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Abstract

We describe theoretical results and empirical study of
context-sensitve restartpolicies for randomizedsearchpro-
cedures. The methodsgeneralizeprevious resultson opti-
malrestartpoliciesby exploiting dynamicallyupdatedoeliefs
aboutthe probability distribution for run time. Ratherthan
assumingcompleteknowledgeor zeroknowledgeaboutthe
run-timedistribution, we formulaterestartpoliciesthat con-
siderreal-timeobsenationsaboutpropertieof instancesand
thesolwer’'sactiity. We describébackgroundvork ontheap-
plication of Bayesiarmethodsto build predictive modelsfor
runtime,introduceanoptimalpolicy for dynamicrestartghat
considergredictionsaboutruntime, andperformacompara-
tive studyof traditionalfixed versusdynamicrestartpolicies.

I ntroduction

Thepossibilityof developingtractableapproachet combi-
natorialsearcthasbeenalong-heldgoalin Al. We describe
theoreticalresultson dynamicrestarts restartpolicies for
randomizedsearchprocedureghat take real-time obsena-
tionsaboutattributesof instancegandaboutsolver behaior
into consideration.The resultsshov promisefor speeding
up backtrackingsearch—andhus, move us onestepcloser
to tractablemethoddor solving combinatorialsearchprob-
lems.

Researcherbave notedthat combinatorialsearchalgo-
rithms in mary domainsexhibit a high degree of unpre-
dictability in running time over ary given set of prob-
lems(Selman Kautz, & Cohenl1993;Gent& Walsh1993;
Kirkpatrick & Selman1994;Hogg, Huberman& Williams
1996; Gomes& Selmanl1997;Walsh 1999). In the most
extremecase the runningtime of a searchalgorithmovera
problemsetis bestmodeledby a heavy-tailed(powerlaw)
distribution, having infinite meanand/orvariance(Gomes,
Selman,& Crato 1997; Gomes,Selman,& Kautz 1998a;
Gomeset al. 2000)! Investigatorshave soughtto under
standthebasisfor suchgreatvariationby modelingsearchas
aprocesghatgenerateself-similaror fractal trees(Smythe
& Mahmound1995). Researclon algorithm portfoliosand
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Technically becauseeal-world searctspacesarelarge but fi-
nite, theremustalwaysbe someupperboundon therunningtime.
However, it is commonpracticeto referto suchtruncatecheavy-
tailed distributions simply as “heavy tailed in the casewherea
heary-tailed distribution fits the dataover several ordersof magni-
tude.
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on randomizedestartshasshown thatit is possibleto de-
velop more predictableand efficient proceduregGomes&
Hoos 2000) by minimizing the risk associatedvith com-
mitting large amountsof computationto instanceghat are
likely to have long run times. In the first approacha port-
folio of searchalgorithmsis executedin parallel. Experi-
mentshave shavn that such portfolios may exhibit a low
meanand low variancein run time, even if eachmember
of the portfolio hashigh meanandvariance(Gomes& Sel-
man2001). In the secondmethod,randomnesss addedto
the branchingheuristicof a systematicsearchalgorithm. If
the searchalgorithmdoesnot find a solutionwithin a given
numberof backtracksknown asthe cutof, the run is ter-
minatedandthe algorithmis restartedwith a new random
seed. Randomizedestartshave beendemonstratedo be
effective for reducingtotal executiontime on a wide vari-
ety of problemsin schedulingtheoremproving, circuit syn-
thesis,planning,and hardware verification (Luby, Sinclair,
& Zuckerman1993; Huberman,Lukose, & Hogg 1997;
GomesSelmang& Kautz1998b;Moskewicz etal. 2001).

In this paper we extendprior resultson fixedrestartpoli-
ciesto moreefficientdynamicrestartsby harnessingredic-
tive modelsto provide solverswith areal-timeability to up-
datebeliefsaboutruntime. Wefirst review previouswork on
restartpolicies. Thenwe review recentwork on construct-
ing Bayesianmodelsthat can be usedto infer probability
distributions over the run time of backtrackingsearchpro-
ceduredasedn obsenationalevidence.We introducenew
resultson optimalrestartpoliciesthatconsiderobsenations
aboutsolver behaior. Finally, we demonstratehe efficacy
of therestartpolicieswith empiricalstudiesof backtracking
searcltfor solvingquasigroupgraph-coloringandlogistics-
planningproblems.

Research on Restart Policies

The basisfor the value of randomizedrestartsis straight-
forward: the longer a backtrackingsearchalgorithm runs
without finding a solution, the morelikely it is thatthe al-
gorithmis exploring abarrenpartof thesearchspacerather
thanbranchingearly on statesf critical variablesnecessary
for a solution. But whenshouldthe algorithmgive up on a
particularrun andrestartthe executionafter somerandom-
ization? The designer®f restartpoliciesmustgrapplewith
minimizationof totalruntime givenatradeof: Asthecutoff
time is reduced the probability thatany particularrun will
reacha solutionis diminished,so runs becomeshorterbut
morenumerous.



