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Abstract. A method for making aspects of a computational model explicit in the formulas of a 
programming logic is given. The method is based on a new notion of environment--an environ- 
ment augments the state transitions defined by a program's atomic actions rather than being inter- 
leaved with them. Two simple semantic principles are presented for extending a programming 
logic in order to reason about executions feasible in various environments. The approach is illus- 
trated by (i) discussing a new way to reason in TLA and Hoare-style programming logics about 
real-time and by (ii) deriving TLA and the first Hoare-style proof rules for reasoning about 
schedulers. 

1. Introduction 

What behaviors of a concurrent program are possible may depend on the scheduler, instruc- 
tion timings, and other aspects of the environment in which that program executes. For example, 
consider the program of Figure 1.1. Process P1 executes an atomic action that sets y to 1 fol- 
lowed by one that sets y to 2. Concurrently, process P2 executes an atomic action that sets y to 3. 
If all behaviors of this concurrent program were possible, then the final value ofy  would be 2 or 3. 
The environment, however, may rule out certain behaviors. 

�9 Suppose PI  has higher-priority than P2 and the environment selects between executable 
atomic actions by using a priority scheduler. Behaviors in which actions of P2 execute 
before those of P l  are now infeasible, and the final value o fy  cannot be 2. 

�9 Suppose the environment uses a first-come first-served scheduler to select between execut- 
able atomic actions. Behaviors in which P 2 executes after the second action of P t are now 
infeasible, and the final value ofy  cannot be 3. 

Thus, changing the environment can affect what properties a program satisfies. 

Programming logics usually axiomatize program behavior under certain assumptions about 
the environment. Logics to reason about real-time, for example, axiomatize assumptions about 
how time advances while the program executes. These assumptions abstract the effects of the 
scheduler and the execution times of various atomic actions. A logic to reason about the conse- 
quences of resource constraints would similarly have to axiomatize assumptions about resource 
availability. 

If  assumptions about an environment are made when defining a programming logic, then 
changes to the environment may require changes to the logic. Previously feasible behaviors could 
become infeasible when the assumptions are strengthened; a logic for the original environment 

cobegin PI :  y : = l ;  y : = 2  / /  P 2 : y : = 3  coend 

Figure 1.1. A concurrent program 
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would then be incomplete for this new environment. Weakening the assumptions could add feasi- 
ble behaviors; the logic for the original environment would then become unsound. For example, 
any of  the programming logics for shared-memory concurrency (e.g. [0G76]) could be used to 
prove that program of Figure 1.1 terminates with y =2 or y =3. But, these logics must be changed 
to prove that y =2 necessarily holds if a first-come first served scheduler is being used or that y = 3 
necessarily holds if  a priority scheduler is used. As another example, termination of a program 
can depends on whether unfair behaviors are feasible. (Usually they are not.) Logics, like the 
temporal logic of  [MP89], that assume a fair scheduler become unsound when this assumption 
about the environment is relaxed. 

This paper explores the design of programming logics in which assumptions about the 
environment can be given explicitly. Such logics allow us to prove that all feasible behaviors of  a 
program satisfy a property, where the characterization of  what is feasible is now explicit and sub- 
ject to change. We give two semantic principles--program reduction and property reductiorr--for 
extending a programming logic so that explicit assumptions about an environment can be 
exploited in reasoning. These principles allow extant programming logics to be extended for rea- 
soning about the effects of various fairness conditions, schedulers, and models of real-time; a new 
logic need not be defined every time a new model of computation is postulated. We illustrate the 
application of  our two principles using TLA [L91] and a Hoare-style Proof Outline Logic [$94]. 
In TLA, programs and properties are both represented using a single language; in Proof Outline 
Logic these two languages are distinct. 

The remainder of this paper is structured as follows. In section 2, our program and property 
reduction principles are derived. Then, in section 3, program reduction is applied to TLA. In sec- 
tion 4, property reduction is used to drive an extension to a Hoare-style logic. Section 5 puts this 
work in context; section 6 is a conclusion. 

2. F o r m a l i z i n g  and  Explo i t ing  the E n v i r o n m e n t  

A programming logic comprises deductive system for verifying that a given program 
satisfies a property of interest. We write (S, ~ ) ~  Sat to denote that a program S satisfies a pro- 
perty q'; each programming logic will have its own syntax for saying this. In any given program- 
ming logic, a program language is used to specify S and a property language, perhaps identical to 
the program language, is used to specify qJ. 

