[�]�^`_'a�bIdc�egfgfgfge I?h �P��� # 
������ � & 	 (2)

5 [�]�^`_'a�bI c egfgfgfge I h 7 ! SU!i�2��! E 7 9FNJI?W43�!���1�	�	
7 ! S ! 3 ! ��� ! 	 (3)

If the search algorithm runs for at least � * stepsto iden-
tify therelevantdistribution  ! , thentheoptimalcutoffsare
eitheruniformlysome�j,.�/* , or areboundedbelowby ��* :

�2�CX# 
�������
 �CX& 	k5G[�]i^l_'aBbI WFm I?n �P�2��# 
������ ��&�	 (4)

In the most generalcase,the set of � X! that minimizes
the expectedoverall time to solutioncanbe determinedby
a brute-forcesearchover theempiricaldata.Beyondbrute-
force minimization, thereis opportunityto useparameter-
ized probability distributions to model the empirical data
andto deriveclosed-formexpressionsfor the � X! .

Optimal Pruning of Runs after Observation
An interestingspecialcaseof theoptimaldynamicpolicy is
the situationwherethe bestaction for one or more of the
distributionsis to restartimmediatelyafterobservation. We
wishto identify conditionswhereit is bestto simply remove
from considerationrunswe determineto be“unlucky,” fol-
lowing analysisof staticfeaturesof theinstanceor someini-
tial observationof thesolver’s behavior. We shall consider
herethepruningconditionsfor thecaseof two distributions,
basedon propertiesof thedistributions.

For a givencutoff ��# , we seekto identify the conditions
underwhich �����+# 
 � * �po"	 is neverlessthan �P�2�+# 
 � * 	 . By
substitutingin theformulafor theexpectedtime to solution
(Equation3) andperformingsomesimplification, onecan
show thatrunsfrom  $ shouldbeprunedif, for all orq\s ,
it is thecasethat:

o E 7HI n =J9FNJI n�t�u 3 $ �21�	
3 $ �2��*v�loP	 E 3 $ ����*w	 q.�P�2�+# 
 � * 	 (5)

The left-handside of the inequality is the cost–benefitra-
tio for extendingrunsin  "$ following observation,andthe

right-handside, representingthe expectedrun time of the
prunedpolicy, canbecomputedfrom theempiricaldata.An
interestingfeatureof this formula is that S�# and S�$ disap-
pearfrom theleft-handside:theprior probabilitiesassigned
to thetwo distributionsareirrelevant.

Empirical Studies
We performeda setof empiricalstudiesto explore the dy-
namicrestartpoliciesgivenevidencegatheredaboutsolver
behavior. Our first benchmarkdomain was a version of
theQuasigroupCompletionProblem(QCP)(Gomes& Sel-
man 1997). The basic QCP problem is to completea
partially-filled Latin square,where the “order” of the in-
stanceis the length of a side of the square. We useda
versioncalledQuasigroup with Holes(QWH), whereprob-
lem instancesaregeneratedby erasingvaluesfrom a com-
pletedLatin square.QWH problemsare“balanced”if the
samenumberof missingvaluesappearin eachrow andcol-
umn. QWH is NP-complete,and balancedQWH is the
hardestknown subsetof QWH (Achlioptas et al. 2000;
Kautz et al. 2001). Note that QWH problemsare satisfi-
ableby definition.

For the QWH domain,we experimentedwith both CSP
andSAT (Boolean)problemencodings.TheCSPsolverwas
designedspecifically for QWH and built using the ILOG
constraintprogramminglibrary. The CSPproblemswere
(non-balanced)randomQWH problemsof order 34 with
380 unassignedholes(the hardesthole/orderratio for ran-
dom problems). The SAT-encodedproblemswere solved
with Satz-Rand(Gomes,Selman,& Kautz 1998b),a ran-
domizedversionof theSatzsystemof Li andAnbulagan(Li
& Anbulagan1997). Satz implementsthe Davis-Putnam-
Longemann-Loveland (DPLL) procedurewith look-ahead
anda powerful variable-choiceheuristic.TheSAT-encoded
problemswere balancedQWH problemsof order34 with
410 unassignedholes(the hardesthole/orderratio for bal-
ancedproblems).

