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Abstract
We outline the basic features of a spectral multidomain penalty method (SMPM)based solver for the pressure Poisson equation (PPE) with Neumann boundary conditions, as encountered in the time-discretization of the incompressible
Navier-Stokes equations. One one hand, the SMPM discretization enables robust under-resolved simulations without sacrificing high accuracy. On the other,
the solution of the PPE is an inevitable requirement when simulating strongly
non-hydrostatic flows, such as those occuring in the natural environment. The
fundamental building blocks of the PPE solver presented here are a Kronecker
(tensor) product-based computation of the left null singular value of the nonsymmetric SMPM-discretized Laplacian matrix and a custom-designed two-level
preconditioner. Both of these tools are essential towards ensuring existence and
uniqueness of the solution of the discrete linear system of equations and enabling
its efficient iterative calculation. The accuracy and efficiency of the PPE solver
are demonstrated through application to two incompressible flow benchmarks,
the Taylor vortex and the Lid-driven cavity flow. In addition to providing an
efficient tool for the iterative solution of the PPE in incompressible flow simulations, this work presents algorithms which are of interest to the subdiscipline
of the numerical linear algebra community focused on the iterative solution of
consistent singular non-symmetric linear systems of equations.
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1. Introduction
Spectral multidomain penalty methods (SMPM) [1, 2, 3] are a class of discontinuous higher-order (spectral) accuracy element-based discretization techniques designed to have superior numerical stability properties as compared to
equivalent continuous methods, such as the spectral element (SEM) and spectral multidomain methods [4, 5, 6, 7]. SMPM consist of collocating a linear
combination of the governing equation and boundary or patching (subdomain
communication) conditions, the latter multiplied by a penalty coefficient, at
the boundaries or subdomain interfaces, respectively. Numerical stability at
the subdomain interfaces is thereby enabled by weakly enforcing the boundary/patching conditions, leading to a weakly discontinuous solution at the subdomain interfaces. In this regard, the SMPM strongly resembles the discontinuous Galerkin method (DGM) [8, 9]. However, the former is a collocation-based
formulation, whereas the latter works with a weighted residual nodal Galerkin
formulation with appropriately specified numerical fluxes specified at the subdomain interfaces.
The enhanced numerical stability of SMPM and DGM, combined with the exponential convergence, near-negligible artificial dissipation and dispersion and
spatial adaptivity of element-based higher-order discretization techniques, make
them particularly attractive as a computational tool for under-resolved fluid
flow simulations. One class of fluid flow phenomena where under-resolved fluid
flow simulations are inevitable are smaller-scale environmental stratified flow
processes, such as localized turbulent bursts [10] and internal solitary waves
[11]. Such phenomena are subject to a very broad scale separation and strongly
nonlinear and non-hydrostatic dynamics. Currently available computational
resources allow the simulation of only the larger, energetic scales of an environmental turbulent flow with the smaller, more viscously-dominated, scales
remaining unresolved [12]. The accurate reproduction of internal solitary wave
evolution requires the adequate resolution of the steep waveform, a direct result
of the waves’ strong nonlinearity, without over-resolving the wave interior to
allow for a sufficiently large domain for the wave to propagate within [13].
The DGM has been applied primarily to the study of mesoscale phenomena
(of scale O(10 to 100km ) ) in the ocean and atmosphere [14, 15], where the
relevant dynamics are governed by the compressible Navier-Stokes equations
(NSE), a hyperbolic system of equations, for which the DGM is ideally suited
[8]. However, smaller-scale environmental stratified flow processes are inherently
incompressible [16]. Moreover, they are strongly non-hydrostatic and contain
significant vertical accelerations, including the vertical pressure gradient term
which cannot be neglected. In the case of internal solitary waves, in particular, non-hydrostatic effects provide the necessary physical dispersion that allow
these waves to maintain their steep waveform over large propagation distances.
Invoking the hydrostatic assumption, typically used in larger-scale geophysical
flow modeling [17], will force the simulation to produce highly erroneous phys2

ical results. One must solve numerically either the Poisson or Stokes equation
[18] that arises when treating the pressure in an non-hydrostatic incompressible
flow simulation [19].
Although DGM solvers of the incompressible NSE [20, 21] have been reported in
the literature, none have been applied to strongly under-resolved incompressible
flow simulations, including those of environmental stratified flows. In contrast,
a SMPM model has been developed and used by the second author of this paper
for high Reynolds number incompressible stratified turbulent flows in domains
with one non-periodic direction (the vertical) [22, 23, 12]. One-dimensional
spectral subdomains, based on Legendre polynomials, are used in the vertical.
The computational domain is a rectangular box the with periodic horizontal
directions which used a Fourier polynomial discretization.
The time-discretization, originally proposed by Karniadakis and co-workers [24]
(hereafter referred to as KIO), used in the above SMPM model requires the solution of a Poisson equation for the pressure with Neumann boundary conditions.
However, solution of this Poisson equation is only required for the horizontal
zero Fourier mode. In practice, on account of incompressibility and the use of
rigid and impermeable top and bottom boundaries, the zero Fourier mode for
the pressure mode is directly set to zero and the corresopnding linear system of
equations does not have to be solved.
Should more complex domain geometries and non-periodic streamwise boundary conditions be necessary, a quadrilateral spectral subdomain discretization
[3] is needed. In the context of the KIO time discretization, the solution of
the above Poisson-Neumann problem for the pressure is now inevitable. Moreover, on account of the broad range of scales in environmental stratified flow
processes, any associated simulation will involve a very large number of degrees
of freedom (DOF) and the numerical solution of the linear system of equations
corresponding to the pressure Poisson equation (PPE) can only be performed
iteratively.
The matrix resulting from the SMPM discretization of the Poisson-Neumann
problem is ill-conditioned for two reasons: a) the inherent ill-conditioning of
higher-order interpolating polynomials and b) the ill-posedness of the corresponding analytical equation, whose solution can only be determined up to
an additive constant. Both of these factors pose significant challenges to the
iterative solution of the PPE. Moreover, existence of a solution requires the satisfaction, at the spatially analytical level, of an integral compatibility condition
between boundary conditions and right hand side of the PPE [25]. In the KIO
scheme, the compatibility condition is inherently satisfied at the spatially continuous level [24]. However, under-resolution and the presence of the penalty
terms can cause a violation of the compatibility condition (see reference [26]
and §5.3 of this paper), thereby posing an additional major challenge to the
iterative solution of the PPE.
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The above challenges in the iterative solution of the linear system associated
with the PPE, or the Stokes equation resulting from alternative time discretizations of the incompressible NSE [18], have been efficiently addressed through the
development of appropriate preconditioning techniques [27, 28, 29]. All these
techniques are designed for the symmetric matrices resulting directly from the
Galerkin formulation of SEM. Extensive background on the numerical solution
of symmetric linear systems of equations can already be found in the numerical
linear algebra literature.
However, the matrix resulting from the SMPM discretization of the PPE is
non-symmetric on account of the use of a collocation discretization [7]. When
examining the numerical linear algebra literature, one observes a paucity of tools
for preconditioning, matrix singularity treatment and solvability condition enforcement (the matrix-level equivalent of the compatibility condition) for linear
systems with non-symmetric matrices.
Motivated by the above observations and the need to study environmental flow
processes of increasing complexity, this paper presents strategies developed for
the efficient iterative solution of the SMPM-discretized PPE with Neumann
boundary conditions resulting from application of the KIO splitting scheme to
the incompressible NSE. The fundamental building block of these strategies is
a fast computation of the left null singular vector of the global Poisson matrix. Consistency of the associated linear system of equations, paramount to
the robust performance of the iterative GMRES solver, can only be ensured if
this left null singular vector is available. In addition, a method for removing
the null singular value of the Poisson matrix is outlined, which also relies of
the availability of the the left null singular vector. This method is contrasted,
in terms of accuracy and robustness within the GMRES framework, to other
more commonly used techniques designed to ensure a unique solution to the
Poisson-Neumann problem. A custom-designed two-level preconditioner is also
presented and its superiority is demonstrated with respect to diagonal Jacobi
and block-Jacobi preconditioners. Finally, the efficiency of the Poisson solver,
as buttressed by all the above strategies, is assessed through its application to
the solution of two commonly considered benchmark problems.
2. Incompressible Navier-Stokes equations: temporal discretization
In this section we review the two time-discretization strategies, typically
applied by the higher-order method community to the incompressible NavierStokes equations [30]:
∂u
+ u · ∇u
∂t
∇·u