Previoustheoreticalwork on the problemof determining
anidealcutoff hasmadetwo assumptionsfirst, thattheonly
feasibleobsenationis the lengthof a run; andsecondthat
the systemhaseithercompleteknowledgeor no knowledge
of the run-time distribution of the solver on the given in-
stance UndertheseconditionsLuby et al. (1993)described
provably optimal restartpolicies. In the caseof complete
knowledge,the optimal policy is the fixed cutoff that min-
imizes E(T.), the expectedtime to solution restartingev-
ery ¢ backtracksIn the caseof no knowledge,Luby further
shavedthatauniversalschedulef cutoff valuesof theform

1,1,2,1,1,2,4, ...
givesan expectedtime to solutionthatis within a log fac-
tor of that given by the bestfixed cutoff, andthat no other
universalschedulés betterby morethanaconstanfactor

Althoughtheseresultsweretakenby mary in theresearch
communityto have settledall openissueson restartstrate-

gies, real-life scenariogypically violate both assumptions.

For one, we often have partial knowledgeof the run-time
distribution of a problemsolver. For example,considerthe
caseof a satisfiability (SAT) solver running on a mix of
satisfiableand unsatisfiableprobleminstances.Iln general,
run-time distributions over satisfiableand unsatisfiablen-
stancesare quite different (Frost, Rish, & Vila 1997). We
might know thata new giveninstancewasdrawvn from one
of severaldifferentdistributionsof satisfiableandunsatisfi-
ableproblems put not know which distribution. We cannot
calculatea fixed optimal cutoff value,but still wish to take
adwantageof theknowledgethatwe dohave;the“log factor”
of the simpleuniversalschedulecanbe quite largein prac-
tice (two or moreordersof magnitudencludingtheconstant
factors).

The assumptiorthat only the runningtime of the solver
can be obsened may also be violated. Beyond run time,
otherevidenceaboutthe behaior of a solver may be valu-
ablefor updatingbeliefsaboutthe run-timedistribution. In-
deed,watchinga trace or visualizationof a backtracking
searctenginein actioncanbequiteenlightening.Obseners
can watch the algorithm malke a few bad variable assign-
mentsandthenthrashfor millions of stepsin the “wrong”
areaof the searchspace.A personwatchingthe systemof-
ten hasintuitions aboutwhenit might be bestto restartthe
searct? Cana programalso make suchjudgments?Can
it recognizedynamicallychangingpatternsof activity that
indicatethatthe searchis lostandwould bestberestarted?

Recently Horvitz et al. (2001), motivated by such
guestions—anthe associategromiseof developingsound
dynamicrestartpolicies—introduced framework for con-
structing Bayesianmodelsthat can predictthe run time of
problemsolvers. They shavedthat obsenationsof various
featuresover time capturingthe trajectory of statesof the
solverduringthefirst few second®f arun couldbefusedto
predictthelengthof arunwith a usefuldegreeof accurag.
They alsosketchedan approacho usinglearnedpredictive
modelsto controltherestartpolicy of the solver.

Our paper builds upon the framewvork of Horvitz et
al. (2001)and presentgheoreticaland empirical resultson
optimalrestartpoliciesin the presencef obsenationsabout
the stateof a solver and partial knowledgeof the run-time
distribution. Our specificcontributionsinclude:

2Researclin Al onrestaristratgiesbeganwith justsuchinfor-
mal obserations.

e Characterizationof the knowledge conditions under
which therunsof a solver aredependenbr independent,
andthe impactthis hason the natureof optimal restart
policies;

e Specificationof a class of provably optimal dynamic
restartpolicies in the presenceof solver-state obsena-
tions;

e Empiricalevaluationof thesedynamicpoliciesagainsthe
bestfixed-cutof policies;and

e An empirical study of the sensitvity of the predictive
modelsto diminishingperiodsof obsenation,thatshovs
thata surprisinglyshortperiodof obsenationis necessary
to createaccuratamodels.

Dependent and Independent Runs

Most work on restartstratgiesfor backtrackingsearchas-
sumeexplicitly or implicitly thatrunsare probabilistically
independenfrom oneanother;in the analysesno informa-
tion is consideredo be carried over from one run to the
next.3 However, a careful analysisof informationalrela-
tionshipsamongmultiple runsrevealsthat runsmay be de-
pendentin somescenarios:observingrun i influencesthe
probability distribution we assigrnto runi + 1.