Following thecycleof experimentswith QCP, weapplied
themethodsto thepropositionalsatisfiability(SAT) encod-
ings of the GraphColoring Problem(GCP) and Logistics
Planning(LPlan)problems.

For theGCPdomain,we experimentedwith therandom-
ized SAT algorithm running on Booleanencodings. The
instancesusedin our studiesare generatedusing Culber-
son’s flat graphgenerator(Culberson& Luo 1996). Each
instancecontains450 verticesand 1,045 randomlygener-
atededges.Thechallengeis to decidewhethertheinstances
are3-colorable.The instancesaregeneratedin sucha way
that all 3-colorableinstancesare 2-uncolorableand all 3-
uncolorableinstancesare4-colorable.Half of theproblems
were3-colorable(satisfiablein the Booleanencoding)and
half werenot (unsatisfiable).

For theLPlandomain,we againexperimentedwith Satz-
Randalgorithmrunningon Booleanencodings.Kautz and
Selman(Kautz & Selman1996)showed that propositional
SAT encodingsof STRIPS-styleplanningproblemscouldbe
efficiently solvedby SAT engines.Thelogisticsdomainin-
volves moving packageson trucks and airplanesbetween
differentlocationsin differentcities.In thelogisticsdomain,
astateis aparticularconfigurationof packagesandvehicles.
We generatedinstanceswith 5 cities,15 packages,2 planes,
and1 truck per city, wherethe initial andgoal placements



of packageswas randomlydetermined. The parallel-plan
lengthx wasfixedat12steps.To decreasethevarianceamong
instances,wefilteredtheoutputof theproblemgeneratorso
thatthesatisfiableinstancescouldbesolvedwith 12parallel
stepsbut not 11 steps,andtheunsatisfiableinstancescould
not besolvedwith 12 stepsbut couldbesolvedin 13 steps.
As before,we selectedhalf satisfiableandhalf unsatisfiable
instances.

We implementedthe methodsdescribedby Horvitz et
al. (2001)to learnpredictivemodelsfor run timefor aprob-
lem solving scenarioHorvitz et al. (2001) refer to as the
multiple-instanceproblem. In multiple-instanceproblems,
we draw instancesfrom a distribution of instancesandseek
to solve any instanceas soonas possible,or as many in-
stancesaspossiblefor any amountof time allocated. For
eachcase,weconsiderthestatesof multipleevidentialvari-
ablesobserved during the observation horizon. In our ex-
periments,observational variableswere collectedover an
observationalhorizon of up to 1,000solver choicepoints.
Choicepointsarethestatesin searchprocedureswherethe
algorithm assignsa value to variableswhere that assign-
ment is not forcedvia propagationof previous set values.
Suchasituationoccurswith unit propagation,backtracking,
look-ahead,andforward-checking.At thesepointsin prob-
lem solving a variableassignmentis chosenaccordingthe
solver’sparticularheuristics.

For the studiesdescribed,we representedrun time as
a probability distribution over a binary variablewith dis-
cretestates“short” versus“long.” We definedshort runs
ascasescompletedbeforethemedianrun time for theprob-
lem domain(seeTable1 for themedianrun timesfor each
benchmark).As describedin Horvitz et al. (2001),we em-
ployedBayesianlearningmethods(Chickering,Heckerman,
& Meek1997)to generategraphicalprobabilisticmodelsfor
solver run time. Theresultingprobabilisticgraphicalmod-
els, andassociateddecisiontreesthat representa compact
encodingof thelearnedconditionalprobabilitydistributions,
arethusformulatedto predictthe likelihoodof a run com-
pleting in thelessthanthemediantime, on thebasisof ob-
servationsof thebeginningof therun.

Eachof thetrainingsetscontained2,500runs(whereeach
run is on adifferentinstance),exceptfor theQWH Boolean
encodedproblems,wherethetrainingsetwasof size5,000.
A separatetest setof the samesizeas the training set for
eachdomainwasalsocreatedfor thefinal evaluationof the
differentpoliciesweconsidered.