=
=

1
∇p + ν∇2 u + F
ρ
0 ,

4

,

(1)
(2)

where u is the velocity vector, ρ is the density, p is the pressure, ν is the kinematic viscosity of the fluid, and F contains any additional forcing terms. In
the case of environmental stratified flow processes, the forcing term accounts
for the restoring force of gravity in the vertical momentum equation, commonly
represented in the form of the Boussinesq approximation [31]. In what follows,
we will neglect this term, as its role is not critical to the solution of the PPE.
The defining differences between possible temporal discretization strategies for
equations in (1) and (2) are whether the the pressure gradient and viscous
terms are coupled or not and whether boundary conditions are required for the
pressure field. As a result, one may classify these strategies into main groups:
Stokes-based solvers and fractional-time-stepping methods.
2.1. Stokes-based solvers
In this approach the non-linear terms are solved explicitly and treated as
forcing terms (f ) of a generalized Stokes problem [30], where the velocity and
pressure are coupled through a discrete operator with the following structure
   

u
f
H −B T
=
.
(3)
p
0
−B
0
In (3), H is the discrete analog of the Helmholtz operator, and B and B T
are the discretized gradient operator and divergence operators respectively [30].
The Uzawa algorithm [18, 5] is used to solve this system of equations which
is modified such that a block upper triangular matrix is obtained and a block
back substitution is subsequently performed. This procedure decouples velocity
from pressure at the discrete level. One of the well-documented challenges of
this approach is the fulfillment of the inf-sup condition [32], which establishes
the coupling between velocity and pressure in order to satisfy existence and
uniqueness (up to an additve constant) of the solution. In practical terms, fulfillment of this condition necessitates a staggered grid, where the pressure field
is approximated with a space of basis functions of lower degree than the one
used for the velocity, i.e. PN −2 vs PN . As a result, no boundary conditions are
required for the pressure. As an alternative treatment of the inf-sup condition,
a stabilization term can be added to the equations [33].
References [34, 27, 28, 18] discuss various preconditioning strategies used in
the numerical computation of the pressure component of the Stokes system of
equations. Such techniques typically rely on coarse grid preconditioners, fast
diagonalization method, additive Schwarz, and two-level preconditioners among
others [18].
The time discretization associated with the Stokes equations and underlying
Uzawa algorithm has been the foundation of a number of SEM-based investigations of incompressible flows [35, 27], which include studies of environmental flow
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processes [36, 37], where enhanced numerical stability is enabled through overintegration-based de-aliasing techniques [38]. However, penalty schemes have so
far been developed for single-variable partial differential equations, specifically
the advection-diffusion equation [1, 3] and adapted accordingly to the fractional
steps of the KIO scheme for one-dimensional subdomains [22]. As a result,
it is unclear how one might formulate a penalty scheme for the actual Stokes
equations.
2.2. Fractional step methods
In projection methods, the velocity is decoupled from the pressure, the latter
having the primary role of enforcing the incompressibility. As a result, a separate
Poisson equation for the pressure must be solved. Here we describe a very
commonly used approach from this family of methods, the operator splitting
scheme proposed by Karniadakis et. al [24],which is a more evolved, higher
temporal accuracy, version of the scheme originally proposed by Chorin and
Temam [30]. Whereas Chorin and Temam lump the viscous term and nonlinear
term in a single fractional step, with the nonlinear treated explicitly, and reserve
a separate step for the pressure, the KIO scheme allots the following independent
fractional steps to each of the spatial terms in the right-hand side of (1):
v̂ −

PJi −1
q=0

αq vn−q

∆t

=

JX
e −1

βq N(vn−q ),

(4)

q=0

ˆ − v̂
v̂
∆t
ˆ
γ0 vn+1 − v̂
∆t

=

∇pn+1 ,

(5)

=

ν∇2 vn+1 ,

(6)

ˆ are intermediate velocity fields. In the first fractional step, (4),
where v̂ and v̂
the non-linear term is solved explicitly via a stiffly stable scheme [24], also regarded as Adams-Bashforth/Backward Differentiation (AB/BDEk) [39]. In the
second step, (5), a Poisson equation with Neumann boundary conditions has to
be solved for the pressure to enforce incompressibility by leading to an intermeˆ that is divergence-free (∇ · v̂
ˆ = 0). Finally, in the third
diate velocity field v̂
fractional step, (6), a modified Helmholtz equation is solved implicitly to obtain
the final velocity field (vn+1 ) at each time step. A more general and detailed
analysis of projection methods for incompressible flows is presented in [40] and
specifically for high-order methods in [30].
In its original presentation, the application and analysis of the KIO scheme is
performed in the framework of the SEM method [24]. As a result, no concerns
arise in terms of the compatibility condition which is assumed to be satisfied
naturally. Moreover, to the best of our knowledge, there is no discussion in the
literature of issues with the singularity of the resulting Poisson matrix which
arise from the Neumann boundary conditions. Finally, efficient preconditioners
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for the SEM-based KIO approach are based on a transformation of the expansion basis to a low-energy basis [29, 41], which is amenable to block diagonal
preconditioning.
Nonetheless, as is elaborated further in §5.2, application of an SMPM-based
spatial discretization to the incompressible NS equations within the KIO framework, poses concerns about Poisson matrix singularity and violation of a compatibility condition. Moreover, an extension of preconditioners developed for
continuous element-based schemes, such as SEM, and the associated symmetric
Poisson matrix to the discontinuous collocation-based SMPM and the corresponding non-symmetric matrix is not a straightforward task. Identifying a
robust framework for the iterative solution of the linear system of equations resulting from the SMPM-discretization pressure Poisson equation is the primary
objective of this paper.
3. The pressure Poisson equation
3.1. Compatibility condition
In the KIO splitting scheme, the PPE is obtained by taking the divergence
of Eq. (5)
ˆ − v̂
v̂
= ∇ · ∇pn+1 ,
(7)
∇·
∆t
ˆ
and imposing a divergence-free condition to the intermediate velocity v̂
ˆ = 0.
∇ · v̂
A Poisson equation with Neumann boundary conditions therefore results:


v̂
2
= f on Ω,
∇ p = ∇· −
∆t
"J −1
#
e
X
∂p
n−q
n−q
= n·
βq N(v
) + νβq L(v
) = q on Γ.
∂n
q=0

(8)
(9)

The above expression for the Neumann boundary condition q is used in the KIO
scheme to ensure consistency with the AB/BDEk time-discretization of the incompressible N-S equations [24].
The right hand side f and boundary operator q must satisfy a compatibility condition for the PPE (Eq. (8)-(9)) to have a solution. Specifically, the
Poisson-Neumann problem is compatible (solvable) only if the volume integral
(area integral in two dimensions) of the right hand side is equal to the net flux
along the boundaries, i.e. the boundary integral of the boundary conditions.
By integrating Eq. (8) over the whole domain we obtain
Z
Z
2
∇ p dΩ =
f dΩ,
(10)
Ω

Ω
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and by employing Gauss’ theorem
Z
∇2 p dΩ =
Ω
Z
f dΩ =
Ω

Z

ZΓ

n · ∇p dΓ,

(11)

q dΓ.

(12)

Γ

Therefore, the Poisson-Neumann problem (8)-(9) has a solution only if (12) is
satisfied [24, 25, 42, 43]. As already indicated in §2.2, in the original presentation of the KIO scheme, it is emphasized that the boundary integral of (11) is
transformed by Gauss’ theorem into a volume integral where the divergence of
the second term in the original integrand vanishes. As a result,
 
Z
Z
JX
e −1
v̂
dΩ
(13)
∇·
∇ · (N)n−q dΩ =
βq
∆t
Ω
Ω
q=0
must hold, which is indeed true through the AB/BDEk time-discretization, i.e.
the compatibility condition is naturally satisfied.
3.2. Non-uniqueness of the pressure Poisson equation’s solution
In addition to the compatibility condition, the Poisson equation does not
have a unique solution because, by virtue of its boundary conditions, its solution is some function plus an additive constant. That is, given the Neumann
boundary conditions
n · ∇p = g on Γ,
(14)
any function of the form
p(x) = g(x) + h,

(15)

where h is an indeterminate additive constant, satisfies the boundary conditions
(9) and is a solution to the PPE. Of course, in the spatially continuous (analytical) sense, once the pressure field has been obtained in the second fractional
step of the KIO scheme, its determination up to an additive constant is a nonˆ through (5) since only the the gradient of the pressure
issue when computing v̂
field (∇p) is required. However, for the spatially discretized version of the KIO
scheme, the non-uniqueness of solution to the Poisson-Neumann problem generates its own set of challenges as the corresponding linear system of equations is
nearly-singular though consistent (provided the compatibility condition is satisfied). The above challenges, in a numerical framework, of compability condition
satisfaction and the non-uniqueness of the solution of the PPE motivate a closer
look at the SMPM discretization and its impact on the resulting Poisson matrix
structure.
4. The penalty-based discrete pressure Poisson equation
4.1. Spectral multidomain penalty method (SMPM)
Within each quadrilateral subdomain, on a Gauss-Lobatto-Legendre (GLL)
grid, any function p(x, z, t) is approximated in nodal form as the tensor product of its Lagrange interpolating polynomials of degree N [3] in each spatial
8

dimension:
p(x, y, t) ≈

N
N X
X

p(xi , yj , t)li (x)lj (y),

(16)

i=0 j=0

where li (x) ( lj (y) ) is the i−th ( j−th ) Lagrange interpolating polynomial
computed for GLL node xi ( (yj ) ) for a fixed value of j ( i ), respectively.
4.2. Spectral differentiation matrices
Discrete derivatives of the function p on the local GLL grid are computed
by means of spectral differentiation matrices. For the one-dimensional case and
a single subdomain, where the global coordinate x and local coordinate ξ in the
canonical interval [−1, 1] are linked through a linear mapping x(ξ), the m−th
derivative in the x−direction is approximated as [44]
∂ m p(xi , t)
∂ m p(xi , t)
=
∂xm
∂ξ m



∂ξ
∂x

m

≈



∂ξ
∂x

m X
N

m
dm
ik p(xk , t) = DN p .