Knowledgeconditionsunderwhich therunsareindepen-
dentinclude: (i) a new instanceis dravn from a staticen-
sembleof instancedor eachrun, andthefull run-timedis-
tribution for the ensemblas known; or (ii) somefeatureof
eachrun canbeobsenedthatclassifiegheparticularrun as
arandomsamplefrom aknown run-timedistribution D;, re-
gardlesof whetherthe probleminstances fixedor changes
with eachrun. By contrastanexampleof dependentunsis
whenwe know therun-timedistributionsof severaldifferent
problemensemblesa probleminstanceis dravn randomly
from one of the ensemblesand eachrun is performedon
that sameinstance. In this case,the failure of eachrun to
find a solutionwithin somecutoff change®ur beliefsabout
which ensemblevasselected.

Thefamiliesof restartpoliciesthatareappropriatdor the
independenanddependensituationsaredistinct. Consider
the simple caseof identifying the bestfixed cutoff policies
where D; and D, are point probabilities. Supposéan the
independentasea run alwaysendsin 10 or 100 stepswith
equalprobability: theoptimalpolicy is to alwaysrestariafter
10 stepsif the problemis not solved. On the other hand,
considerthe dependentasewherein D; all runstake 10
stepsandin D, all runstake 100 steps,andan instanceis
chosenfrom one of the distributions. Thenthe bestfixed-
cutoff policy is to runwith no cutoff, because fixed cutoff
of lessthan 100 givesa finite probability of never solving

the problem?

Independent Runsin Mixed Distributions

The restartpolicy for the caseof independentunsin light
of a single known probability distribution over run time is
coveredby Luby etal. (1993)'sresults,asdescribedabove.

3An exceptionto this is recentwork by di Silva on combining
clauselearningwith restartswhereclausedearnedin onerun are
carriedover to thenext run (Baptista& Marques-Sila 2000).

“In the generaldependentase optimal policiesactuallyusea
seriesof differentcutoffs, asdiscussedn Ruanetal. (2002).



We consider therefore,the casewhereeachrun is a ran-
dom samplefrom oneof a numberof known run-timedis-
tributions, D+, D-, - - -, D,,, wherethe choiceof D; is an
independenéventmadeaccordingo someprior probability
distribution.

If the systemhasno knowledgeof which D; is selected
andmakesno obsenationsotherthanthe lengthof therun,
then this casealso collapsesto that handledby Luby et
al. (1993):

Proposition 1 The optimal restart policy for a mixedrun-
time distribution with independentuns and no additional
observationss the optimalfixedcutof restartpolicy for the
combinedistribution.

It is more interesting,therefore,to considersituations
wherethe systemcanmale obsenationsthatupdatebeliefs
aboutthe currentD;. Horvitz etal. (2001) segmentobser
vationsinto static and dynamicclassesf evidence. Static
obsenationsare directly measurabldeaturesof a problem
instance. As an example, one could measurethe clause
to variableratio in a SAT instance,as hasbeenlong con-
sideredin work on randomk-SAT (Mitchell etal. 1992;
Selman& Kirkpatrick 1996). Dynamic featuresare mea-
surement®btainedvia the procesf problemsolving; they
areobsenationsof a searchalgorithm’s statewhile it is in
the processof trying to solve a particularinstance. Both
kinds of evidenceare usefulfor identifying the sourcedis-
tribution of aninstance.

We shall simplify our analysiswithout loss of general-
ity by consideringa single evidential feature F' that sum-
marizesall obsenationsmadeof the currentinstance/run
pair. In the experimentsdescribedbelon F' is a function
of adecisiontreeover a setof variableshatsummarizehe
traceof the solver for theinitial 1,000stepsof a run. The
variablesincludetheinitial, final, average andfirst deriva-
tives of suchquantitiesasthe numberof unassignedari-
ablesin the currentsubproblemthe numberof unsatisfied
constraintsthe depthof the backtrackingstack,andso on
(seeHorvitz etal. (2001)for a moredetaileddiscussiorfor
featuresandtheir usein probabilisticmodelsof run time).
The decisiontreesare createdby labelinga setof testrun
tracesas “long” or “short” relative to the mediantime to
solution,andthenemploying a Bayesiarlearningprocedure
(Chickering,Heckerman & Meek1997)to build probabilis-
tic dependeng modelsthatlink obsenationsto probability
distributionsover run time. Note thatbecaus¢he summary
variablesinclude some quantitiesthat refer to the initial,
unreducedroblem(suchasthe initial numberof unbound
variables),the feature ' combinesstatic and dynamicob-
senations.

ThefeatureF maybebinary-valued,suchaswhetherthe
decisiontreepredictsthatthecurrentrunwill belongerthan
the medianrun time. In other experiments,describedbe-
low, we definea multivalued F', whereits value indicates
the particular leaf of the decisiontreethatis reachedvhen
traceof a partial run is classified. In anideal situation, F’
would indicatethe D; for whichthecurrentrunis arandom
samplewith perfectaccurag. Suchan ideal F' simplifies
the analysisof optimalrestartstratejies,becauseave do not
have to considererrorterms. We canin fact achieve such
perfectaccurag by a resamplingtechnique describedcbe-
low, wherebythe F' is usedto definea setof distributionsD;
(whichin generabredifferentfrom thedistributionsusedto

createthe original decisiontree). Therefore without lossof
generalitywewill assumehat F' alwaysindicategheactual
D; for therun.

