ON THE LIMITATION AND APPLICATION OF PADE
APPROXIMATION TO THE MATRIX EXPONENTTIAL

Charles Van Loan

Non-normality in the matrix A and its effect
on Padé approximation of the matrix exponential is
discussed. Against this background we remark upon the
selection and efficient evaluation of the appropriate
approximant. An application from control theory serves
to illustrate some of the principles discussed.

1 The Limitations of Padé Approximation

We shall consider the problem of computing the
exponential eA of an n~by-n matrix A . Here n 1is
small enough such that the explicit formation of e
is feasible. One approach to this problem is to com-

pute an eigenvalue decomposition A = XBX—l and then

invoke the formula eA = XeBX—l . Parlett [5] has de-
tailed a technique of this type based upon the Schur

decomposition

(1.1) Q*A.Q = diag(h W) + N

1ot
Here, Q 1is unitary, N = (nij) is strictly upper tri-
angular (nij =0, i 2 j) , and A(A) = {xl,...,xn} is
the spectrum of A . If A is normal (A*A = AA%) ,
then it is easy to verify that N = 0 . In this case
the algorithm is particularly easy to implement and
the computed eA extremely accurate. However, as with
all eigenvalue methods for computing the exponential,
serious numerical difficulties can arise when A is

a non~normal matrix having confluent or nearly conflu-

ent eigenvalues [4] .
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A desire to avoid these difficulties accounts, in

part, for the attractiveness of using Padé approxi-

mants qu(A) = [qu(A)]_leq(A) where

P syttt .
Npq(z) -3 (p+g=j)ipt 23

j=0 (p+q)ijl(p-3)!

; (p+q-3) iq! h|
qu(Z) = Z (-z)

0 (p+q)Ijl(g-3)°

(EN

However, even though no eigenvalue computations are
required when these apprbximants are used, the effects

of non-normality and confluence can be present. If

o o O O
o O o o
O O o ©O
O o O ©

then || Rll(A) - eA | = 18 even though Rll(z) ap-

proximates the exponential exactly on the spectrum of

A . (Here, as elsewhere,l l denotes the 2-norm.)

In general, the bounds on the accuracy of an ap-
proximation f(A) to eA deteriorate with loss of
normality and not just eigenvalue confluence. We refer
the reader to the analysis of Wragg and Davies [11].
which makes this point clear. Their results are de-
rived through exploitation of the Jordan canonical
form. In [7 ] the author derived bounds on “f(A) - eA”
which involved powers.of‘lNII, where N is the matrix
of (1.1). The size of N 1is related to Henrici's
"departure from normality" [3] . Of course, if A is
normal .and f(z) is defined on A(A) , then it is easy

to verify from (1.1) that
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"f(A) - eA'l = max If(z) - ez|
zeA (A)

This illustrates that for normal A , the accuracy of
f(A) depends solely upon the behavior of £f(z) on the
spectrum of A,

All these remarks raise the possibility that the
problem of computing eA is inherently difficult for
certdin non-normal matrices. In [8] we examined the

s At | .
sensitivity of the map A » e in hopes of answering

this question. Various upper bounds to the relative

perturbation

[ e

[ ae |

were derived. For example, it was shown that

o(t) =

$(t) s t JlE| Ms(t)z Mg () IE] «

where

n-1 Kk
Mo(e) = ] fmef* / xy
k=0

and N is the matrix of (1.1) . This bound is typical
in that it "deteriorates" as A departs from normal-
ity.

More light is shed on the sensitivity problem !

through the formulation of the exponential "condition
number"

al

lerell

i b
v(A,t) = 9max llf eA(t—S) E eAS ds
fEfl= 1 0

This quantity amounts to a normalized Frechet deriva-

tive of the map A - eAt . One can show that for a
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a given t3>0 there exists a perturbation E  such

that
IE |
i ail

n

¢ (t) v(A,t) |

This indicates that if v(A,t) is large, as it tends
to be when A 1is non-normal, then small relative
changes in A can induce relatively large changes in
eAt . We refer the interested reader to [8].

These observations must be borne in mind when
assessing algorithms for computing -eA . In general,
rounding errors of the order ¢ v(A,l1) can be expect-
ed in the computed version of eA no matter what al-
gorithm is used and, hence, no technique should be
faulted for producing errors of this magnitude. Here,
€ 1s the machine precision. The situation is analo-
gous to that of solving linear systems Ax = b . In
this setting even a '"stable” algorithm such as Gauss-
ian elimination with pivoting need not produce an ac-
curate solution when A is 1ill-conditioned with re-~
spect to inversion [2].