(17)

k=0

m
In (17), dm
ij are the entries of the Legendre spectral differentiation matrix DN
computed following the algorithm outlined in Costa and Don [44]. The properties of Dm
N are outlined in detail in [45].

The computation of derivatives for a single one-dimensional domain can be
extended in a straightforward fashion to multiple one-dimensional subdomains,
two-dimensional domains and to a two-dimensional multidomain framework by
using Kronecker (tensor) products [46, 47, 18]:
• One-dimensional multidomain:
dm p
= (Inx ⊗ Dm
N) p
dxm

(18)

• Two-dimensional single domain:
∂mp
= (IN ⊗ Dm
N) p
∂xm
∂mp
= (Dm
N ⊗ IN ) p
∂z m

(19)
(20)

• Two-dimensional multidomain:
∂mp
= (Inz ⊗ Inx ⊗ IN ⊗ Dm
N) p
∂xm
m
∂ p
= (Inz ⊗ Inx ⊗ Dm
N ⊗ IN ) p
∂z m

(21)
(22)

where Ik are identity matrices of dimension k, nx is the number of subdomains
in the x-direction, and nz is the number of subdomains in the z-direction. Based
9

m
on this definition, IN ⊗ Dm
N and DN ⊗ IN account for the horizontal and vertical
derivatives within each subdomain respectively. Additionally, Inx extends the
computed derivatives across all subdomains in the x−direction. Finally, Inz
enables the corresponding operation across all subdomains in the z−direction.
When a spectral differentiation matrix is used in an implicit solve in the spectral
2
multidomain framework, as is done with the DN
matrix for the PPE in §4, the
above expressions are simply augmented with the necessary penalty terms.

4.3. Penalty formulation
Is2
s
I1
sB

I1 s

sI

2

Figure 1: Schematic of a subdomain subject to penalty treatment. I1 denotes a point along
an internal interface of the subdomain and B represents a point on a physical boundary. I2
denotes the corresponding interfacial point of the subdomain neighboring point I1

In the penalty formulation, for any collocation point I1 , I2 located along any
subdomain interface or physical boundary (see Fig. 1), the Poisson equation is
recast as
∇2 p + τ · [condition] = f,
(23)
where τ is a penalty coefficient, and the condition term in (23) represents the
patching or boundary condition at the subdomain or physical boundary, respectively, shown in detail in the next two sections. The weak enforcement
of the patching or boundary condition provides for enhanced stability of the
numerical scheme. The penalty formulation is applied to each one of the three
fractional steps in (4)-(6) in the form of a two-dimensional extension of the onedimensional multidomain formulation outlined in [22]. Moreover, in this paper,
we restrict our presentation to rectangular subdomains, although the extension
to arbitrary quadrilaterals is straightforward [3].
4.3.1. Penalty formulation at subdomain interfaces
The spatial discretization of the penalized PPE for a point I1 located at an
interface (i.e. vertical or horizontal) takes the form [48]


∇2 p(I1 ) + τ Q(x) αp(I1 ) + βn · ∇p(I1 ) − g (I2 ) (x) = f (I1 ) ,
(24)
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where
g (I2 ) (x) = γp(I2 ) + δn · ∇p(I2 ) .

(25)

In this case, the variables α, β, γ, δ are constants of the penalty method, set to
one in practice [1, 22], and Q(x) is a Dirac delta function which ensures that
the patching condition is applied only along the subdomain interfaces.
Expressions and limits for the penalty coefficients are derived based on determination of energy bounds in the evolution of the time-dependent linearized
Burgers equation [1]. Following [22] the choice of penalty coefficients for the
diffusion equation is found to perform robustly for the PPE. As a result, at the
subdomain interfaces, the penalty coefficient must be chosen within the limits
[1, 22, 3]
i 2
i 2
p
p
1 h
1 h
ε + 2κ − 2 κ2 + εκ I ≤ τ ≤
ε + 2κ + 2 κ2 + εκ I ,
ωεβ
Lx
ωεβ
Lx
(26)
where ω = 2/(N (N − 1)) is a GLL quadrature weight, ε is the corresponding
diffusion coefficient, set to one [48] and κ = ωα/β [1, 48]. For a horizontal
interface I1 , L2I is a mapping coefficient and LIx the length of the subdomain.
x
For a vertical interface, the subdomain height LIz is used instead. The degree
of enforcement of the patching condition is set by the proximity of the penalty
coefficient to the upper limit of Eq. (26). Our practical experience dictates that
a choice of τ positioned closer to the lower limit works robustly for the problem
of interest. Finally, there is no special formulation at the subdomain corners,
which are treated as standard points along the vertical or horizontal interfaces.
τ=

4.3.2. Penalty treatment at physical boundaries
In a similar vein, given that the PPE under consideration is subject to
Neumann boundary conditions, the penalty formulation for a point B located
on a physical boundary (see Fig. 1) is given by

∇2 pB + τ Q(x) βn · ∇pB − g B = f B ,
(27)
with

gB = qB ,

(28)

where q B is the prescribed value for the boundary condition at the boundary
point B, given by Eq. (9), and the remaining variables are the same as for the
interfacial case. The penalty term τ is now defined as [1]
τ=

1
βω

where ω is again the GLL weight at the collocation point B.
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(29)

5. Properties of the discrete pressure Poisson equation
5.1. The discrete Poisson pressure equation
Once discretized, the pressure Poisson equation can be written as a linear
system:
Ax = b,
(30)
where the matrix A is the discrete analog of the penalized Laplacian and is constructed from the tensor product definitions given in Eq. (21)-(22) augmented
with the contribution of the boundary/patching conditions at the boundaries/interfaces.

v̂
is
Additionally, x is the solution vector (i.e. the pressure), and b = ∇ · − ∆t
the right-hand-side vector which contains information from the convective term
and the Neumann boundary conditions (see Eq. (8) -(9)).
Fig. 2 shows the structure of the Poisson matrix A, for a 3 by 3 subdomain
example with order of polynomial approximation N = 8.

Figure 2: Left panel: SMPM Gauss-Lobatto-Legendre grid on the left (3 × 3 subdomains
with N = 8). Central panel: Structure of the corresponding Poisson matrix A. Right panel:
Structure of the contribution of each subdomain into the global matrix A.

As shown in the exploded view of the right panel of Fig. 2, the smaller-size
blocks originate from the second derivative with respect to x (eqn (21)), whereas
the remaining elements account for the second derivative with respect to z (eqn
(22)). The additional entries within the matrix A, visible in the central panel
of Fig. 2, correspond to the contribution of boundary and patching conditions.
Most of these contributions are rank one matrices. In addition, and because of
the intrinsic structure of the differentiation matrix at the subdomain level, the
global matrix is non-symmetric.
5.2. Singular value distribution of the Poisson matrix
Due to the non-symmetric structure of the matrix, and its complex eigenvalues, its spectral properties are more effectively explored through a singular
value analysis. The singular value decomposition (SVD) of the matrix A is
given by
A = UΣVT ,
(31)
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where U and V are two orthogonal matrices that contain the left and right
singular vectors, and Σ is a diagonal matrix with the singular values as its
diagonal entries. Fig. 3 shows the singular value distribution for the example
matrix shown in Fig. 2. From this figure, it is clear that the matrix is effectively
singular by virtue of its O(10−12 ) minimum singular value which forces the
condition number of the matrix (κ(A) = σmax /σmin ) to be of O(≈ 1017 ). §??
demonstrates explicitly the connection between the zero singular value and the
non-uniqueness of the solution associated with the discrete Poissonn equation.