Usually, both the program S and the property q~ define sets of behaviors, where a behavior is 
a mathematical object that encodes a sequence of state transitions resulting from program execu- 
tion, and a state is a mapping from variables to values. A program S satisfies a property q~ exactly 
when lI S ],  the set of behaviors of S, is in [[ q'  ~, the set of behaviors permitted by q~: 

(S, ~F) ~ Sat i f andon ly i f  l [ S ] ] c _ ~ ]  (2.1) 

The environment in which a program executes defines a property too. This property con- 
tains any behavior that is not precluded by one or another aspect of the environment. For exam- 
ple, a priority scheduler precludes behaviors in which atomic actions from low-priority processes 
are executed instead of those from high-priority processes. As another example, the environment 
might define the way a distinguished variable time (say) changes in successive states, taking into 
account the processor speed for each type of atomic action. 

For E the property defined by the environment, the feasible behaviors of a program S under 
E are those behaviors o r S  that are also in E: [ S ] ~ E ] .  A program S satisfies a property ~F 
under an environment E, denoted (S, E, ~F) ~ ESat, if and only if every feasible behavior of S 
under E is in q': 

(S, E, W) ~ ESat if and only if ([[ S ]ln~ E ]l)_c[[ W ]] (2.2) 

Thus, a deductive system for verifying (S, E, ~P) ~ ESat would permit us to prove properties of 
programs under various assumptions about schedulers, execution times, and so on. 

Defining a separate logic to prove (S, E, ~ )  ~ ESat is not always necessary if a logic to 
prove (S, qJ) ~ Sat is available. For properties qb and W, let property ~c~q' be [[ �9 ]lc~l[ h u ]1, and 
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let property *~)VF be E*~u~q'---~ where ~u?]l denotes the complement of I[Wi. Then, one 
reduction from ESat to Sat is derived as follows. 

(S, E, ~F) �9 ESat 
iff (<definition (2.2) of ESat~ 

( I s  llnl[ g ~)~l['V l 
iff ~definition (2.1) of Sate> 

(Sr W) �9 Sat 

Thus we bare: 
Program Reduction: (S, E, qO �9 ESat if and only if (SHE, W) e Satl (2.3) 

Program Reduction is useful if the logic for (S, ~P) ~ Sat has a program language that is closed 
under intersection with the language used to define environments. Section 3 shows this to be the 
case for Lamport's TLA; it is also the case for most other temporal logics. 

A second reduction from ESat to Sat is based on using the environment to modify the pro- 
peny (ratber than the program). 

(S, E, "F) �9 ESat 
iff ~definition (2.2) of ESat,  

( IS  ] n ~ E  ll)~lr q' ~ 
iff ~<set theory>> 

~S ]l~(Ir ' I ' ]  u [rE ]) 
iff edefi_nition (2.1) of Sat}> 

(S, ut'LPE) �9 Sat 

This proves: 

Property Reduction: (S, E, ~P) �9 ESat if and only if (S, WuF-) �9  Sat. (2.4) 

Property reduction imposes no requirement on the program language, but does require that the 
property language be closed under union with the complement of properties that might be defined 
by environments. An example of a logic whose property language satisfies this closure condition 
is CTL* [E_H86]. Linear-time temporal logics, on the other hand, do not satisfy this closure 
condition---P is not equivalent to --~. 

When neither reduction principle applies, then we can reason almut the effects of an 
environment by extending the logic being used to establish (S, a t) �9 Sat. Extensions to the pro- 
gram language allow Program Reduction to be applied; extensions to the property language allow 
Property Reduction to be applied. Section 4 illustrates how this might be done, by extending the 
property language of a Hoare-style logic called Proof Outline Logic. 

3. E n v i r o n m e n t s  for T L A  

The Temporal Logic of Actions (TLA) is a linear-time temporal logic in which programs 
and properties are represented as formulas. Thus, the program language and property language of 
TLA are one and the same. This single language includes the usual propositional connectives, 
and the TLA formula F ^ G defines a property that is the intersection of the properties defined by 
F and G. TLA is, therefore, an ideal candidate for Program Reduction. 

A TLA state pred/cate is a predicate logic formula over some variables. The usua! meaning 
is ascribed to s~p for a state s and a state predicate p: when each variable v in p is replaced by its 
value s(v) in ztate s, the resulting formula is equivalent to true. For example, in a state s that 
maps y to 14 and z to 22, s ~ y + l < z  holds because so ' )+l<s(z )  equals 14+1<22, which is 
equivalent to true. 