Let us assumdirst that F' is binary valued,so thereare
two distributions D; and D5, andwe wish to find the op-
timal restartpolicy. First we mustdecidewhat we mean
by “optimal:” do we wish to minimize expectedrun time,
minimize variancein run time, or some combination of
both? In this paper we pursuethe minimization of ex-
pectedrun time, althoughin someapplicationsonemay be
willing to tradeoff anincreasen expectedrun time for a
decreaseén variance;suchtradeofs are discussedn work
on algorithmportfolios (Hubermanlukose,& Hogg1997;
GomesSelmang& Kautz1998b).

Next, let us considerthe form of the policy. Is the policy
thesamefor every run, or canit evolve overtime; thatis, is
the policy stationary?The assumptiorthatthe runsarein-
dependentmmediatelyentailsthatthe policy is indeedsta-
tionary aswe do not learnanything new aboutthe D; over
time. Thisis the key distinctionbetweenpoliciesfor inde-
pendentanddependentestartsituations. Thereforewe can
concludethatthe policy mustbeafunctionof F alone:

Theorem 1 In the case of independentruns, whee the
(only) observationF' is madeafterTy stepsduringeadrun,
andwhee F indicateswhethera run is a memberof D; or
D,, theoptimalrestartpolicyis eitherof theform:

Setthecutof to T} for afixedT} < Ty.
or of theform:

Observeor Ty stepsandmeasue F;
If F'istrue thensetthe cutof to 7}, elsesetthe cutof
toT5

for appropriate constantsly, 1.

Thefirst caseis the degenerateonewherewaiting to ob-
sene F' is never helpful. In the secondsituation,we are
ableto take advantageof our predictionof how “lucky” the
currentrun will be. In generalthis kind of dynamicpolicy
outperformghe optimal staticpolicy wherethe obsenation
is ignored. In fact, the dynamicpolicy canoutperformthe
optimal staticpolicy evenif the optimal staticcutof is less
thanthetime Ty requiredto make anobsenation,if predic-
tionsaresufficiently accurate.

Optimal Dynamic Policies

Whatvaluesshouldbe choserfor T; andT»>? They arenot,
in generalthe sameasthe optimal staticcutoffs for the in-
dividual distributions. The optimal dynamiccutoff values
are found by deriving an expressionfor the expectedtime
to solutionfor any T andT;, andthenselectingvaluesthat
minimizetheexpressiorgiventhedataavailablefor D; and
Ds.

Let us begin by reviewing the formula for the expected
timeto solutionof afixedcutoff policy for a singledistribu-
tion. Let p(t) betheprobabilitydistribution over arun stop-
ping exactly att, andq(t) = >, ., p(t') bethecumulatve
probability distribution function of p(t). For a given cutoff
T, the expectednumberof runsrequiredto find a solution
is the meanof the Bernoullidistribution for independentri-
alswith probability ¢(T'), 1/¢(T"). The expectedliengthof

eachrunis (1 — ¢(T))T + 3 <ptp(t) =T — 327 a(t)



(Luby, Sinclair, & Zuckerman1993). Multiplying the ex-
pectedtime per run andthe expectednumberof runsgives
anexpectedime to solutionof

E(T) — T - %:(,;)T Q(t)

We canextendthisresultto thecaseof multiple distributions
by consideringthe probability of differentdistributionsand
computinga new expectation.Taking d; asthe prior proba-
bility of arunbeingchoserfrom distribution D;, p;(t) asthe
probability that a run selectedrom D; will stopexactly at
t, andg;(t) asthecumulative functionof p;(t), theexpected
numberof runsto find a solutionusing cutoff 7;, wheneer
asamplecomesfrom D;, isnow 1/(3 ", diqi(T;)). Theex-

pectedlengthof eachrunis , di(T; — >, .1, 4i(t)) The
productof thesequantitiesyields the expectedrun time for

a particularchoiceof T;, andthusthe optimal cutoff values
arethosethatminimizethis expectation.

Theorem 2 For independentuns where ead run is se-
lectedwith probability d; from knowndistribution D;, the
optimaldynamicrestartpolicy usescutofs

@)

Ty, ... IT;)= arnginT E(Ty,..Ty) 2
2 di(Ti =22, o ai(t))

= arg min ! d 3

B, > diqi(T;) )

If the seach algorithm runs for at least T, stepsto iden-
tify therelevantdistribution D;, thenthe optimal cutofs are
eitheruniformlysomel” < T, or are boundedbelowby Tj:

(T, .., T7) = arg min B(Ty,..T) @)

In the most generalcase,the setof T3* that minimizes
the expectedoverall time to solutioncanbe determinecby
a brute-forcesearchover the empiricaldata. Beyond brute-
force minimization, thereis opportunityto use parameter
ized probability distributions to model the empirical data
andto derive closed-formexpressiondor theT}*.

