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Some observations

Success of Matlab or LAPACK is due (in a very signi cant aay)dimple) data
structure of a dense matrix

Matrix algebra orished perhaps because it is relatigglycesplit a great variety of
considerations leading to matrix formulations from tledogavent of algorithms for
matrices

Numerical computing with tensors has a di erent avor:

special data structures are a must from the begining

analysis (i.e., use of approximation tools) is critica purely algebraic approach
(although useful) is limited in scope

tensor manipulations (i.e., numerical multilinear algabe neitheYlineal' nor

\ algebrait

The future ain't what it used to be. Yogi Berra




Tensors and functions of many variables

Formally, we may writgqmn:::  Orf (X1;X2;:::Xn) but neither has a dense form (as
a collection of numbers) duetlh@ curse of dimensionality

Physic§painted itself into a corner. many theories defy direct computidimey
rely on the ordinary notion of functions of many variables

Methods to integrate a function of many variables usingmasampling implicitly
assume that random sampling is capable of collectingatidaratbout the function

This points to importance of identifying useful subclalsBexctions of many variables




Non-linear approximations

Linear approximation of functions (i.e., expressingossl&s a linear combination of
pre-selected functions) does not extend well to high ginsens

An alternative is the so-called nonlinear approximafiorcobns or operators that selects
the best approximation (in some norm) for a given accuraaynber of terms from a
wide class of functions, typically much wider than a biasis se

Nonlinear approximations are not new either from analytiopview nor as a numerical
tool:

Since the 1960's chemists used products of Gaussiansnimiivmu exponents) and
polynomials (with unknown coe cients) to represent wanaidns see S.F. Boys; K.
Singer and J.V.L. Longsta, Proceedings of the Royal\sotiebndon, v. 258, 1960
(later chemists switched to linear approximations).




Gaussians in Quantum Chemistry and Computing

Besides using products of Gaussians and polynomials esentepvave func-
tiongGaussians were used to represent Coulomb potantial, Kutzelnigg, Internat.

J. Quantum Chem. 51, 1994,

We are using Gaussians to approximate non-oscillatory {brestionssee R.J. Harrison,
G.l. Fann, T. Yanai, Z. Gan and G. Beylkin, J. Chem. Phys. 1y.n.123, 14, 7, 2004nd,
recently, oscillatory Green's functigas G. Beylkin, C. Kurcz and L. Monzon, Fast algorithn
for Helmholtz Green's functions, Proceedings of the Royy 30 464, 2008 and Fast convolution with
the free space Helmholtz Green's function (J. Comp. Rhggpearand multiparticle Green's
functions see G. Beylkin, M.J. Mohlenkamp, and Fernaéa, PApproximating a wavefunction as
an unconstrained sum of Slater determinants, J. Math. #hyso. 3, 2008

These are examples of nonlinear approximation of operators




The Poisson kernel via Gaussians

We have
N woe mitico
|| LIS | R rj
for jj rjj R, where ,;wy, > OandM = O( log ).

Poisson Kernel, d=3, 299 sep. terms
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Radial functions as sum of separable functions

Write q
f(x)= h(kxk)= h( x$+ +x3):

. . . . P 2 .
Approximate (in a single varialii€))) mzl Che ™" as asum oBaussians

The exponential translates sums into products,

e mkxk2 = e m(x%+ +x§) = e mx% e mxg:
Then the radial function is approximated as
X Y )
f (x) Cn € ™

m=1 =1

a separated representation (of Gaussians).
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Estimates using Poisson summation

Serge Dubudgn approximation of the Gamma funcfidi990) derived a trapezoidal
quadrature for f (t)dt (with an appropriate functidr) using the following approach:

For anyh > 0O and real shifs, by Poisson summation, we have

X X -

h™ f(s+ nh)= f'\(%)ez s f-

n27z n27z
| R
Sincef(0) = f (t)dt,
Z
X X
f(tydt h  f(s+ nh) T’\(%) :
R n2z 60

Fast decay df imply that we can chooketo achieve a small error.

Fast decay df yields a nite sum approximation.