A TLA action is a predicate logic formula over unprimed variables and primed variables. 
Actions are interpreted over pairs of states. The unprimed variables are evaluated in the first state 
s of the pair (s, t) and the primed variables are evaluated, as if unprimed, in the second state t of 
the pair. For example, if sO') equals 13 and to') equals 16 then (s, t ) r  <y '  holds because 
s(y)+ 1 <t(y) is equal to 13+1 < 16, or, true. 
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In order to facilitate writing actions that are invafiant under stuttering, TLA provides an 

abbreviation. For action .~ and list 2 of variables x t, x2 ..... x,,  the action ~ [A]~ is satisfied by any 
pair (s, t) of states such that (s, t ) r  or the values of  the xi are unchanged between s and t. Writ- 
ing Y' to denote the result of priming every variable in 2, we get [A]~ is defined to be A v Y=2', 

TLA actions define state transitions. Therefore, they can be used to describe the next-state 
relation of  a concurrent program, a single sequential process, or any piece thereof. For this pur- 
pose, it is useful to define a state predicate satisfied by any state from which transition is possible 
due to an action A. That state predicate, Enbl(A), is equivalent to Exists t: (s, t)~A. 

Each formula �9 of TLA defines a property [ O ],  which is the set of behaviors that satisfy 
O, where a behavior is represented by an infinite sequence of states. Let c~ be a behavior So s ~ .... 
l e t p  be a state predicate, let A b e  an action, and let 2 b e  a list of  variables. The syntax of the ele- 
mentary formulas of TLA, along with the property defined by each, is: 

t ~  [ p  ]1 iff so~p 
ff~ [Vl[..q]~]l iff  F o r a l l i ,  i>0:  (Si, Si+l)~[~]'~ 

The remaining formulas of TLA are formed from these, as follows. Let �9 and W be elementary 
TLA formulas or arbitrary TLA formulas. 

o ~  I [ O ~ q ' l l  

o ~  I[ O<I' 11 

iff a ~  ([cI)]c~l[Wll) 
iff o ~  I[---,OvW]] 
iff Fora l l  i, i_>0: sisi+ 1 ...~(~ 
i f f  a ~  [ [~V1-- ,~ ] ]  

A TLA formula �9 is valid iff for every behavior c~, c~E I [O]  holds. Validity of O ~ W  
implies every behavior c~ is in I [ q ) ~ W ] .  From the definition for a ~  I i ~  W]], we have that if 
�9 ~ W is valid then every a in I[ �9 ] is also in I[ W ]. Accordingly, we conclude: 

q b ~ W  is valid if and only if (cD, W)~ Sat (3.1) 

3.1. E x p l o i t i n g  a n  E n v i r o n m e n t  wi th  T L A  

If the property defined by an environment can be characterized in TLA, then Program 
Reduction can be used to reason about feasible behaviors under that environment. We prove 
qb A E ~ W to establish that behaviors of the program characterized by �9 under the environment 
characterized by E are in the property characterized by W: 

�9 A E ~ W is valid 
iff <<definition (3. I)>> 

(cD ̂  E, W) E Sat 
iff <<definition (2.1)>> 

[[ �9 ^ E ]lc_[I ~]1 
iff <<[[ F ^ G ]=[ F ~c~[ G ]]>> 

iff ~<definition (2.1)~> 
(dOc'~E, W)~ Sat 

iff <~Program Reduction (2.3)>> 
(~, E, W) ~ ESat 

The utility of this method depends on (i) being able to prove �9 A E ~ W when it is valid 
and (ii) being able to characterize in TLA those aspects of environments that interest us. A com- 

plete 2 deductive system for TLA (see [L91], for example) will, by definition, be complete for 

ITLA actually allows subscript E to be an arbitrary state function whose value will remain unchanged. 
2Completeness here and throughout this paper is only relative to arithmetic. 
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proving �9 ^ E ~ ~F. In fact, this is one of the advantages of using Program Reduction to extend 
a complete proof system for Sat into a proof system for ESat--the complete proof system for 
ESat comes at no cost. Examples in the remainder of this section convey a sense for how an 
environment is represented by a TLA formula. 

3.2. Schedu le r s  as  T L A  fo rmulas  

If there are more processes than processors in a computer system, then processors must be 
shared. This sharing is usually implemented by the scheduler of an operating system. To use 
Program Reduction with TLA and reason about execution of  a program under a given scheduler, 
we write a TLA formula E to characterize that scheduler. 