Optimal Pruning of Runs after Observation

An interestingspecialcaseof the optimaldynamicpolicy is
the situationwherethe bestaction for one or more of the
distributionsis to restarimmediatelyafter obsenation. We
wishto identify conditionswhereit is bestto simply remove
from consideratiorrunswe determineto be “unlucky,” fol-
lowing analysiof staticfeaturef theinstanceor someini-
tial obsenation of the solver’s behaiior. We shall consider
herethepruningconditionsfor the caseof two distributions,
basedn propertieof thedistributions.

For a givencutoff T}, we seekto identify the conditions
underwhich E(Ty,To + A) is neverlessthanE(T;, Ty ). By
substitutingin the formulafor the expectedtiime to solution
(Equation3) and performing somesimplification, one can
shaw thatrunsfrom D, shouldbe prunedif, for all A > 0,
it is the casethat:

A= cicryra 22(t)
q2(To + A) — q2(To)

The left-handside of the inequality is the cost-benefita-
tio for extendingrunsin D, following obsenation,andthe

> E(T1,Ty) (5)

right-handside, representinghe expectedrun time of the
prunedpolicy, canbe computedrom theempiricaldata.An
interestingfeatureof this formulais thatd; andd, disap-
pearfrom theleft-handside:theprior probabilitiesassigned
to thetwo distributionsareirrelevant.

Empirical Studies

We performeda setof empirical studiesto explore the dy-
namicrestartpoliciesgiven evidencegatheredaboutsolver
behaior. Our first benchmarkdomain was a version of
the QuasigrougCompletionProblem(QCP)(Gomes& Sel-
man 1997). The basic QCP problemis to completea
partially-filled Latin square,wherethe “order” of the in-
stanceis the length of a side of the square. We useda
versioncalled Quasigoup with HolefQWH), whereprob-
lem instancesare generatedy erasingvaluesfrom a com-
pletedLatin square. QWH problemsare “balanced”if the
samenumberof missingvaluesappeaiin eachrow andcol-
umn. QWH is NP-complete,and balancedQWH is the
hardestknown subsetof QWH (Achlioptaset al. 2000;
Kautz et al. 2001). Note that QWH problemsare satisfi-
ableby definition.

For the QWH domain,we experimentedwith both CSP
andSAT (Boolean)problemencodingsThe CSPsolverwas
designedspecifically for QWH and built usingthe ILOG
constraintprogramminglibrary. The CSP problemswere
(non-balancedyandomQWH problemsof order 34 with
380 unassignedholes(the hardesthole/orderratio for ran-
dom problems). The SAT-encodedproblemswere solved
with Satz-RandGomes,Selman,& Kautz 1998b),a ran-
domizedversionof the Satzsystenmof Li andAnbulagan(Li
& Anbulagan1997). Satzimplementsthe Davis-Putnam-
Longemann-Leelard (DPLL) procedurewith look-ahead
anda powerful variable-choicéheuristic. The SAT-encoded
problemswere balancedQWH problemsof order 34 with
410 unassignedholes(the hardesthole/orderratio for bal-
ancedproblems).

Following thecycle of experimentsvith QCP we applied
the methodgo the propositionalsatisfiability (SAT) encod-
ings of the Graph Coloring Problem(GCP) and Logistics
Planning(LPlan)problems.

For the GCPdomain,we experimentedvith therandom-
ized SAT algorithm running on Booleanencodings. The
instancesusedin our studiesare generatedusing Culber
sons flat graphgenerator{Culberson& Luo 1996). Each
instancecontains450 verticesand 1,045 randomly gener
atededges.Thechallengds to decidewhethertheinstances
are 3-colorable. The instancesaregeneratedn sucha way
that all 3-colorableinstancesare 2-uncolorableand all 3-
uncolorableinstancesre4-colorable.Half of the problems
were 3-colorable(satisfiablein the Booleanencoding)and
half werenot (unsatisfiable).

For the LPlandomain,we againexperimentedvith Satz-
Randalgorithmrunningon Booleanencodings.Kautz and
Selman(Kautz & Selman1996)shaved that propositional
SAT encoding®f STRIPSstyleplanningproblemscouldbe
efficiently solvedby SAT engines.Thelogisticsdomainin-
volves maving packageon trucks and airplanesbetween
differentlocationsin differentcities. In thelogisticsdomain,
astateis a particularconfigurationof packageandvehicles.
We generatednstancesith 5 cities, 15 packages? planes,
and 1 truck per city, wherethe initial and goal placements



of packagesvas randomly determined. The parallel-plan
lengthwasfixedat12 steps.To decreas¢hevarianceamong
instanceswe filteredthe outputof the problemgeneratoso
thatthesatisfiablanstancegouldbesolvedwith 12 parallel
stepsbut not 11 steps,andthe unsatisfiablenstancesould
not be solvedwith 12 stepsbut couldbe solvedin 13 steps.
As before,we selectedhalf satisfiableandhalf unsatisfiable
instances.