Figure 3: Singular value distribution of the Poisson matrix A: Case of 3 × 3 subdomains and
N =8

5.3. Compatibility condition revisited
The question arises whether Eq. (12) is the appropriate compatibility condition for the penalized form of the PPE ? Volume integration of the PPE would
have to first be performed over each subdomain. In this case, an additional
volume integral arises which effectively is reduced to the along-interface and
along-boundary integral of the penalty terms in Eq. (24) and (27), respectively.
There is no guarantee, primarily due to the inherent discontinuity of the SMPM
at the subdomain interfaces, that the sum of these integrals across all subdomains will be zero, thereby allowing one to recover Eq. (12). One may argue
that a modified compatibility condition, which takes into account the integral
contribution of the penalty terms, might be more suitable, although the practical utility of such a modified condition is unclear.
For all practical purposes, in the simulations considered here, the difference
between the left and right hand side of Eq. (12) was found to be well above
machine epsilon, the discrepancy becoming greater with increasing degree of
under-resolution. Whether this discrepancy may be strictly attributed to the
presence of the penalty terms or whether it is also compounded by GLL quadrature errors in an under-resolved set-up [26], remains unclear to us. Using the
strategy originally proposed by Gottlieb and Streett [26], where the right hand
side of the PPE is augmented by a constant equal to the difference of the right
and left hand sides of (12) normalized by the area of the computational domain,
did not produce a linear system of equations for which an iterative solver could
converge. From a practical standpoint, this observation suggests that, rather
than focus on satisfaction of the compatibility condition, it is more important
to establish whether the resulting linear system of equations is indeed solvable,
i.e. consistent. This issue is addressed in the next section.
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5.4. Consistency of the linear system of equations
The system of equations (30) is consistent if
T
uT
0 Ax = u0 b = 0,

(32)

where u0 is the left null singular vector of the matrix A [46]. Eq. (32) indicates
that the PPE has a solution if the forcing vector b is orthogonal to the left
null singular vector u0 . In reference [25], this rationale is outlined for matrices
obtained for low-order schemes and real eigenvalues, in the context of an eigendecomposition of the matrix A and its transpose AT .
In practice the condition (32) is usually not fulfilled, for reasons outlined in
the previous section, and a regularization has to be applied to make the right
hand side of (30) orthogonal to the left null singular vector u0 [25], i.e.
Ax = (I − u0 uT
0 )b = b̂

(33)

where b̂ is the orthogonal complement of b onto u0 . Consistency, as represented
by Eq. (32), is now ensured to machine epsilon since
uT
0 Ax

=
=

T
uT
0 (b − u0 u0 b)
T
T
uT
0 b − u0 u0 u0 b = 0

(34)

It is important to recall that if the PPE matrix is symmetric a standard eigendecomposition may be used where there is only one null eigenvector which is a
constant vector [25]. In this case, the implementation of (33) is trivial. However,
when the matrix is non-symmetric, as is the case with the SMPM, the left null
singular vector u0 is no longer constant and has to be explicitly computed. For
a large matrix, typical of environmental flow simulations with many degrees of
freedom, the computational cost for a full singular value decomposition (SVD) is
prohibitive. As availability of the left null singular vector is of vital importance
for the efficient and robust solution of the SMPM-discretized pressure Poisson
equation, an alternative procedure to obtain u0 is presented in §7.
6. Null singular vector removal
The singularity of the Poisson matrix can pose a significant impediment
to the iterative solution of the associated linear system of equations. In this
section, we provide an overview of strategies to remove the null singular vector,
including either commonly used ones and also strategies developed specifically
for the SMPM-discretized Poisson matrix. Note that the former are focused on
removing the constant part of the solution, without necessarily considering a
singular value decomposition (or eigendecomposition)of the matrix.
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6.1. Commonly used strategies
6.1.1. Dirichlet boundary condition at a single point
This widely used technique consists of imposing a Dirichlet condition at one
point along the physical boundaries [49]. As a result, the indeterminate additive
constant responsible for a non-unique solution is now set equal to the value given
by the Dirichlet condition. The null singular value is then shifted to the region
where the remaining singular values are clustered and the matrix A is no longer
singular. Although straightforward in its implementation, when used within the
SMPM framework, this technique produces a particularly detrimental spurious
effect. The insertion of a Dirichlet condition at a point on a boundary otherwise
subject to Neumann conditions, produces a localized spike in the solution. In
an incompressible Navier-Stokes simulation, this spike will grow in magnitude
and pollute the solution in the interior of the computational domain. Note that
this spurious effect is also observed when the Neumann boundary conditions are
enforced strongly.
Furthermore, this technique modifies the tensor product structure of the global
matrix A. As a result, the efficiency of any preconditioning technique at hand,
which is based on the original structure of the matrix, is adversely impacted as
the system solved is no longer equivalent to the original one. Finally, use of
a Dirichlet pressure boundary condition along an entire boundary of the computational domain might be dictated by the physics of the actual problem at
hand, e.g. for an outflow boundary [50]. Such an approach obviously avoids
any singularity issues of the Poisson matrix but is not always feasible since the
pressure distribution along a physical boundary is not always known a priori.
6.1.2. Constant part removal
Taking into account that the solution of the system of equations can be
determined up to an additive constant, an alternative approach to make the
solution unique is by forcing its volume integral (i.e. its mean) to be zero [18]:
Z
p dΩ = 0.
(35)
Ω

The discrete analog of Eq. (35) consists of adding one row with the GaussLegendre integration weights to the global matrix A and solving the overdetermined system of equations in a least squares sense. We did not pursue this
option as it is unclear how one may obtain an efficient iterative solution of the
resulting normal equations, with concerns of appropriate preconditioner design
also being an issue.
In the same vein, the constraint (35) can be imposed in the form of a penalty
term, i.e. by solving
Z
2
∇ p+τ
p dp = f ,
(36)
Ω
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which in matrix form becomes
Ax + τ 1wT x = b

(37)

where τ is a penalty coefficient, 1 is a vector of all ones with size equal to the
total number of degrees of freedom, as well as w that is a vector containing
the Legendre weights for the numerical integration. For the matrix used in this
work, the numerical results obtained with this techniques were not satisfactory
since the new matrix (A + 1wT ) is dense, which translates into a loss of the
block structure, and an inefficient performance of the preconditioners customarily designed for the matrix A.
Alternatively, one can appeal to the SVD of the Poisson matrix to remove the
constant component of the PPE solution at the linear algebra level. Specifically,
the solution can be rewritten as
x
x

=
=

(UΣVT )−1 b̂
N
X

uT
uT
0 b̂
i b̂
v0 +
vi ,
σ0
σ
i
i−1

(38)
(39)

where ui , vi are the left and right singular vectors of the matrix A, and σi are
the corresponding singular values. Thus, in Eq. (39), the solution is written
out in the form of an orthogonal expansion where the basis vectors are the right
singular vectors vi , and the corresponding coefficients are uT
i b̂/σi . The right
null vector v0 can readily be shown to have constant entries. Moreover, for a
consistent singular system and exact arithmetic, the coefficient uT
0 b̂/σ0 is equal
to zero divided by zero. Therefore, the first term in (39) corresponds to the
constant part of the solution and is thus the discrete equivalent of the indeterminate additive constant of the analytical solution to the Poisson-Neumann
problem in (15). In practice, the constant uT
0 b̂/σ0 is found to have a non-zero
value which is bounded by machine epsilon at its lower limit, and round off
errors at its upper limit.
Now, at each time step, the constant part of the solution may be removed by
forcing the solution vector x to be orthogonal to the right null singular vector
through
x̂ = x − v0 v0T x,
where v0T x is the coefficient of the constant component in the orthogonal expansion of Eq. (39). The above regularization technique is similar to the one
used to enforce consistency of the linear system of equations (see Eq. (33) ).
However, enforcing the orthogonality of the solution to the right null singular
vector is effectively a post-processing action, i.e. it is implemented after the solution to the PPE has been iteratively computed and does not guarantee more
efficient and robust performance of the iterative solution algorithm. For such a
regularization to be implemented in the framework of the actual iterative solution algorithm, such as the conjugate gradient or GMRES methods, one would
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have to ensure that each new Krylov vector is orthogonal to the right null singular vector. For the conjugate gradient method, the iterative solver of choice
for SEM [18], this strategy works well since each iteration gives an improved
solution vector, and the final solution is thus orthogonal to the null vector (Paul
Fischer, personal communication). When the above condition is imposed within
the GMRES framework, the orthogonality among elements of the Krylov subspace is adversely impacted. Should a solution exist, the number of iterations
to converge to it will then actually increase significantly. Consequently, more
efficient avenues of ensuring a unique solution for the SMPM-discretized PPE
are needed.
6.2. Strategies for the SMPM-discretized Poisson equation
6.2.1. Reduced system via Householder matrices
This approach is based on a combination of the SVD with Householder matrices [46]. The main goal is, by exploiting the properties of the associated
orthogonal matrices, to reduce the n × n system of equations to an equivalent
reduced one, with a null-space of zero dimension and a rank of n−1. Effectively,
the reduced matrix is such that it guides the iterative solution method, GMRES
in this case, to operate within a vector space that is orthogonal to the null space
of A.
To describe the method, let us assume that we have the left and right null
singular vectors u0 and v0 of the matrix A. For each one of these two vectors,
an orthonormal basis P and Q can be built using Householder transformations,
P =

I−2

hL hTL
= [p1 , p2 , · · · , pN ],
hTL hL

(40)

=

I−2

hR hTR
= [q1 , q2 , · · · , qN ],
hTR hR

(41)

Q

where hL and hR are the left and right Householder vectors [46], and pi , qi ,
with i = 1, · · · , n, are the column vectors of the matrices P and Q respectively.
It is important to note that, in this construction, p1 = u0 and q1 = v0 . Once
the bases are built, the null vectors u0 , v0 can be eliminated from the basis to
obtain a reduced set of basis vectors Pr and Qr
P =
Q =

[u0 , p2 , · · · , pN ] → Pr = [p2 , · · · , pN ],
[v0 , q2 , · · · , qN ] → Qr = [q2 , · · · , qN ].