Many schedulers implement safety properties---they rule out certain assignments of proces- 
sors to processes. Formalizations for these schedulers have much in common. Let H be the set of 
processes to be executed in a system with N processors. For each process re, two pieces of infor- 
mation are maintained (in some form) by a scheduler: 

activez: whether there is a processor currently allocated to 
ranks: a value used to determine whether a processor should be allocated to 

Only a single atomic action from one process can be executed at any time by a processor. 
This restriction is formalized as predicate Alloc(N), which bounds the number of processes to 
which N processors can be allocated at any time: s 

Alloc(N): (#roe H: activen)<N 

The restriction that processes that have processors allocated are the only ones that advance 
is formalized in terms o f  An, the next-state relation for a process n. We assume that these next- 
state relations are disjoint. 

Pgrs(~): .~  ~ activen 

Finally, we formalize as Run(x) the requirement that activen holds only for those processes 
with sufficiently large rank. 

Run(n): activen ~ Ilarger(x)l <N where larger(tO: {x" I rankn<rankn "} 

In afixed-priority scheduler, there is a fixed value v n associated with each process ~. A pro- 
cess that has not terminated and has higher priority is executed in preference to a process having a 
lower priority. This is ensured by assigning ranks as follows. 

Prio(x): (pcn~$ ~ (rankn=vn)) ^ (pc~=$ ~ (rankn=O)) 

Letting E be a list of  all the variables in the system, a fixed-priority scheduler is thus characterized 
by 

FixedPrio: lq[Alloc(N) ^ (Vx~ I'I: Pgrs(x) ^ Run(x) ^ Prio(x))]-z 

A difficulty with assigning fixed priorities to processes is that execution of a high-priority 
process can be delayed awaiting progress by processes with lower-priorities. For example, sup- 
pose a high-priority process xn is awaiting some lock to be freed, so rc n is not enabled. If that 
lock is owned by a lower-priority process ~L, then execution of nn cannot proceed until ~L exe- 
cutes. This is known as a priority inversion [SRL90][BMS93], because execution of a high- 
priority process depends on resources being allocated to a lower-priority process. 

Priority Inheritance schedulers give preference to low-priority processes that are blocking 
high-priority processes. This is done by changing process priorities. The low-priority process 
inherits a new, higher priority from any higher-priority process it blocks. Priority inheritance 
schedulers exhibit improved worst-case response times in systems of tasks [SRL90], and they 
have become important in the design of real-time systems. 

~We use the notation (#x ~ P: R) for "the number of distinct values of x in P for which R holds". 
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A priority inheritance scheduler must know what processes are blocked and how to unblock 
them. In systems where acquiring a lock is the only operation that blocks a process, deducing this 
information is easy: execution of the process that has acquired a lock is the only way that a pro- 
cess awaiting that lock becomes unblocked. 

To describe systems with locks in TLA, we employ a variable locki for each lock; TLA 
actions for acquiring and releasing a lock by process rc are: 

acquire(locki, x): locki=FREE ^ locki'=x 

release(locki): locki'=FREE 

Notice that locki=FREE is implied by Enbl(An) when process ~ is waiting to acquire locki. 

In a priority inheritance scheduler, each process ~ is assumed to have a priority vn. The 
rank of a process ~ is the maximum of vn and the priorities assigned to processes that are blocked 
by re. Thus, rankn is the maximum of vp for the process p satisfying locki=p (p is the current lock 
holder) and Vq for the process q satisfying Enbl(q)~(locki=FREE) (q is attempting to acquire 
locki). For simplicity, we assume a system having a single lock, lock; ~ is a list of all the vari- 
ables in the system. 

Priolnher(rO: [(~Enbl(An) ~ (rankn=O)) ^ 
(lock =~ ^ Enbl(An) 

(rankn=(max p e H: (Enbl(p) ~ lock=FREE) v lock=p: re))) 
^ (lock#~ ^ Enbl(An) ~ (rankn=vn))] ~ 

A priority inheritance scheduler is thus characterized by 

InhPrio: f'q[Alloc(N) ^ (Vrc~ H: Pgrs(~) ^ Run(tO ^ Priolnher(rO)]~ 

3.3. Real time in TLA 

The correlation between execution of a program and the advancement of time is largely an 
artifact of  the environment in which that program executes. The scheduler, the number of proces- 
sors, and the availability of other resources all play a role in determining when a process may take 
a step. To reason with TLA about properties satisfied by a program in such an environment, we 
simply characterize the way time advances and then use Program Reduction. Various models of 
real-time one finds in the literature differ only in their characterization of how time advances. 

When only a single processor is assumed, then process execution is interleaved on that pro- 
cessor. One way to abstract this is to associate two constants with each atomic action ~: 

e~: the fixed execution time of atomic action r on a bare machine 

~5c~: the maximum time that can elapse from the time that the processor is allocated for 
execution of tx until ot starts executing. 

Execution of t~ is thus correlated with the passage of between e a and e ~ +~Sct time units. 