We implementedthe methodsdescribedby Horvitz et
al. (2001)to learnpredictve modelsfor runtime for aprob-
lem solving scenarioHorvitz et al. (2001) refer to asthe
multiple-instanceproblem. In multiple-instanceproblems,
we draw instancegrom a distribution of instancesandseek
to solve any instanceas soonas possible,or as mary in-
stancesas possiblefor ary amountof time allocated. For
eachcasewe considerthe statesof multiple evidential vari-
ablesobsened during the obsenation horizon. In our ex-
periments,obsenational variableswere collectedover an
obsenational horizon of up to 1,000solver choice points.
Choicepointsarethe statesin searchproceduresvherethe
algorithm assignsa value to variableswhere that assign-
mentis not forced via propagationof previous setvalues.
Suchasituationoccurswith unit propagationpbacktracking,
look-aheadandforward-checking At thesepointsin prob-
lem solving a variableassignments chosenaccordingthe
solver’s particularheuristics.

For the studiesdescribed,we representedun time as
a probability distribution over a binary variablewith dis-
crete states“short” versus“long.” We definedshortruns
ascasexompletecbeforethe medianruntime for the prob-
lem domain(seeTable 1 for the medianrun timesfor each
benchmark).As describedn Horvitz etal. (2001),we em-
ployedBayesiariearningmethodqChickering,Heckerman,
& Meek1997)to generatgraphicaprobabilisticmodelsfor
solver run time. Theresultingprobabilisticgraphicalmod-
els, and associatedlecisiontreesthat represents compact
encodingof thelearnedconditionalprobabilitydistributions,
arethusformulatedto predictthe likelihood of a run com-
pletingin thelessthanthe mediantime, on the basisof ob-
senationsof the beginning of therun.

Eachof thetrainingsetscontaine®,500runs(whereeach
runis on adifferentinstance)exceptfor the QWH Boolean
encodedroblemswherethetraining setwasof size5,000.
A separatdestsetof the samesize asthe training set for
eachdomainwasalsocreatedor thefinal evaluationof the
differentpolicieswe considered.

Generating Distributions via Resampling

Using the inferred run-time distributions directly in our
studieswould imply an assumptiorthat the model’s infer-
encesare accurate,gold-standardistributions. However,
we know thatthe modelsareimperfectclassifiers. The as-
sumptionof perfectmodelaccurag canbeappropriatelye-
laxed by overlayingadditionalerror modeling. Sucherror
modelingintroducegermsthatrepresentlassificatioraccu-
ragy. To bypasghe useof morecumbersomanalyseghat
include a layer of error analysis,we insteadperformedre-
samplingof thetrainingdata:we usedtheinferreddecision
treesto definedifferentclassegrepresentingpecificsetsof
valuesof obsened statesof solver behavior), andrelabeled
thetraining dataaccordingto theseclassesln otherwords,
we usethe branchingstructureof the decisiontrees—the
leafsindicatedby differentsetsof obsenations—todefine

eachsub-distritution D1, D-, ...D,, andobtainstatisticson
eachof thesedistributionsby runningthetrainingdataback
throughthe decisiontree,and computingthe differentrun-
time distributionsfor eachvalueof F. Resamplinghe data
to generatealistributionslets us createdistributionsthaten-
codepredictive errorsin animplicit manner

Experimentswith Dynamic Restarts

We performed experimentsto compare dynamic restart
policies with the fixed optimal restartpolicy of Luby et

al. (1993). We consideredwo basicformulationsof the

dynamicrestartpolicies, that we refer to as binary and n-

ary policies. For the binary policy, runs are classifiedas
eitherhaving shortor long run-timedistributions,basedon

thevaluesof featurebsenedduringtheobsenationphase.
Runsfrom thetrainingdataarefirst bucketedinto thediffer-

entleafs of the decisiontree basedon the obsened values
of run-timeobsenations.We definelong andshortdistribu-

tionsin termsof thedecision-tregoathindicatedby thesetof

obsenations,assertinghatall casesataleaf of thedecision
treethatcontainsmorethan60%of shortrunsareclassified
as a memberof the short distribution, and otherwiseas a

memberof the long distribution® For the n-ary policy, each
leaf in the decisiontreeis consideredasdefininga distinct
distribution.