(42)
(43)

Following some algebraic manipulations, the reduced system of Eq. (44) is
finally written as
PTr AQr y

=

PTr b, ,

(44)

where y = QTr x. The SVD of the reduced matrix PTr AQr shows that its singular value distribution is very similar to that of the original matrix A but
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with the main difference that the reduced system is free of the null singular
value, i.e. the reduced matrix is non-singular. An example of the distribution of singular values for the matrix of the reduced system corresponding to a
Poisson-Neumann problem with 3×3 subdomains and N = 8 is shown in Fig. 4.
The resulting modified singular value distribution is equivalent to eliminating
the term uT
0 b/σ0 from Eq. (39), which translates into a unique solution for
the system of equations and a significantly lower condition number for the new
matrix PTr AQr .

T , where A is the matrix of Fig.
Figure 4: Singular value distribution of the matrix UR AVR
3, obtained with the reduced system technique via Householder matrices. Unlike Fig. 3, the
null singular value σ0 is now absent.

Given that (QTr )−1 = Qr , the final solution to the system of equations is computed as
x = Qr y
(45)
Note that none of the matrices used in this method are explicitly built and
no direct matrix-matrix multiplications are involved. The final solution is constructed through a sequence of matrix-vector multiplications, which are implicit
in the solution of a linear system of equations with a Krylov subspace method,
such as GMRES.
6.2.2. Augmented system via bordered systems
An alternative approach is based on the concept of augmented (bordered)
systems [51]. In this case, the augmented system of equations is expressed as
   

A d
b
x
(46)
=
g
α
cT 0
where c and d are two vectors of dimension n that satisfy the following conditions
dT u0 6= 0
cT v0 6= 0

(47)
(48)

By expanding Eq. (46) we obtain
Ax + αd
cT x
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=
=

b
0

(49)
(50)

If Eq. (49) is multiplied by uT0 the only way in which the system is consistent
is for α = 0
uT0 Ax + αuT0 d = uT0 b
(51)
on the other hand, by imposing c = v0 , uniqueness is ensured (see Eq. (??)),
and the additive constant value is specified by g. The singular value distribution
of the augmented matrix is shown in Fig. (5).

Figure 5: Singular value distribution for the augmented system corresponding to the matrix
A of Fig. 3.

As in the case of the reduced system, the augmented system’s matrix’s singular
value is nearly the same with that of original system, free, of course, of the
null singular value. When this method is implemented in a Krylov framework
(GMRES), within the matrix-vector multiplication, the vector d is not needed,
since all its elements will be multiplied by the constant α = 0.
Between the two methods presented here for the removal of the null singular vector, we have found the iterative solution of the reduced system generated
through Householder matrices to require slightly fewer iterations that the augmented one. Moreover, the number of iterations for the reduced system remains
nearly fixed, whereas in the augmented system, that number fluctuates around
the fixed value observed in the reduced system. As a result, in our actual simulations, we have elected to use the reduced system approach.
7. Computation of the left null singular vector
(2d)

The efficient computation of the left null singular vector (LNSV) u0
of
the matrix A, denoted as u0 , is one of the primary contributions of this work.
Without the left null-singular vector, consistency of the Poisson pressure system
of equations cannot be ensured (see §5.4), and the techniques that remove the
matrix singularity by reducing or augmenting the system of equations cannot be
implemented (see §6). Computing this null vector by performing the full SVD of
the Poisson matrix is computationally costly and actually becomes prohibitive
as the matrix A increases in dimension. Moreover, no analytical estimate of the
left null singular vector has been reported in the literature. In this regard, it is
worth noting that Weideman and Trefethen [52] show that the eigenvalues and
eigenvectors of the second order pseudo-spectral differentiation matrix D2N cannot be obtained analytically. Such an observation suggests that the analytical
estimation of the singular vectors of the matrix D2N and, therefore, of the full
Poisson matrix (see §4.2) is also a highly challenging, if not impossible, task,
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which is outside of the scope of this paper.
We instead resort to an alternative approach, whose main idea consists of using
the Kronecker (tensor) product properties of the spectral multidomain methods
to extend concepts from one-dimensional domains to two-dimensional domains
(see §4.2). This approach is validated by an experimental proof where the LNSV
computed via Kronecker products is compared with the corresponding one computed with the MATLAB built-in function svds.
7.1. Doubly-periodic domain
The starting point for describing the particular LNSV computation procedure is a qualitative observation of the structure of the LNSV of the discrete
Poisson matrix associated with a doubly-periodic domain. Fig. 6 shows an example of the LNSV structure for a domain with 3 × 3 subdomains, and N = 4.
The observed LNSV structure and associated computation procedure outlined
below, can be directly extended to any number of subdomains.
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Figure 6: Left null singular vector u0 for an example of a doubly periodic domain with 3 × 3
subdomains, and N = 4. The vertical dashed lines separate the contributions of individual
subdomains, i.e. the subvector sv shown in 7.
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Figure 7: Exploded view of the subvector sv for an example of a doubly periodic domain with
3 × 3 subdomains, and N = 4.

Inspection of Fig. 6 shows a repetitive pattern/subvector of total size of (N +1)2
elements, shown in detail in Fig. 7. This subvector is denoted as sv, and it
is repeated as many times as the number of subdomains (nsub) in the global
domain (e.g. nsub = 9 for the case of 3 × 3 subdomains). A general definition
of sv is
sv = u0 (p : p + (N + 1)2 − 1)
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with p = 1 + (j − 1)(N + 1)2 , where j = 1, . . . , nsub represents the j-th subdomain. Based on this definition and our visual observations, we have found that,
for the case of uniform-sized subdomains, we can construct the LNSV u0 as
u0 =

1nsub ⊗ sv
k1nsub ⊗ svk2

(52)

where 1nsub is a vector of ones with nsub elements. For the more general case of
subdomains with different dimensions, observation indicates that the magnitude
of the elements of sv scales with the area of the particular subdomain it originates from. For a doubly-periodic domain, with any number of arbitrarily-sized
subdomains, the global LNSV is then generally computed as
u0 =

a ⊗ sv
ka ⊗ svk2

(53)

where a is a vector of nsub elements, which contains the area of each subdomain.
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Figure 8: Structure of the vector uI for the case of N = 4.

Further analysis applied to the vector sv (Fig.7) reveals an additional level
of Kronecker product structure within it. As in Fig. 6, Fig. 7 also shows
a repetitive pattern, denoted as uI (see Fig. 8), which repeats itself every
N + 1 entries of sv with varying magnitude. Specifically, the vector sv can be
constructed as
sv = −uI ⊗ uI
(54)
where uI is a vector, regarded as a “core vector”, representing the contribution
of an appropriately defined subdomain one-dimensional subdomain to u0 . Both
a detailed definition and computation procedure of uI are offered in §7.3. Once
the vector sv is computed, the global LNSV u0 is calculated using on Eq. (53)
and (54) as
a ⊗ uI ⊗ uI
u0 = −
(55)
ka ⊗ uI ⊗ uI k2
7.2. 2D non-periodic domain
The same exercise can be performed for the more general non-periodic case.
The structure of the LNSV associated with the discrete Poisson matrix, for an
example of 3 × 3 subdomains and N = 4, is presented in Fig. 9. Effectively,
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the example subdomain consists of a central domain surrounded by eight subdomains, each of which has at least one physical boundary that is non-periodic.
As in the previous case, the observed LNSV structure and associated computation procedure outlined below, can be directly extended to any number of
subdomains.
0

−0.05

−0.1

25

50

75

100

125

150

175

200

225

Figure 9: Structure of the of the left null singular vector u0 for an example non-periodic
domain with 3 × 3 subdomains, and N = 4