The following TLA formula is satisfied by such behaviors. Variable T is the current time 
and ATOM(S) is the set of atomic actions in S. Recall that . ~  defines atomic action c~. 

T=0 ^ I-q[c~ e A~xOM(Sl(Act ==~ (T+ea<T'<T+ect+5~))]~ 

An Old- fash ioned  Rec ipe  

The scheme just described works by restricting the transitions allowed by each action. 
These restrictions ensure that an action only executes when its starting and ending times are as 
prescribed by the real-time model  Thus, the approach regards the environment as augmenting 
each action of the original system. The environment executes simultaneously with the system's 
actions. 

A somewhat different approach to reasoning about real-time with TLA is described by 
Abadi and Lamport in "An old-fashioned recipe for real-time" [AL91]. That recipe is extended 
for handling schedulers in [LJJ93]. Like our scheme, the recipe does not require changes to the 
language or deductive system of TLA. However, unlike our scheme, additional actions are used 
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to handle the passage of time. These new actions interleave with the original program actions, 
updating a clock and some count-down timers. 

There seems to be no technical reason to prefer one approach to the other. In the examples 
we have checked, the old-fashioned recipe is a bit cumbersome. A variable n o w  analogous to our 
variable T is used to keep track of  the current time, and a variable, called a t imer ,  is associated 
with each atomic action whose execution timing is constrained. Timers ensure (i) that the new 
actions to advance now are disabled when actions of the original program must progress and (ii) 
that actions of  the original program are disabled when now has not advanced sufficiently. The 
timers, now, and added actions implement what amounts to a discrete-event simulation that 
causes time to advance and actions to be executed in an order consistent with timing constraints. 
To write real-time specifications, it suffices to learn the few TLA idioms in [AL91] and repeat 
them. However, to prove properties from these specifications, the details of this discrete event 
simulation must be mastered. 

4. Environments for a Hoare-style Proof Outline Logic  

We now turn Our attention to a second programming logic---one that is quite different in 
character from TLA and can be used for proving safety but not for proving liveness properties. 
The formulas of a Hoare-style logic are imperative programs in which an assertion is associated 
with each control point. This rules out Program Reduction (2.3), because imperative program- 
ming languages are generally not closed under intersection of any sort. Similarly, Property 
Reduction (2.4) is ruled out because the property language, annotated program texts, also lacks 
the necessary closure. However, it is not difficult to extend the property language of a Hoare- 
style logic and then apply Property Reduction (2.4). An example of such an extension is given in 
this section. 

4.1. A Hoare - s ty l e  Logic  

Consider a simple programming language having assignment, sequential composition, and 
parallel composition statements. The syntax of  programs in our language is give n by the follow- 
ing grammar. There, ~, is a label, x is a program variable, and E is an expression over the program 
variables. 

S : : =  k : [ x : = g ]  I k : [ S ; S ]  I k : [ S / / S ]  

Every label in a program is assumed to be unique. In the discussion that follows, the label 
on the entire program is used to name that program. In addition, for a statement k: [...], we call 
"~.: [" the  o p e n i n g  of k, call "]" the clos ing,  and define Lab(k) to be the set containing label ~. and 
all labels used between the opening and closing of ~.. 

A program state assigns values to the program variables and to control variables. The con-  
trol var iab les  for a program k are at (k ' ) ,  in(k'), and af ter (k ' )  for every label ~.' in Lab(~.).  T h e  set 
Y. of program states contains only those states satisfying certain constraints on the values of con- 
trol variables. These constraints ensure that the control variables encode plausible values of pro- 
gram counters. For example, the constraints rule out the possibility that control variables a t (k )  
and a f t e r ( k )  are both t rue in a state. See [FS94] for details. 

The executions of a program ~. defines a set of behaviors. It will be convenient to represent 

a behavior using a triple (a, i, j ) ,  where a is an infinite sequence 4 of states, i is a natural number, 
and j is a natural number satisfying i<_j or is o,. Informally, behavior (t~, i, j )  models a (possibly 
partial) execution starting in state a[i ] that produces sequence of states t~[i..j]. Prefix a[ . . i -1]  is 
the sequence of states that precedes the execution; suffix c[j..] models subsequent execution. 

Formally, we define the set I[k] of behaviors for a program k in terms of relations 
RX,: Ix .--El for the assignments k" in ~: 

4For an infinite sequence O=So sl ... we write: o[il to denote sl; o[..i] to denote prefix So s I ... sl; o[i..] to denote 
suffix sl si+l ..4 and c[i..j], where i <j, to denote subsequenee s i ... sj. 