Generating Distributions via Resampling
Using the inferred run-time distributions directly in our
studieswould imply an assumptionthat the model’s infer-
encesare accurate,gold-standarddistributions. However,
we know that the modelsareimperfectclassifiers.The as-
sumptionof perfectmodelaccuracy canbeappropriatelyre-
laxed by overlayingadditionalerror modeling. Sucherror
modelingintroducestermsthatrepresentclassificationaccu-
racy. To bypassthe useof morecumbersomeanalysesthat
includea layer of error analysis,we insteadperformedre-
samplingof thetrainingdata:we usedtheinferreddecision
treesto definedifferentclasses(representingspecificsetsof
valuesof observedstatesof solver behavior), andrelabeled
thetrainingdataaccordingto theseclasses.In otherwords,
we usethe branchingstructureof the decisiontrees—the
leafs indicatedby differentsetsof observations—todefine

eachsub-distribution  �# 
  "$ 
������  "& andobtainstatisticson
eachof thesedistributionsby runningthetrainingdataback
throughthe decisiontree,andcomputingthe differentrun-
time distributionsfor eachvalueof ) . Resamplingthedata
to generatedistributionsletsuscreatedistributionsthaten-
codepredictiveerrorsin animplicit manner.

Experiments with Dynamic Restarts
We performed experiments to comparedynamic restart
policies with the fixed optimal restartpolicy of Luby et
al. (1993). We consideredtwo basic formulationsof the
dynamicrestartpolicies, that we refer to asbinary andn-
ary policies. For the binary policy, runs are classifiedas
eitherhaving shortor long run-timedistributions,basedon
thevaluesof featuresobservedduringtheobservationphase.
Runsfrom thetrainingdataarefirst bucketedinto thediffer-
ent leafsof the decisiontreebasedon the observed values
of run-timeobservations.We definelongandshortdistribu-
tionsin termsof thedecision-treepathindicatedby thesetof
observations,assertingthatall casesata leafof thedecision
treethatcontainsmorethan60%of shortrunsareclassified
as a memberof the short distribution, and otherwiseas a
memberof the long distribution5 For then-ary policy, each
leaf in the decisiontreeis consideredasdefininga distinct
distribution.

For identifyingtheoptimalsetof cutoff–observationpairs
in a dynamicrestartpolicy, weusedEqn.3 to searchfor the
combinationof cutoffs associatedwith minimum expected
run time. We alsoconsidereda rangeof differentobserva-
tion periods,rangingfrom 10 to 1,000choicepoints. The
shortestwindow turnedout to yield policieswith thelowest
expectedrun times;below we discussspecificresultson the
sensitivity of thepoliciesto thelengthof thewindow.

For thebinarydynamicrestartcase,thecutoff for thelong
distribution wasfoundto beoptimal, in bothSatzandCSP
experiments,whenit is equalto the idealobservationhori-
zon;thus,theoptimizationindicatedthatrunsfalling into the
longdistributionshouldbeprunedin bothof thesecases.We
confirmedtheoptimalityof thepruningof thelongdistribu-
tionswith thepruningconditionspecifiedby the inequality
describedin Eqn.5.

For then-ary restartcase,we couldnot directly optimize
the cutoffs with brute-forceoptimization,given the sizeof
the decisiontrees. For example, in the Boolean-encoded
QWH domain,the decisiontreehas20 leafs,and in prin-
ciple we would needto simultaneouslyvary 20 parameters.
Thereforewe simplified the searchproblemby pruningall
runs that fell into leafs that containedlessthan60% short
runs,andthenperformingbrute-forcesearchto find theset
of optimal cutoffs for the “short” leafs. Finally, we con-
firmedthatpruningrunsfrom thelong leafswasindeedop-
timal by checkingthepruningcondition(Eqn.5).

Beyondthedynamicpoliciesandthefixed-optimalpolicy,
we investigatedfor comparative purposesthe time to solu-
tion with Luby’suniversalrestartpolicy, andabinary–naive
restartpolicy, composedby selectingdistinct,separatelyop-
timal fixedcutoffs for thelongandfor theshortdistributions
in thebinarysetting.