In this non-periodic example, there are as many different types of patterns as
there are subdomains with different combinations of boundary conditions along
each interface (e.g. 9 for the case of 3 × 3 subdomains in the example set-up of
Fig. 9). Nonetheless, there is not a clear repetitive pattern as in the doublyperiodic case, which means that no longer a simple Kronecker product, as the
one used in Eq. (53), can be used to compute u0 . As in the periodic case,
the magnitude of the entries in each subvector is related to the area of each
subdomain. If we denote as sv(i) the sub-vector of size (N + 1)2 that contains
the contribution of the corresponding subdomain i, the global LNSV u0 can be
computed as
 (1)
T
sv | . . . |sv(nsub)


(56)
u0 =
k sv(1) | . . . |sv(nsub) k2
where the concatenation (|) operator is applied in a row-wise sense such that the
numerator of Eq. (56) is a vector with the following structure (see Eq. (57) )

T
iT
h
 (1)

(i)
(nsub)
sv(1) | . . . |sv(nsub) = sv1 . . . sv(1)
sv . . . sv(i) sv
. . . sv(nsub)
 .
|
{z ns} | 1 {z ns} | 1
{z ns }
sv(1)

sv(i)

sv(nsub)

(57)
In Eq. (56) and (57), nsub is the total number of subdomains, ns = (N + 1)2
(i)
is the total number of points per subdomain, and svj is the j-th element of
the vector sv(i) , the non-periodic analog of vector sv defined in the previous
section. Similarly to Eq. (54), the subvector sv(i) corresponding to a subdomain
i is computed as
sv(i) = −ai (uz ⊗ ux )
(58)
where ai is the area of the subdomain i, and uz and ux are core vectors, nonperiodic analogs of uI used in the doubly-periodic case, which, however, are
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determined by the type of boundary the subdomain i has in the vertical and
horizontal direction, respectively. The possible choices of uz and ux for the 9
different type of subdomains (in terms of their patching/boundary conditions)
of Fig. 10 are given in Table 1. Specifically, these nine different subdomain
locations where a subdomain i can be located are four corners (BL, BR, TL,
and TR), four sides (B, T, L, and R), and the interior (I). Once the vectors
uB , uT , uL , uR and uI are available, the null singular vector u0 can be computed
for any 2D non-periodic domain discretized with rectangular subdomains. In
the next section, a procedure to identify and compute these vectors is presented.
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BL

B

BR

Figure 10: Schematic of a general non-periodic domain. It shows the possible locations of
subdomain i subject to different patching/boundary conditions.

Location
BL
B
BT
L
I
R
TL
T
TR

ux
uL
uI
uR
uL
uI
uR
uL
uI
uR

uz
uB
uB
uB
uI
uI
uI
uT
uT
uT

Table 1: Possible choices of the core vectors ux and uz , used in the computation of u0 ,
depending on the location of the subdomain under consideration, as shown in Fig. 10

7.3. Computation of the core vectors
We now focus on the estimation of the core vectors uB , uT , uL , uR and
uI . To this end, the starting point is the SMPM-discretized analog of the onedimensional Laplacian defined over a finite horizontal non-periodic interval with
three subdomains. Neumann boundary conditions are applied at the end-points
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of the full domain, and each subdomain has N + 1 collocation points.
For the sake of illustration, the procedure for computing the core vectors is
now shown for the case of N + 1 = 5 Gauss-Lobatto-Legendre points per subdomain. The same procedure applies for any number of points per subdomain.
Fig. 11 shows a schematic of the global domain in which L, I and R indicate
the left, internal and right subdomain within it.

L

I

R

Figure 11: One dimensional base configuration for the generation of the left null singular
vector u0 (case of N + 1 = 5).

The corresponding SMPM Laplacian matrix A1d for the one-dimensional set-up
shown in Fig. 11 has dimension 3(N + 1) × 3(N + 1) (15 × 15 in the example)
and can be decomposed according to the SVD as:
T
A1d = U1d Σ1d V1d

(59)

where U1d , V1d and Σ1d are defined in the same way as in (31). From such a
(1d)
(1d)
decomposition, we isolate the null vectors u0 and v0 . The right null vector
(1d)
(1d)
v0
is constant. However, the left null vector u0
is not. The latter vector,
of size 3(N + 1), can be partitioned into three sub-vectors of size N + 1, with
each sub-vector representing the contribution of each subdomain (i.e. L, I and
(1d)
R) to the global 1D null singular vector u0
(see Eq. (60) and Fig. 12)
h

(1d)

u0

iT

T



 (1)
(2N +2) (2N +3)
(3N +3) 
(N +1) (N +2)
u
. . . u0
u
. . . u0
= u0 . . . u0
 .
{z
} |0
{z
} |0
{z
}
|
uL

uI

uL

uR

uI

uR
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Figure 12: Left null singular vector structure of the one dimensional discrete SMPM Poisson
matrix. uL , uI , and uR for the case of N + 1 = 5
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In Eq. (60) and Fig. 12, the vectors uL , uI , and uR are the contributions of
(1d)
the left, central and right subdomains to the global null vector u0 . Note that
if the same procedure is followed with the canonical 1D subdomains aligned with
the vertical direction, the results are exactly the same as in the horizontal case
with uB = uL and uT = uR . With these considerations, for the case of doublyperiodic domains, the global LNSV is computed strictly through the vector uI
and Eq. (55), whereas for the calculation of the LNSV for the non-periodic
case, the vectors uL , uR and uI are the ones needed (see Eq. (56)-(58)). If the
domain has a combination of periodic and non-periodic boundary conditions, the
corresponding choices of uL , uR and uI have to be take into account depending
on the orientation of the periodic direction. Table 2 shows the choices of ux
and uz for the different types of boundary conditions.

Location
BL
B
BT
L
I
R
TL
T
TR

Periodic
ux uz
uI uI
uI uI
uI uI
uI uI
uI uI
uI uI
uI uI
uI uI
uI uI

Non-Periodic
ux
uz
uL
uL
uI
uL
uR
uL
uL
uI
uI
uI
uR
uI
uL
uR
uI
uR
uR
uR

x-Periodic
ux
uz
uI
uL
uI
uL
uI
uL
uI
uI
uI
uI
uI
uI
uI
uR
uI
uR
uI
uR

z-Periodic
ux
uz
uL
uI
uI
uI
uR
uI
uL
uI
uI
uI
uR
uI
uL
uI
uI
uI
uR
uI

Table 2: Possible choices of the core vectors ux and uz used in the computation of u0 for
different choices of boundary conditions, recalled that uB = uL and uT = uR

7.4. Validation of the procedure
For the case of the 2D doubly-periodic domain, Fig. 13 shows the L2 norm of
the difference between the LNSV computed for the full matrix via the MATLAB
function svds, and the LNSV computed with the procedure outlined above. The
error analysis is performed for different number of subdomains and polynomial
degrees. The results show that the error is of the order of O(< 10−12 ), and is
independent of the number of subdomains.
The same error analysis is done for the non-periodic case, and presented in Fig.
14. As in the periodic case, the results show that the error is of the order of
O(< 10−12 ), and is independent of the number of subdomains.
The procedure outlined above is a much more efficient means to obtain the
LNSV of the pressure Poisson matrix than the prohibitively costly, for realistic
problems, full SVD. All that is needed a priori are the vectors uL , uI , and uR .
Moreover, as shown in Fig.s 13 and 14 it was established that the degree of
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Figure 13: L2 error norm (as compared to the corresponding MATLAB estimate) in the
computation of the LNSV for different number of subdomains and a varying number of the
polynomial degree in a doubly-periodic domain.

approximation of the two-dimensional LNSV obtained via tensor products of
the contributions of the one-dimensional LNSV is highly accurate. A rigorous
proof of Eq. (57) and (58) still remains to be offered. Such a proof is deferred
to future studies.
Finally, the use of Kronecker products to compute the left null singular vector suggest a connection with the Kronecker product structure of the discrete
Laplacian given by the sum of Eq. (21) and (22). Nonetheless, the exact nature
of this connection remains to be established and is subject of future work.
8. Preconditioners
Although we have established a framework that guarantees that a solution
for SMPM-discretized PPE exists and is unique, we still need to ensure that
the iterative scheme used towards this computing solution is computationally
efficient. To this end, it is imperative that an efficient preconditioner matrix
(M) be developed. In this study, the design of a preconditioner has been found
to be highly sensitive to the type of boundary conditions applied to it, which
cannot be different than the Neumann conditions applied to the original system. Furthermore, consistency of the preconditioned system of equations must
be preserved to obtain a physically meaningful solution. In what follows, we
outline the basic components of three preconditioning strategies, classical diagonal Jacobi, block-Jacobi and a two-level preconditioner, designed with the
particular characteristics of the SMPM discretization in mind.
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Figure 14: L2 error norm in the computation of the LNSV for different number of subdomains
and a varying number of the polynomial degree in a 2D non-periodic domain.