335 

(s, t )~  RX,:tx:=EI iff s~at(X'), t~after(X'), t(x)---s(E), and (4.1) 
s(v)=t(v) for all program variables v different from x. 

Let AssigQ.) be the subset of  Lab(~.) that are labels on assignment statements in ~.. Behavior 
(o, i, j )  is defined to be an element of ~ X ]1 iff 

For all k, i <k < j :  Exists X" ~ Assig(X): (~[k], o[k+l])  ~ Rv:  Ix .--el (4.2) 

Thus, each pair of  adjacent states in o[i..j] models execution of  some assignment statement and 
the corresponding changes to the target and control variables. 

Having defined the program language, we now define the property language of Proof Out- 
line Logic. A proof outline for a program X associates an assertion with the opening and closing 
of  each label in Lab(X). The assertion associated with the opening of a label X is called the 
precondition of X and is denoted preQ.); the assertion associated with its closing is called the 
postcondition of X and is denoted post(X). 

Here is a grammar giving a syntax of proof outlines for our simple programming language. 

PO::= {p } X: [x := E] {q } I {p}X:[POI;  PO2]{q}  I {p} X: [POI / /  POz] {q} 

PO 1 and P02 are proof outlines, and p and q are assertions. A concrete example of  a proof out- 
line is given in Figure 4.1. Easier to read notations 5 for proof outlines do exist; this format is par- 
ticularly easy to define formally, so it is well suited to our purpose. 

Assertions in proof outlines are formulas of a first-order predicate logic. Terms and predi- 
cates are evaluated over traces, finite sequences of  program states. A trace SoS1 , . s ,  that is a 
prefix of a program behavior defines a current program state s,  as well as a sequence So s ~ . . .  S n _  I 

of past states. Thus, assertions interpreted with respect to traces can not only characterize the 
current state of the system, but can also characterize histories leading up to that state. Such 
expressiveness is necessary for proving arbitrary safety properties and for describing many 
environments. 

The terms of our assertion language include constants, variables, the usual expressions over 
terms, and the past term O'T for 'T any term [$94]. 6 The O operator allows terms to be con- 
structed whose values depend on the past of a trace. For example, x+|  evaluated in a trace 
so sl s2 equals s2(x)+sl(y).  See [FS94] for a formalization. 

Proof outlines define properties. Informally, the property defined by a proof outline PO(~.) 
includes all behaviors (o, i, j )  in which execution of ~, starting in state ~[i] does not cause proof 
outline invariant Ipof~) to be invalidated. The proof outline invariant implies that the assertion 

{true} 
~.:[ {true} 

~-1:[ {true} 
~-H:[Y:=I]  { y = l v y = 3 } ;  
{y=l  v y = 3 }  
X~Z: [y :=21 { y = 2 v y = 3 }  

} {y=2 v y = 3 }  
/I  
{true} 
X2: [y := 3] {y=2 v y = 3 }  

] {y=2 v y = 3 }  

Figure 4.1. Example Proof Outline 

~For example, we sometimes write {p } PO(~.) {q } to denote a proof outline that is identical to PO(~.) but withp 
replacing pre (~.) and q replacing post (~.) . 

6The Proof Outline Logic of [$94] also allows re.cursively-defined terms using | This increases the expressive- 
ness of the assertion language, but is independent to the issues being addressed in this paper. Therefore, in the interest 
of simplicity, we omit such terms from the assertion language. 
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associated with each control variable is true whenever that control variable is true: 
leo(x): x" e ~b(X) ((at(~') ~ p r e ( k ' )  ) ^ (after(L') ~ post(~.') )) (4.3) 

It is easier to reason about proof outlines when the precondition for each statement ~.' sum- 
marizes what is required for leo(x) to hold when at(k') is true. Then, proving that pre(k) holds 
before )~ is executed suffices to ensure that leo(x) will hold throughout execution. For a proof out- 
line POQ~), this self consistency requirement is: 

For every label Z.' a Lab(k): 

If k'  labels a sequential composition ~.': [~.1: [S l ]; k2: [$2]] then: 
preQg) ~ pre(kl)  and post(kl) ~ p r e ( ~ )  

If ~,' labels a parallel composition k': [kl: [S 1] II Lz: [$2]] then: 
pre Q.') ~ (preQ.l) ^ pre (~ ) )  

We can now formally define the set I[ PO (k) ] of behaviors in the property PO (k): 
gD ifPO(k) is not self consistent 

U'O(k)]: ~ { ( a , i , j )  l a[..i]~leo(x) or forallk,  i<k<j:  o[..k]~leo(x)} (4.4) 