W
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Applying the idea to r

R, _
We have = | f(t)dt with

_ e _ 21 ) 2
f(t) = (e - f()= )

Both f andf have exponential or super exponential decdy at A relative error
estimate (independent offollows choosinly such that

X2y
()

n&0

The choice of depends only onand

2

n log3+ log(cos1) 1+log T
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Estimating the series' tails

Estimating the tails by integrals, lowegn @nd uppert() bounds are solutions of

(iev)_ . (e _

() ()

1

which imply speci ¢ dependencies. Estimates:
oI+ e
ty In—— T+Inin[c( ) 1

e 1

for some explicit functia¢ ). We have

t t
U L =-log Yep+ cilog 1+ cplog 1
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Fast algorithms for applying operators

We develop numerical algorithms that

yield nite but controlled precision
are fast and fully adaptive

address thecurse of dimensionalitp high dimensions
Approach: we use

Separated representations to reduce the cost of dimbtysiona

Multiresolution, sparse matrix representations foreadkss of kernels
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The modi ed ns-form

A graphical illustration of what we gain:
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Example in 1D

The periodized Hilbert transform,

Z 4

(CT)(y) = p.v. ; cot( (y x))f(x)dx;

P _P .
f(x)=" ,,,€ a(x+k 1=2)% (CF)(y) = ip —" sign(n)e n? 2=a 2iny
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The separated representation of the Poisson kernel

For the Poisson kernel in multiwavelet basis we need totee:otfﬁﬁpokko -
2 2"t oji 0 0 Where

lelzl 1

11 X+

1131 21 3 1
th =t 152 = —
i Gjj Okk 0= %jj 0” 0kkO 4

io(X1) jjo(X2) kko(X3) dX;

and jio(x);i;i%=0;:::; ; kK 1are the cross-correlation functions of the scaling fusctio

Theorem For any > 0 the coe cientst; q; o0 have an approximation with a low
separation rank,

i Ojj

i 0jj Ok 0 = 5 Fis T Fjjo?Figlo?;
m=1
where Z 4
. 2
Fis = e mOFDTLo(x) dx;

1
andM = O( log ).
CU SBOULDER 13



Functions of operators

Consider the problem of applying 0< < 3=2, 2 R, where
1, 2
= — +
G =( 2r | )

The kernel is a radial function,

1

2 2 3

G (x)= 5(=)2 K
() =27

s (1)
wherer = kxk andK is the modi ed Bessel function of the second kind.

If =1,thenG' = G is the Green's function; if= 1=2 thenGlzz(x) IS tha inverse
square rodt(pseudodi erential) operator, etc.
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Approximation of G by Gaussians

We approximate the kerrggl(r) by Gaussians using
G(x y)= 22 1( ) 32 |

For =1 we obtain an integral representation for the bound staténéitd kernel,

- -2 _2S 1 2 2s
el x yi“e”a 7 "¢ T+3 2 )syg:

1 1
- 2.2 1 2 2s
G(x y)= 55z el ¥ e 3 ® ds
2 1
and, for =1=2,
Z
1=t L2 25 1 2. 2s
G™*(x y)= el X YieTg 7 "€ TH25(q:

1

Discretization of these integrals leads to the desirederfation via Gaussians.
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Example

For a given accuracythe operator is supplied as afse, ; pmgM_, , for example

B hd y D _
Gl_Z(X y) wpe Pmix Vi Gl_Z(X y)

m=1

for jj x vyj 1, wherepm:wm > 0andM = O(log 1.

1 \
0.01

le-04 \

-l
L

le-08

le-10

le-12

le-14

le-16
le-15 le-10 1le-05 1 100000 le+10

Error (0g,,) of approximating>=2(x y) for10 ° jj x yjj 10%, M =437:
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An estimate for the approximation

We prove

Theorem. Forany > 0, < 0 andN, the N-particle Green's functidd has a
separated representation (via Gaussians) with theerelativ in theoperator nornand
with the number of termk,= O (log 1)? , independent of andN .