8.1. Diagonal Jacobi preconditioner
This classic and straightforward strategy uses as a preconditioner a diagonal
matrix that consists of the diagonal elements of the global matrix [53].
mi,i = ai,i

(61)

As a first approximation for M, we find that the diagonal Jacobi preconditioner
works well in the simulation of viscously-driven flows, such as the Taylor vortex,
but when applied to a flow with strongly nonlinear characteristics (e.g. the lid
driven cavity), it is highly inefficient, often with the iterative solution never
converging.
8.2. Block Jacobi (non-overlapping additive Schwarz)
The element-based character of the SMPM [3] furnishes a natural domain
decomposition, which is reflected in the block structure of the Poisson matrix A (see §4 and Fig. 2), where there is a direct one-to-one association between each of the large blocks with a particular subdomain. The block-Jacobi
method thus uses the contribution of each subdomain to the global Poisson
matrix to form the individual blocks of a preconditioner. Each block contains
the SMPM-discretized analog of the Laplacian combined with the contributions
of discretized Robin-type boundary conditions at the subdomain interfaces and
Neumann conditions at the physical boundaries (Eq. (24) and (27), respectively). Under these considerations, we can construct a non-overlapping Schwarz
preconditioner as
nsub
X
(62)
RTk A−1
M−1 =
k Rk
k=1

where nsub is the number of subdomains, and Rk is a restriction/prolongator
operator that transfer data from the local to the global problem and vice-versa
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[28]. Due to the type of boundary conditions applied to each subdomain, the
local stiffness matrix Ak is non-singular and, in the preconditioner setting, it
can be inverted directly via an LU decomposition.
Numerical results (see §9 for more detail) show that this preconditioner reduces
the number of iterations with respect to the absence of a preconditioner or using only diagonal Jacobi. The number of iterations within the GMRES solver
are independent of the degree of approximation, i.e., for a small number of
subdomains, the block-Jacobi preconditioner deals efficiently with p-refinement.
However, when h-refinement is applied, corresponding to a sizable increase in
number of subdomains and degrees of freedom, the number of iterations of the
GMRES and computational time of the solver increases linearly (see Fig. 19).
Thus, this preconditioner is unsuitable for large problems, such as those encountered in environmental fluid mechanics applications. For such problems, a more
efficient preconditioning strategy is needed.
8.3. Two-Level preconditioner
The implementation of this preconditioner draws from the previous work of
Fischer and collaborators [27, 28] and the need for h−scalability. It combines the
above block-Jacobi method as a preconditioner at the fine-level with a coarsegrid component based on a low-order N = 1 SMPM approximation of the
Poisson-Neumann problem. The general form of this preconditioner is
M

−1

=

RT0 A−1
0 R0

+

nsub
X

RTk A−1
k Rk

(63)

k=1

Eq. (63) is effectively Eq. (62) augmented by the additional term RT0 A−1
0 R0
that accounts for the coarse grid correction. R0 is an interpolation matrix [54]
that projects a scalar field across different Gauss-Lobatto-Legendre grids and
A0 represents the low-order (coarse-level) analog of the Poisson matrix.
As mentioned in the previous section, the solution of the fine level preconditioner (Block-Jacobi / Additive Schwarz) does not suffer from the problems of
a nearly singular system due to the Robin type boundary conditions applied
to the subdomain interfaces, which make each one of the blocks non-singular.
This is not the case for the coarse grid preconditioner, where the same problems
associated with the global Poisson matrix once again must be addressed. In
this regard, a regularization along the lines of Eq. (33) has to be applied to the
coarse-system solver in order to make it consistent, otherwise the preconditioner
cannot be solved for. As with the block-Jacobi preconditioner, the solution of
the coarse grid preconditioner is performed with a direct LU solver. In section
§9, the scalability of the two-level preconditioner is compared to that of the
additive Schwarz (Block-Jacobi), and diagonal Jacobi.
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9. Numerical results
9.1. Taylor vortex
This is the first of two test cases used to assess the performance of the previously outlined iterative solution strategies for the Poisson-Neumann problem
within the framework of an incompressible Navier-Stokes equation solver. The
flow field initially consists of a periodic array of vortices whose velocity field
diffuses out with time. Periodic boundary conditions are imposed in both directions. The initial condition is based on the analytical solution [20, 5] obtained
for (x, y) ∈ [−1, 1]2 :


−2π 2 t
u(t, x, y) = − cos(πx) sin(πy) exp
(64)
Re


−2π 2 t
(65)
w(t, x, y) = sin(πx) cos(πy) exp
Re


−4π 2 t
cos(2πx) + cos(2πy)
(66)
exp
p(t, x, y) = −
4
Re
Simulations are run over the time interval 0 ≤ t ≤ 1 with a Reynolds number of
Re = Um L/ν = 100, where Um is the magnitude of the maximum velocity on the
domain, L is the diameter of the vortex, and ν is the kinematic viscosity. The
availability of the exact solution (64)-(66) enables an assessment of the accuracy
of the numerical solution. Fig. 15 shows the convergence plot of the L∞ -norm
of the horizontal velocity as a function of polynomial degree (for a fixed number
of subdomains, p-refinement), and Fig. 16 shows the same error norm as a
function of the total number of degrees of freedom (DOF) (hp−refinement).
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Figure 15: L∞ -norm of the horizontal velocity for various polynomial degrees and a fixed
number (3 × 3 in this particular case)of subdomains. The solid line represents a least-squares
exponential best-fit.
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Figure 16: L∞ -norm of the horizontal velocity for a varying number of total degrees or
freedom (obtained through hp−refinement) for the Taylor Vortex problem at three different
values of total number of subdomains. Square symbols represent 5 × 5 subdomains, triangles
10 × 10 subdomains, and circles 15 × 15 subdomains. For each particular number of total
subdomains, open symbols represents N = 10, and filled symbols N = 14. The solid line
represents a least-squares power-law best-fit.

The impact of the above discussed preconditioners on the efficiency of the
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numerical solution of the PPE is shown in Fig. 17 by examining the average
number of pressure iterations per time step and average CPU time per time step
as a function of the total number of DOF to account for both h and p-refinement.
The left panel in Fig. 17 indicates a visible reduction in iteration count when the
block Jacobi or the two-level preconditioner is used in place of diagonal Jacobi.
For this test case, there is minimal difference between the performance of the
block-Jacobi and two-level preconditioners, with the former requiring a slightly
smaller degree of iterations and slightly less CPU time. One might conjecture
that the minimally better performance of the block-Jacobi preconditioner might
be linked to the smoothness of the highly viscous solution. From the right plot
of Fig. 17 a similar conclusion can be obtained, i.e. the CPU time per timestep
for the GMRES solver to converge with a particular preconditioner reflects the
number of iterations per timestep.
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Figure 17: Poisson solver performance for different preconditioners for the Taylor vortex
problem. Left panel shows the average number of pressure iterations per timestep as a function
of total number of degrees of freedom (DOF). Right panel shows the average CPU time per
timestep as a function of total number of degrees of freedom (DOF). In the legend, DJ, BJ and
TL correspond to diagonal Jacobi, block-Jacobi and two-level preconditioners, respectively.

9.2. Lid-driven cavity flow
The lid-driven cavity is a standard benchmark for testing the incompressible
flow solvers with non-periodic boundary conditions [55, 56]. The computational
domain is a square box ( (x, y) ∈ [0, 1]2 ) forced by a top boundary translating
at a steady velocity. A Reynolds number of Re = U L/ν = 103 is considered,
where U represents the characteristic velocity at the top of the cavity, L is the
characteristic length of the box, and ν is the kinematic viscosity of the fluid. To
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avoid the singularities that arise at the top corners due to discontinuities in the
u velocity [55, 57], we consider a modified lid-driven cavity [39], where the top
boundary condition is given by

u(x, 1) = −16x2 1 − x2
(67)
v(x, 1) = 0
(68)
The structure of the velocity field at steady state, shown in Fig. 18, agrees well
with that corresponding to the existing spectral solution of Botella et.al.[55].
Viscous diffusion of vorticity from the moving boundary generates a large vortex in the center of the domain. Two smaller vortices then form at each corner,
the one at the bottom right corner being the visibly larger one of the two. The
smaller scale of the vortex at the left corner is likely to be an artifact of the
modification to the top boundary condition described above.

Figure 18: Streamlines on the Lid-driven cavity flow at Re = 103 .