Foridentifying theoptimalsetof cutof—obsenationpairs
in adynamicrestartpolicy, we usedeqn. 3 to searchor the
combinationof cutoffs associatedvith minimum expected
run time. We alsoconsideredh rangeof differentobsena-
tion periods,rangingfrom 10 to 1,000choicepoints. The
shorteswindow turnedoutto yield policieswith the lowest
expectedruntimes;belov we discussspecificresultson the
sensitvity of the policiesto thelengthof the window.

For thebinarydynamicrestartcasethecutoff for thelong
distribution wasfoundto be optimal, in both Satzand CSP
experimentswhenit is equalto the ideal obsenation hori-
zon;thus,theoptimizationindicatedthatrunsfalling into the
longdistributionshouldbe prunedn bothof thesecasesWe
confirmedthe optimality of the pruningof thelong distribu-
tionswith the pruningconditionspecifiedby the inequality
describedn Eqn.5.

For the n-ary restartcase we could not directly optimize
the cutoffs with brute-forceoptimization,given the size of
the decisiontrees. For example,in the Boolean-encoded
QWH domain, the decisiontree has20 leafs,andin prin-
ciple we would needto simultaneouslyary 20 parameters.
Thereforewe simplified the searchproblemby pruningall
runsthatfell into leafsthat containedessthan 60% short
runs,andthenperformingbrute-forcesearchto find the set
of optimal cutoffs for the “short” leafs. Finally, we con-
firmedthatpruningrunsfrom thelong leafswasindeedop-
timal by checkingthe pruningcondition(Eqn.5).

Beyondthedynamicpoliciesandthefixed-optimalolicy,
we investigatedor comparatie purposeghe time to solu-
tion with Luby’suniversalrestartpolicy, andabinary—naive
restartpolicy, composedy selectingdistinct, separatelyp-
timal fixedcutoffs for thelong andfor theshortdistributions
in thebinary setting.

SIntuitively any thresholdgreaterthan50% could be used.We
empirically found for the benchmarldomainsstudiedthatusinga
thresholdof 60% gave the bestperformancdor therestartpolicies
thatwereultimately formulated.
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Figure2: Analysisof thesensitvity of classificatioraccurag to thelengthof theobsenationhorizonfor CSP(left) andSATZ

(right) on QWH multiple instances.

Sensitivity of Predictionsto the Observation
Horizon

As we highlightedin our earlier discussiornof the pruning
condition(Eqn.5), thelengthof the obsenationwindow Ty
influencegheoptimalrestartstrateyy. Long obsenationpe-
riodscanlimit thevalueof thedynamicmethodsby impos-
ing a high constantax whetheror not aninstanceshouldbe
prunedmmediatelyfollowing theobsenation. Shortethori-
zonsshift relationshipsandallow for a moreefficient over-
all restartanalysisfor example,ashorterhorizonallows for
the earlierpruningof runsfollowing obsenations. Explicit
knowledgeof the relationshipbetweenobsenation horizon
and accurag thus provides anotherparameteifor an opti-
mization procedureto consider Therefore,we studiedthe
sensitvity of the predictive power of modelsto reductionof
the obsenationalhorizon.

For the QWH domain,for both CSPand SATZ solers,
we collectedrun-time datafor eachinstanceover differ-
entobsenationalhorizonsyvaryingfrom 10to 1,000choice
points and constructedand testedthe predictive power of
distinct models. Fig. 1 displaysan exampleof a learned
decisiontreesfor the CSPsolver with obsenation horizon
of 10 choicepoints. Theinternalnodesarelabeledwith the

nameof thelow-level solver-tracevariablebranchedn. For
example,alongthe left-handbranchwe encountethe first
two decisionvariablesare:

e AvgColorAvg-L10 — the averagenumberof available
colorsfor eachemptysquareaveragedverthe 10 choice
points.

e AvgColorAvg-1st-L10— the first derivative of the av-
eragenumberof available colorsfor eachemptysquare,
measuredat choicepoint 10.

The leaves are labeledwith the numberof shortandlong
runsthatappeatherein the training data. For example,93
shortrunsand11long runsreachedhe left-mostleaf.
Thelearnedpredictve modelsfor runtime werefoundto
overall shav increasingclassificatioraccurag with the use
of longer obsenation horizons. Fig. 2 shavs the sensitv-
ity of the classificationaccurag of the two solverson the
QWH multiple-instanceproblemto changesn the obser
vation horizon. We found a steepincreasdn classification
accurag whentheobsenationhorizonis extendedfrom the
first 10 choicepointsto 100 choicepoints. Thenthe curve
risesonly slightly whenthe obsenationhorizonis extended
from 100 to 1,000 choicepoints. The sensitvity analysis



demonstratethat evidencecollectedin thefirst 100 choice
yieldsthe mostdiscriminatoryinformation. We believe that
this finding makesintuitive sensejt is commonlybelieved
that the first few choicepointsin the searchof backtrack
solvershave the mostinfluenceon theoverall runtime.
Despitethe fact that predictive power was significantly
better after 100 choice points than following 10 choice
points,our optimizationsearchoverall possiblyrestartpoli-
ciesat differentwindow sizesdeterminedhat the smallest
window actually hadthe bestcost/benefiratio® Thus,we
usedawindow of 10 stepsfor thefinal experiments.