Error in kernel approximation as a function in space
T T
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As the number of particles increases, the approximatesagchtit multiparticle Green's
functions di er signi cantly asinctionsbut, when used as operators, produce results tr
di er only up to a xed but arbitrary accuracy.
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The Helmholtz kernel G(r) = €' =r

Consider
1

CP)= oz 2

wherep 2 RY. The inverse Fourier transform@ifs a singular integral and its usual
regularization 7

1 eixp
G (x)= lim — .
CO= M @) rajpi® 2
yields the outgoing and incoming Green's functions

dp;

1e i i
4 X

G (x)=

In dimensiow = 3 and
. 1 o .
G (x)= —H(l)( xj)= ZYo( jx)+ zJo( xi)

In dimensiow = 2.

ClU SBouULDER 18



Splitting between the spatial and Fourier domains

We approximate the real part of the Green's function

Z
pv.. G(p)f(p)e* Pdp

(Re(®) (0= g

by splitting this operator into two,
é‘( ) = I"Asing( )+ I“Aoscill ();

where

I"Asing ()= =
202 2= 2
I"Aoscill ()= © > 5 :

and Is a real parameter. Approximation of both parts agaimasv@hussians.

W
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Estimate

Theorem. LetD RY,d=2;3, be a bounded domain such tl@m(D)
Given > 0,

GRr(r) = Ssing (I') + Soscill (I):
andf 2 LP(D) forl p 1 ,we have

Re(G) Gr  f |  Kikiyp):

Overall computational complexity: no worse #®gn®log + C(log 1)9).

1.

A
=
(WY
(o,
-
0
I
A
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Example

Convolution of a cylindridalipolé with the Green's function whére= 50 (real and

Imaginary parts). The algorithm involves splitting agiplncof the operator between the
spatial and Fourier domains.

CU BouLbER 21



Quasi-periodic Green's function

Let us consider the quasi-periodic Helmholtz Greenisriuiocsolve

+ 2 ux) = f(x0);
ux+1) = e ®luwx):
so that Z
u(x) = ] Gq(x y)f (y)dy;

for functions 2 LP(D), wher® is the primitive cell of a Bravais latticele ned byd
linearly independent vectors in dimergior2. The Green's functidd, satis es

+ 2 Gg(x) = (X)
Gy(x+ 1) = e ™'Gy(x);

where > 0,12 ,x 2 D, andk 2 RY s a quasi-periodicity vector, sometimes referr
to as Bloch or crystal momentum vector.
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Quasi-Periodic Helmholtz Green's functions on a lattice

Convolution of a cylindricdipolé with the periodic Green's function on a cubic lattic
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Green's function satisfying boundary conditions

For ease of notation let consider the two dimensional das®imghlet boundary
conditions on the primitive cé&ll = [ 1=2;1=2] [ 1=2;1=2]. We construct this
Green's function using the periodic Green's function2wittstead of ), satisfying

(+4 9Gp(x)=  (x);

and periodic b.c. (i.e., quasi-periodic With0). We obtain the Green's function with
Dirichlet boundary conditions Dnas

X1 Yi.X2 Y2 X1+yr+1 Xo Yo
2 2 2 ’ 2
X1 Y1 Xo+ty,+1 X1+yr+1 Xo+yr+1
; + Gy ;
2 2 2 2

GP (x1;x2;y1,¥2) = Gp Gp

Gp

In 3D we havé terms, etc.

24



Approximation of Green's functions satisfying b. c.

representation

C;Epatial (X1;X2; Y1, Y2) = 0 G Siin 1 (X1 Y1) Siin ,(X2; ¥2);

whereS;, (x;y) = e #(x y+2 ) g 40(+y+142 M) |y the Fourier domain, we obtain

2(m2+ m2)+ 2
D « . ( 1 )
Gy i X1:X2:VY1: -
fourier ( 1, X2, Y1 YZ) D : 4( 2(m%+ m%) 2)
mf{+ms3

I (M1xX1+ mMoX
e(11 2X2)

e im 1y1 eim 1(y1+1)) e im 2y» eim 2(y2+1)

25



The Green's Function for N-particle con ning harmonic
potential

Let us consider the Hamiltonian for the con ning harmoteatd in 1D,

2 2
H = } d + X :
2dx?2 2
The operatoH has discrete spectrum = n + % n=0;1;:::, and its eigenfunctions

are well-known so that

X
2, 2=
Ku(xy)=e XFy)= %Hn(X)Hn(Y);
n=0 |

whereH,, are the Hermite polynomials.