Fig. 19 shows the performance of the pressure solver in terms of number of
iterations and computational time per timestep for both the block Jacobi (BJ)
and two level (TL) preconditioners. Note that no results are shown for the diagonal Jacobi preconditioner as its application did not allow the iterative solver
(GMRES) to converge. The left panel of Fig. 19 shows the iteration count as
a function of polynomial degree N and number of subdomains in each direction for the BJ (white surface) and TL (gray surface) preconditioners. The BJ
preconditioner successfully deals with the demands of p−refinement by fixing
the average number of iterations to a constant when increasing N for a fixed
number of subdomains. However, for a given N , once the number of subdomains increases , the iteration count also increases, which indicates that the BJ
preconditioner is ineffective in accomodating h−refinement. This shortcoming
is addressed through the incorporation of a coarse-grid component through a
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TL preconditioner, as is visible in the same figure. As indicated by the grey
surface, use of the TL preconditioner with an increasing number of subdomains
keeps the iteration count nearly fixed and well below 100.
The right plot in Fig. 19 shows the CPU time per timestep for the two preconditioners as a function of the total number of DOF, for the same cases presented in
the left figure. A power law best fit is also shown to enable extrapolation of the
performance for both preconditioners for problems with a large number of DOF.
For problems with less than 104 DOF, where the total number of subdomains is
of O(100) or less, the BJ preconditioner is faster. As the total number of DOF
increases, typically a result of h-refinement, the TL preconditioner shows a visible gain in speed. Environmental flow simulations, such as those discussed in
§1, typically require O(106 ) DOF in two dimensions which suggests, according
to the power law fits, that, on a single processor, the TL preconditioner will
be 4 times faster than the BJ preconditioner. In this regard, when applied to
a number of other non-periodic benchmarks, either stratified or non-stratified
(e.g., temporally evolving shear layer, stratified lock exchange and propagating
fully nonlinear internal solitary wave), considered in greater detail in a separate
manuscript in preparation, the performance of the three preconditioners here
has been found to be similar to that reported here for the lid-driven cavity.
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Figure 19: Poisson solver performance for the Block Jacobi (BJ) and Two-Level (TL) preconditioners applied to the Lid-driven Cavity flow. Left Panel: pressure iterations as a function
of number of subdomains and polynomial degree N (White surface: BJ preconditioner. Grey
surface: TL preconditioner). Right panel: CPU time per time step as a function of degrees
of freedom (DOF) on the right. Also shown are least-squares power law best-fits.

33

10. Discussion
Various preconditioners previously developed for other high-order element
based methods have been applied to our SMPM-discretized PPE. However,
the efficient performance of such pre-existing preconditioners has been found
to be impeded by the discontinuous formulation of SMPM at the subdomaininterfaces, the requirement of Neumann boundary conditions and the nonsymmetry of the global Poisson matrix. First, the incomplete LU (ILU) preconditioner [53] was examined, which was found to be impractical for large problems
as matrix storage is required. A subsequent step involved a preconditioner based
on the finite difference (FD) discretization of the Laplacian operator [18]. In
this case, applying the FD discretization at the discontinuous interfaces of the
SMPM grid is not a straightforward procedure. As a result, solving the FD preconditioner matrix is a costly task, since the resulting matrix is non-symmetric
and nearly singular.
A p−multigrid preconditioner has also been tested [58, 35, 59, 60] in order
to take advantage of the hierarchy inherent in the Legendre polynomial basis
functions used in the SMPM and the fast computation of GLL points and differentiation matrices. The main problem encountered in this approach is the
inefficiency of the smoothing steps which require a significant number of iterations (as high as 50) to remove the high frequency oscillations that contaminate
the coarser grid solves encountered at subsequent levels of the multigrid cycle.
Finally, a projection technique relying on multiple right hand sides of the PPE,
obtained from previous timesteps, [61] was also tested in the framework of a
TL-preconditioned GMRES iterative solver, with the puprose of further reducing the total number of iterations. A modified Gram-Schmidt orthogonalization
was needed instead of the classic Gram-Schmidt for the stable generation of
the successive right-hand-sides. Unfortunately, unlike what was observed in its
application to a conjugate gradient solver used within a SEM framework [61],
when applied to the iterative solution of the SMPM-discretized PPE, this technique did not reveal any decrease in iteration count for the GMRES solver.
As a concluding note to this discussion, the coarse-level preconditioner is constructed using a low-order (N = 1) SMPM discretization of the Laplacian operator. Such a small value of N is chosen to allow for a direct solver (LU factorization) to be used for the resulting linear system of equations when computing
the preconditioner. An increase to N = 2 or 3 polynomial could make this LU
decomposition computationally infeasible when the number of subdomains is
large, as is the case of an environmental flow simulation.
11. Summary and concluding remarks
An efficient iterative solution strategy has been developed for the quadrilateral spectral multidomain penalty method (SMPM)-discretized pressure Poisson equation (PPE) with Neumann boundary conditions, implicit in the time34

discretization of the two-dimensional incompressible Navier-Stokes equations
through a high-order splitting scheme. From the spatially continuous perspective, this system of equations has a solution only if an integral compatibility
condition involving the right-hand-side of the PPE and the prescribed value of
the Neumann boundary conditions is fulfilled. However, although the compatibility condition is automatically satisfied at the spatially continuous (analytical)
level in the context of the above splitting scheme, it is unclear whether it is is
the appropriate compability condition for the the SMPM-discretized PPE. Our
observations further indicate that, in actual incompressible flow simulations,
the resuling linear system of equations never satisfy the equivalent solvability
condition of orthogonality between the right hand side and the null left singular
vector of the Poisson matrix. This lack of solvability may be attributed to the
discontinuity of the pressure solution across subdomains and to inexact quadrature, the latter a feature of under-resolved simulations. Finally, the particular
boundary conditions give rise to a non-unique solution and, therefore, a nearsingular Poisson matrix.
For the resulting linear system of equations, satisfaction of the above solvability
condition, i.e. consistency of the linear system of equations, is ensured through
the regularization that projects the right-hand-side onto the plane orthogonal
to the left null singular vector of the global Poisson matrix. Uniqueness of the
solution is ensured at the linear algebra level by reducing the system of equations via Householder matrices or via an augmented matrix technique.
A key contribution of this work is the development of a computationally efficient technique to estimate the left null singular vector of the SMPM-discretized
Poisson matrix, which avoids the prohibitively costly SVD of the matrix. The
two-dimensional left null singular vector is constructed from its one-dimensional
equivalent which is computed for a canonical one-dimensional SMPM Poisson
matrix defined over three subdomains. Availability of the left null singular vector then enables the above described strategies for ensuring a consistent linear
system of equations and a unique solution for the PPE.
Even if a consistent linear system of equations and a unique solution are ensured, the efficient iterative solution of the SMPM-discretized PPE cannot be
obtained without an appropriately designed preconditioner. To this end, two
preconditioners, a block Jacobi (BJ), and a two-level preconditioner (TL), have
been implemented. The performance of both preconditioners has been assessed
through application to two well-known benchmark problems for the numerical
solution of the incompressible Navier-Stokes equations: the Taylor vortex and
the Lid-driven cavity. The BJ preconditioner is found to prevent the increase
in iteration count with increasing p−refinement. However, it cannot provide for
an efficient solution at high levels of h−refinement, i.e. an increasing number
of subdomains. For this purpose, a TL preconditioner, a combination of coarsegrid and fine-level approaches has been constructed. Its fine-level component is
identical to the standard BJ preconditioner described above. The coarse-level
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component of the TL preconditioner is based on a low-order SMPM discretization and resolves the issue with high-levels of h−refinement. In analogy with
the SMPM-discretized Poisson matrix, the coarse-level component of the TL
preconditioner requires a similar regularization which ensures that the associated linear system is consistent.
Beyond providing a framework solution of the PPE system of equations, this
work has intended to provide a concentrated overview of the techniques used
by the higher-order method community in the context of the Poisson-Neumann
problem for the pressure field implicit in the numerical solution for the incompressible Navier-Stokes equations. In a similar vein, we hope that the techniques
developed here, namely the construction of the left null singular vector and its
application to ensuring consistency and a unique solution of the linear system
of equations, will be of interest to the sub-discipline of numerical linear algebra
focused on the iterative solution of consistent singular non-symmetric systems.
Future work can be oriented towards a detailed comparison of the spectral properties of the Poisson-Neumann matrix for different spatial discretizations and
constructing a unified framework for the solution of the nearly-singular systems that arise in the numerical solution of the incompressible Navier-Stokes
equations. More efficient preconditioning efforts could focus on exploiting the
Kronecker product structure of the Poisson matrix, or alternatively, translate
to the SMPM the experience gained with algebraic multigrid for continuous and
discontinuous finite element type methods [62]. Finally, additional considerations will arise in the computation (as outlined here) of the left null singular
vector for the Poisson matrix resulting from a SMPM discretization of a domain
with deformed, non-square, subdomains.
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