Results

After all the policies were constructedas describedn the
previoussection afreshsetof testdatawasusedto evaluate
each. Theresults,summarizedn Table 1, were consistent
acrossll of theproblemdomains:thedynamicn-arypolicy
is best,followed by the dynamicbinary policy. We believe
thatthe dominanceof the n-ary dynamicrestartpolicy over
the binary dynamicpolicy is foundedon the finer-grained,
higherfidelity optimizationmadepossiblewvith useof multi-
ple branche®f thedecisiontrees.Improvementsn solution
timeswith the useof the dynamicpoliciesrangefrom about
40% to 65% overtheuseof Luby’sfixedoptimalrestartpol-
icy.

The “naive” policy of using obsenationsto predictthe
distribution for eachrun, andthen using the optimal fixed
cutoff for that distribution alone, performedpoorly. This
shavstheimportanceof pruninglong runs,andthevalueof
the compute-intensie optimizationof key parametersf the
restartpolicy. Finally, the knowledge-freeuniversalpolicy
is aboutafactorof six slower thanthe bestdynamicpolicy.

Summary and Directions

We introduceddynamicrestarts optimalrandomizedestart
policiesthat take into consideratiorobsenationswith rel-
evanceto run-time distributions. Our analysisincludeda
consideratiorof key relationshipsamongvariablesunder
lying decisionsaboutpruningrunsfrom consideration.To
investigatethe value of the methodswe performedseveral
experimentsthat comparethe new policieswith staticopti-
mal restartproceduresTo highlight the generalapplicabil-
ity of the methods studieswere performedfor quasigroup,
graphcoloring,andlogisticsplanningproblems.

We are pursuingseveral extensionsto the resultson dy-
namicrestartspresentedhere. In onevein of work, we are
exploring optimalrandomizedestartpoliciesfor the caseof
probabilisticallydependentuns. As we notedabove, with
dependentuns, obsenationsmadein previously obsened
runs may influencethe distribution over future runs. De-
pendentruns capturethe situationwherea solver performs
restartson the sameinstance. In this setting, obsenations
aboutthe time exhibited until a restartof oneor more prior
runsof the sameinstancecanshift the probability distribu-
tion distribution over run time of currentand future runs.
Beyond dependenandindependentuns,we areinterested
in policiesfor new kinds of challengesrepresentingnixes

5We alsoexperimentedvith awindow of 0 steps—thais, using
only staticobsenations—Mut resultswereinconclusve. We arein-
vestigatingthe extentto which a carefully-chosersetof staticfea-
turesfor a problemdomaincanmatchthe performancef dynamic
featuredor the multiple-instancease.

of dependentindindependentuns. For example,we are
interestedin the scenariowhere a solution can be gener
atedeitherby continuingto restarta currentinstanceuntil
it is solved or by drawing a new instancefrom an ensem-
ble. In anotherdirection on generalizationye are explor-
ing ensemble®f instancesontainingsatisfiableaswell as
unsatisfiablgproblems. In this work, we considerthe lik e-
lihood of satisfiabilityin the analysis,given prior statistics
andthe updatedosteriomprobabilitiesof satisfiabilitybased
on obsenationswithin and betweenruns. We are also ex-
ploring the useof richer obsenationalmodels. Ratherthan
rely on a singleobsenationalwindow, coupledwith offline
optimization,we are exploring the real-timeadaptve con-
trol of when,haw long, andwhich evidenceis obsened. As
an example,our efforts on characterizinghe sensitvity of
predictive power of run-time predictionsto the durationof
the obsenation window suggesthat the window might be
controlleddynamically In anotherthreadof researchwe
areinterestedn leveraginginferencesaboutrun-timedistri-
butionsto controlsearchatafiner microstructuref problem
solving. Thatis, we canmove beyondtheimplicit restriction
of beinglimited to the control of a parametethat dictates
a cutoff time. We believe that reasoningaboutpartial ran-
domizedrestarts,using inferencesaboutrun time to guide
decisionsaboutbackingup a solver to anintermediatestate
(ratherthana completerestart)may leadto moreflexible,
efficientsolvers.

We are excited aboutdynamicrestartpolicies as repre-
sentinga new classof procedureghattackle difficult com-
binatorial searchproblemsvia increasedwarenesf crit-
ical uncertaintieandinformationalrelationships.We hope
that this work will stimulateadditionalefforts to integrate
andharnessxplicit representationsf uncertaintyin meth-
odsfor tacklingdifficult reasoningproblems.
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