26



The kernel of e tH

For the kernel aé ", we have

ey X el
Ke tH(X;y): e pan(X)Hn(y),
n=0 )
and (with a little bit of work)
Ke th(X;y) = P 1 e (X y)?=(2sinh(2 t)) o tanh( t) (x2+y?)=2

2 sinh(2t)

27



Separated approximation of H 1.

R, . Ry
We haveH ' = e ' dt. Sincel=, = e ! rdt and 1=2
n=0;1;:::, we approximate
j e ! ndt Wpe 'mnj

0 m =0

withM = O(log 1) and arrive at the representation

hd
H 1= W € tmH
m=1
or
had
H i(xy)= Wi Ko tmt (X;Y):

m=1

n for

28



Importance of this example

Generalizing to multi-particle/multi-dimensional eesdave

1 X W 2_ 2o o
H 1(x;y): il b— m o tanh(tm)kxk=2 k x yk“®=(2sinh(2 tm)) tanh( tm) kyk“=
2 -, Sinh(2tm)
or
1 X ¥ jixj i X yjii® iyiii®
H “(X1;Y1;  XNJYN) = W e MY e Mm% VY e mIYid
m=1 j=1
Conjecture

The Green's functions (!restricted to subspaces spaniemlriy states!) of other
con ning potentials have short representations of thmg fehere the exponents and
coe cients are determined numerically.

Numerical experiments several years ago appear to cas oonjecture.
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Reduction problem in higher dimensions

Given a function
f(xl;XZ;:::XN): Wp, € j=1 m;JXJ;
m=1
wherex; 2 [0;1], m; > 0, andw, > 0, nd for a given accuracya function

X PN oA
O(X1;X2; 1 i1XN) = Wwnhe =1 miXje
m=1

such thatt <M andjif  gjj

We know how to solve this problemNor 1 (in a much more general setting) and hav
preliminary results for N=2. We are working on algorithmis fo 3.
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How to nd the reduced set of nodes?

In contrast with the one dimensional case, we are not awanaloéoretical results to
guide us.

We conjecture (an con rm by many examples) that the optoadatkiie on the curve
de ned by the zeros of the c-eigenpolynomiai(gamcurver eigensurfageWe have
a way of nding c-eigenpolynomials in any dimension.

We use theoriginal curveto select appropriate (initial) nodes on the eigencurve. \
then optimize positions of these nodes (they move only)sligh

Most of the theory still needs to be developed

31



Example: nding optimal nodes in 2D

0.98 |

0.96 |

0.94 |

0.92 |

0.9 |

09 092 094 096 098 1
Intersection between eigencurves with indi¢esd) and11 (blue). The4 (optimal)
nodes (vs41 original nodes) yield approximation Witherror1:6 10 2.
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Finding optimal nodes in 2D

0.98 |

0.96 |

0.94 |

0.92 |

0.9 | ‘

09 092 094 096 098 1

Intersection between eigencurves with in@igesl) andll (blue). The black dots are
the originak1l nodes.
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Error of approximation vs. singular values

#of Terms=Index | Error | Normalized singular values
4 1:6 10 “ 7:810 °
5 1:610 3 1:610 °
6 1:510 4 3:510 '
7 9:210 ° 3710 °
8 7510 2:210 °
9 5:710 °© 2:010 *
10 1:710 ° 5:210 *¢

|, error for di erent number of terms and their corresponuhgglar values
(normalized by the rst singular value).




Conclusions

Success consists of going from failure to failure witlssutflenthusiasm.
Winston Churchill

Nonlinear approximations of a wide class of importanttapecd mathematical
physics lead to fast algorithms (with controlled accuracy)

MADNESS (I anticipate more on this in Robert Harrison)s talk

The approach uses data structures that are dierent @ljprthan anticipated
originally

Future will see a fully developed operator calculus (cogn@aproximations to
functions of operators rather than just solving problems).

Many di cult issues to address!

35