5Intuitively any thresholdgreaterthan50%couldbeused.We
empirically foundfor thebenchmarkdomainsstudiedthatusinga
thresholdof 60%gave thebestperformancefor therestartpolicies
thatwereultimatelyformulated.
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Figure2: Analysisof thesensitivity of classificationaccuracy to thelengthof theobservationhorizonfor CSP(left) andSATZ
(right) on QWH multiple instances.

Sensitivity of Predictions to the Observation
Horizon
As we highlightedin our earlierdiscussionof the pruning
condition(Eqn.5), thelengthof theobservationwindow � *
influencestheoptimalrestartstrategy. Longobservationpe-
riodscanlimit thevalueof thedynamicmethodsby impos-
ing ahighconstanttaxwhetheror not aninstanceshouldbe
prunedimmediatelyfollowing theobservation.Shorterhori-
zonsshift relationshipsandallow for a moreefficient over-
all restartanalysis;for example,ashorterhorizonallows for
theearlierpruningof runsfollowing observations.Explicit
knowledgeof the relationshipbetweenobservationhorizon
andaccuracy thusprovidesanotherparameterfor an opti-
mizationprocedureto consider. Therefore,we studiedthe
sensitivity of thepredictivepowerof modelsto reductionof
theobservationalhorizon.

For the QWH domain,for both CSPandSATZ solvers,
we collectedrun-time data for eachinstanceover differ-
entobservationalhorizons,varyingfrom 10 to 1,000choice
points and constructedand testedthe predictive power of
distinct models. Fig. 1 displaysan exampleof a learned
decisiontreesfor the CSPsolver with observation horizon
of 10 choicepoints.Theinternalnodesarelabeledwith the

nameof thelow-level solver-tracevariablebranchedon. For
example,alongthe left-handbranchwe encounterthe first
two decisionvariablesare:� AvgColor-Avg-L10 — the averagenumberof available

colorsfor eachemptysquare,averagedoverthe10choice
points.� AvgColor-Avg-1st-L10— the first derivative of the av-
eragenumberof availablecolorsfor eachemptysquare,
measuredat choicepoint10.

The leaves are labeledwith the numberof short and long
runsthatappeartherein the trainingdata.For example,93
shortrunsand11 long runsreachedtheleft-mostleaf.

Thelearnedpredictivemodelsfor run time werefoundto
overall show increasingclassificationaccuracy with theuse
of longerobservation horizons. Fig. 2 shows the sensitiv-
ity of the classificationaccuracy of the two solverson the
QWH multiple-instanceproblemto changesin the obser-
vationhorizon. We found a steepincreasein classification
accuracy whentheobservationhorizonis extendedfrom the
first 10 choicepointsto 100choicepoints. Thenthe curve
risesonly slightly whentheobservationhorizonis extended
from 100 to 1,000choicepoints. The sensitivity analysis



demonstratesthatevidencecollectedin thefirst 100choice
yields� themostdiscriminatoryinformation.We believe that
this finding makesintuitive sense;it is commonlybelieved
that the first few choicepoints in the searchof backtrack
solvershavethemostinfluenceon theoverall run time.

Despitethe fact that predictive power was significantly
better after 100 choice points than following 10 choice
points,ouroptimizationsearchoverall possiblyrestartpoli-
ciesat differentwindow sizesdeterminedthat the smallest
window actuallyhadthe bestcost/benefitratio.6 Thus,we
useda window of 10stepsfor thefinal experiments.

Results
After all the policies wereconstructedas describedin the
previoussection,a freshsetof testdatawasusedto evaluate
each. The results,summarizedin Table1, wereconsistent
acrossall of theproblemdomains:thedynamicn-arypolicy
is best,followedby the dynamicbinarypolicy. We believe
that thedominanceof then-arydynamicrestartpolicy over
the binary dynamicpolicy is foundedon the finer-grained,
higher-fidelity optimizationmadepossiblewith useof multi-
plebranchesof thedecisiontrees.Improvementsin solution
timeswith theuseof thedynamicpoliciesrangefrom about� s4z to {�|�z overtheuseof Luby’sfixedoptimalrestartpol-
icy.