Thus, [PO(~.)] is empty if PO(L) is not self consistent. And, if PO(k) is self consistent, then 
[ PO(~.) ~ includes a behavior (a, i, j )  provided either (i) leo(s) is not satisfied when execution is 
started in state c[i] or 0i) leo(s) is kept true throughout execution started in state a[i]. In the 
definition, proof outline invariant leo(s) is evaluated in prefixes of a because assertions may con- 
tain terms involving | 

A proof outline is defined to be Valid iff (~., PO Q.)) ~ Sat holds, where 

(~., eo(~.)) ~ Sat if and only if I[ k]~l [PO(k)  ll (4.5) 

as prescribed by (2.1). A sound and complete proof system for establishing that a proof outline is 
valid is given in [FS94]. Such logics have become commonplace since Hoare's original proposal 
[H69]. 

4.2, Explo i t ing  a n  E n v i r o n m e n t  with Proof  Out l ines  

Our program language does not satisfy the closure conditions required for Program Reduc- 
tion (2.3), nor does the property language (proof outlines) satisfy the closure conditions required 
for Property Reduction (2.4). To pursue property reduction, we define a language EnvL that 
characterizes properties imposed by environments. We then extend the property language so that 
it satisfies the necessary closure condition for property reduction, 

We base EnvL on the assertion language of proof outlines. Every formula of EnvL is of the 
form IZIA where A is a formula of the assertion language. DA defines a set of behaviors 
I IDA]:  { ( c , i , j )  I Foral lk ,  i<k<j:  a[..k]~A} Thus, [-1A contains behaviors ( a , i , j )  for 
which prefixes c[..i], a[ . . i+l]  ..... a[..j] do not violate A. Formulas in EnvL define safety proper- 
ties, and EnvL includes all of the scheduler and real-time examples of w and w A more 
expressive assertion language (e.g. the one with recursive terms in [$94]) would enable all safety 
properties to be defined in this manner. 

In order to close the property language of Proof Outline Logic under union with the comple- 
ment of I[ I-'IA ]l, we introduce a new form of proof outline. A constrained proof outline is a for- 
mula I-'IA ~ PO(k), where A is a formula of the assertion language and PO(k) is an ordinary 
proof outline. The property defined by a constrained proof outfine is given by: 

1[ ITA ---~ PO(k) ]l: [[ PO(k) ~ k) 1[IDA ~ (4.6) 

Generalizing from ordinary proof outlines, NA ~ PO(k) is considered valid iff 
(~., I-1A ~ PO (~.)) E Sat. Thus, if ~ A  ~ PO (k) is valid then ~ )~ ] ~ ~ l-qA ~ PO (k) 11 holds. 

The set of properties defined by constrained proof outlines and proof outlines does satisfy 
the necessary closure condition for property reduction. Given a program k, let ~ be the set of 
constrained proof outlines and proof outlines for ~. The required closure condition is: 
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Lemma:  For any assertion A and any ~ E s there exists a constrained proof outline ~ '  
in Z~ such that I[O']1 = I[O]Iu[I ' -IA]I.  

Logic  for  Cons t r a ined  P r o o f  Out l ines  

Our goal is to prove that a program ~, satisfies a property PO(~,) under an environment VIA: 

(~., VIA, PO(k)) E ESat (4.7) 

Using Property Reduction (2.4), we see that to prove (4.7), it suffices to be able to prove that X 
satisfies property I-IA ~ PO(~,). 

The deductive system for ordinary Proof Outline Logic enables us to prove that (~,, ~ )  e Sat 
holds for tp an ordinary proof outline. Extensions are needed for the case where r is a con- 
strained proof outline. We now give these; a soundness and completeness proof for them appears 
in [FS94]. 

For reasoning about assignment statements executed under an environment VIA, we can 
assume that A holds before execution and, because the environment precludes transition to a state 
satisfying --~A, any postcondition asserting ~ A  can be strengthened. 

Cnstr-Assig: {p ^A} ~,: [x :=E]  {q v ~ A }  
VIA---> {p} Z. : [x:=E] {q} 

Sequential composition under an environment VIA allows a weaker postcondition for the 
first statement, since the environment ensures that A will hold 

Cnstr-SeqComp: VIA --~ PO(~,I), VIA ~ PO(;bz) 
(A ^ post(~,l)) =~ preQv2) 

VIA ~ {pre(kl)} 3.: [PO(~.l); POQ.2)] {post(~.2)} 

Parallel composition under an environment VIA also allows weaker assertions. A can be 
assumed in the preconditions of the interference-freedom proofs. 