The “naive” policy of using observationsto predict the
distribution for eachrun, and thenusing the optimal fixed
cutoff for that distribution alone,performedpoorly. This
showstheimportanceof pruninglongruns,andthevalueof
thecompute-intensiveoptimizationof key parametersof the
restartpolicy. Finally, the knowledge-freeuniversalpolicy
is abouta factorof six slower thanthebestdynamicpolicy.

Summary and Directions
Weintroduceddynamicrestarts, optimalrandomizedrestart
policies that take into considerationobservationswith rel-
evanceto run-time distributions. Our analysisincludeda
considerationof key relationshipsamongvariablesunder-
lying decisionsaboutpruningrunsfrom consideration.To
investigatethe valueof the methods,we performedseveral
experimentsthatcomparethenew policieswith staticopti-
mal restartprocedures.To highlight thegeneralapplicabil-
ity of the methods,studieswereperformedfor quasigroup,
graphcoloring,andlogisticsplanningproblems.

We arepursuingseveral extensionsto the resultson dy-
namicrestartspresentedhere. In onevein of work, we are
exploringoptimalrandomizedrestartpoliciesfor thecaseof
probabilisticallydependentruns. As we notedabove, with
dependentruns,observationsmadein previously observed
runs may influencethe distribution over future runs. De-
pendentrunscapturethe situationwherea solver performs
restartson the sameinstance. In this setting,observations
aboutthetime exhibiteduntil a restartof oneor moreprior
runsof thesameinstancecanshift the probabilitydistribu-
tion distribution over run time of currentand future runs.
Beyonddependentandindependentruns,we areinterested
in policiesfor new kinds of challenges,representingmixes

6Wealsoexperimentedwith awindow of 0 steps—thatis, using
only staticobservations—but resultswereinconclusive. Wearein-
vestigatingtheextentto which a carefully-chosensetof staticfea-
turesfor aproblemdomaincanmatchtheperformanceof dynamic
featuresfor themultiple-instancecase.

of dependentand independentruns. For example,we are
interestedin the scenariowherea solution can be gener-
atedeitherby continuingto restarta currentinstanceuntil
it is solved or by drawing a new instancefrom an ensem-
ble. In anotherdirectionon generalization,we areexplor-
ing ensemblesof instancescontainingsatisfiableaswell as
unsatisfiableproblems. In this work, we considerthe like-
lihood of satisfiability in the analysis,given prior statistics
andtheupdatedposteriorprobabilitiesof satisfiabilitybased
on observationswithin andbetweenruns. We arealsoex-
ploring theuseof richerobservationalmodels.Ratherthan
rely on a singleobservationalwindow, coupledwith offline
optimization,we areexploring the real-timeadaptive con-
trol of when,how long,andwhichevidenceis observed.As
an example,our efforts on characterizingthe sensitivity of
predictive power of run-timepredictionsto the durationof
the observation window suggestthat the window might be
controlleddynamically. In anotherthreadof research,we
areinterestedin leveraginginferencesaboutrun-timedistri-
butionsto controlsearchatafinermicrostructureof problem
solving.Thatis,wecanmovebeyondtheimplicit restriction
of beinglimited to the control of a parameterthat dictates
a cutoff time. We believe that reasoningaboutpartial ran-
domizedrestarts,using inferencesaboutrun time to guide
decisionsaboutbackingup a solver to anintermediatestate
(ratherthana completerestart)may leadto moreflexible,
efficientsolvers.

We are excited aboutdynamicrestartpolicies as repre-
sentinga new classof proceduresthat tackledifficult com-
binatorialsearchproblemsvia increasedawarenessof crit-
ical uncertaintiesandinformationalrelationships.We hope
that this work will stimulateadditionalefforts to integrate
andharnessexplicit representationsof uncertaintyin meth-
odsfor tacklingdifficult reasoningproblems.
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