Cnstr-ParComp: DA -~ POQ.1), VIA -~ P O ( ~ ) ,  
rNA -~ PO(XI) and VIA -~ POQv2) are interference free 

[]A --~ {pre(~.l) ^ preQvz) } ~.: [ P O ( k l ) / / P O ( L 2 ) ]  {post(ki) ^post(X2)} 

We establish that [3A .-~ PO(~.1) and VIA -~ PO(L2) are interference free in much the same way 
as for ordinary proof outlines. 

An Even  O l d e r  Rec ipe  

The notion of a constrained proof outline is not new. In [LS85] a similar idea was discussed 
in connection with reasoning about aliasing and other artifacts of variable declarations. The alias- 
ing of two variables imposes the constraint that their values are equal; the declaration of a vari- 
able imposes a constraint on the values that variable may store. Constrained proof outlines, 
because they provide a basis for proving properties of programs whose execution depends on con- 
straints being preserved, are thus a way to reason about aliasing and declarations. An even earlier 
call for a construct like our constrained proof outlines appears in [L80]. There, Lamport claims 
that such proof outlines would be helpful in proving certain types of safety properties of con- 
current programs. 

5. Re la t ed  W o r k  

Our work is perhaps closest in spirit to the various approaches for reasoning about open sys- 
tems. An open system is one that interacts with its environment through shared memory or com- 
munication. The execution of such a system is commonly modeled as an interleaving of steps by 
the system and steps by the environment. Since an open system is not expected to function prop- 
erly in an arbitrary environment, its specification typically will contain explicit assumptions about 
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the environment. Such specifications are called assume-guarantee specifications because they 
guarantee behavior when the environment satisfies some assumptions. Logics for verifying safety 
properties of assume-guarantee specifications are discussed in [FFG92], [J83], and [MC81]; live- 
ness properties are treated in [AL91], [BKP84], and [P85]; and model-checking techniques based 
on assume-guarantee specifications are introduced in [CLM89] and [GL91]. 

Our approach differs from this open systems work beth in the role played by the environ- 
ment and in how state changes are made by the environment. We use the environment to 
represent aspects of the computation model, not as an abstraction of the behaviors for other agents 
that will run concurrently with the system. This is exactly what is advocated in [E83] for reason- 
ing about fair computations in temporal logic. Second, in our approach, every state change obeys 
constraints defined by the environment. State changes attributed to the environment are not inter- 
leaved with system actions, as is the case with the open systems view. 

Our view of the environment and the view employed for open systems are complementary. 
They address different problems. Both notions of environment can coexist in a single logic. 
Open systems and their notion of an environment are an accepted part of the verification scene. 
This paper explores the use of a new type of environment. Our environments allow logics to be 
extended for various computational models. As a result, a single principle suffices for reasoning 
about the effects of schedulers, real-time models, resource constraints, and fairness assumptions. 
Thus, one does not have to redesign a programming logic every time the computational model is 
changed. 

In terms of program construction, our notion of an environment is closely related to the 
notions of superposition discussed in [BF88] [CM88] [K93]. There, the superposition of two pro- 
grams S and Tis  a single program, whose steps involve steps o rS  and a steps of T. Thus, in terms 
of TLA, the superposition of two actions is simply their conjunction. Our work extends the 
domain of applicability for superposition by allowing one component of a superposition to 
characterize aspects of a computational model. 

6. Conc lus ion  

In this paper, we have shown that environments are a powerful device for making aspects of 
a computational model explicit in a programming logic. We have shown how environments can 
be used to formalize schedulers and real-time; a forthcoming paper will show how they can be 
applied to hybrid systems, where a continuous transition system govems changes to certain vari- 
ables. 

We have given two semantic principles, program reduction and property reduction, for 
extending programming logics to enable reasoning about program executions feasible under a 
specified environment. Having such principles means that a new logic need not be designed every 
time the computational model served by an extant logic is changed. For example, in this paper, 
we give a new way to reason about real-time in TLA and in Hoare-style programming logics. We 
also derive the first Hoare-style logic for reasoning about schedulers. 

The basic idea of reasoning about program executions that are feasible in some environment 
is not new, having enjoyed widespread use in connection with open systems. The basic idea of 
augmenting the individual state transitions caused by the atomic actions in a program is not new, 
either. It underlies methods for program composition by superposition, methods for reasoning 
about aliasing, and proposals for verifying certain types of safety properties. What is new is our 
use of environments for describing aspects of a computational model and our unifying semantic 
principles for reasoning about environments. Extensions to a computational model can now be 
translated into extensions to an existing programming logic, by applying one of two simple 
semantic principles. 
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