Are methods involving Padé approximation to eA
stable in the sense of Gaussian elimination or do they
introduce errors greater than the inherent sensitivity
of the problem warrants? We know of no rigorous analy-
sis which answers this question. However, it is clear
that the success of a particular Padé technique de-
pends a great deal upon the details of the implement?
ation. To illustrate this point let us consider the

following family of approximations to eA :

o 5727
F(A,p,q,1) [qu(A/Z )]

Usually, “Al[/2j ~ 1 . If A is non~normal and X (A)
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is in the open left-half-plane, then it is possible

for "eA" 5“F(A,p,q,j)" to very small while

i A
[qu(—? )

is very big for some intermediate value of k, 1gk<j .

2k

i~k
S

This is known as the "hump" phenomena [4]. Since the

rounding errors in the computed F(A,p,q,j) may be of

(a5 )7 |

where € 1is the machine precision, the resulting ap-

the order

€ max
1<sks]

proximate to eA may have large relative error.

If instead we estimate eA with an approximation
of the form e_xF(A+AI,p,q,j) where XA > ||A|l, then the
effect of the "hump" is somewhat dissipated. This is
because the smallness in the approximation to eA is
achieved through the "stable'" scalar-matrix multiplic-
ation e—xF(A+AI,p,q,j) rather than through the sub-
tractive cancellation which may transpire during the
repeated squaring of qu(A/Zj). (Subtractive cancel-

lation can cause a severe loss of numerical accuracy.)

Ward [10] advocates translation By A, not to
minimize cancellation, but to draw the eigenvalues of
A + AXI closer to the origin. For this reason he sets
A = —-trace(A)/n . This choice of A , or any other,
undoubtedly effects the accuracy of the computed ap-
proximant to eA . Yet, it is interesting to note that
Ward's rigorous and very useful error analysis does
not in any way explicitly exploit the fact that a
translation has been done. This reminds us once again

that there is no rigorous analysis relating the accur-
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acy of the computed version of e—xF(A+XI,p,q,j) to

v(A,1), non-normality, the "Hump", etc. Until such an
analysis is done, the precise limitations which these
factors impose on Padé approximation will remain un-

clear.

2 The Selection and Evaluation of F(A,p,9q,3)

. Let us now turn our attention to some of the
practical problems which arise in connection with
F(A,p,q9,j). (Assume A 1is translated if necessary.)

In [4] it was shown that if

lall . 2
27 2
then
. A+E
F(A’Paqaj) = e
where '
+
E g JjajjPe ' q! .
(2.1) "—” g hal P- 9 = e(pyq,]) .
Fall ,3(p*a)  (p+q) ! (pHq+l)!

F(A,p,q,j) costs approximately w(p,q,j) multiplic-

ative operations where

: 3 . : 1 4L
w(p,4,3) =n [i + max{p,ql} + 373 6oq]
This follows since one must form AZ,...,AmaX{p’q} 3

solve the linear system [D (A/Zj)]X =N (A/Zj) H
and compute ij . (We assgie that the lggear system
is solved using Gaussian elimination. Of course, there
is no linear system if g = 0 ,)

Now consider the problem of choosing p,q, and j
such that for a givem € > 0 ,

IEl
afl

< E(Pstj) < €
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Clearly, there are many pP,q, and j for which this
inequality holds, but it makes economic sense to sel-
ect these parametefs in such a way that w(p,q,3) is
minimized. It turns out that for practical values of
"AII and ¢ we need only consider diagonal approxi-
mants (p=q) . The simplified form of e€(q,q,j) and
w(q,q,j) makes it easy to determine an "optimum" q and
j [4] . For example, if [[A|| = 100 and e = 10_6, then
F(A,3,3,8) is the most efficient approximant under
this method of assessing work.

We briefly mention that the operation count
w(gq,q,j) = n3 [ + q + % 1 can be somewhat reduced
if Fhe special structure of qu(B) is exploited. (B =
A/ZJ.i To illustrate, suppose q = 2r+1 where r 1is
a positive integer and note

r
2 czk(Bz)k + B )

T Y
Z c2k(}32)k - B Z

where €y (2q-1)'k'/(2q9) 'kt (q-k)! . It is obvious

that to evaluate R__(B), one need only compute B2,
(Bz)z,...,(Bz)r : doqa mattix multiplication by 3B 3
and solve a linear system. Thus, F(A,q,q,j) can be
evaluated in approximately n3[j +-% + % ] operations
rather than n3[j + q + % ] operations as predicted
above. We refer the reader to [ 6] for apt remarks
concerning the efficient evaluation of matrix polyno-
mials. Of course, the modified work functions which
arise from "fast" schemes for evaluating the numerator

and denominator can be used to determine "optimum" ¢

and j just as in [4] .
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3 Approximating Integrals Involving e

In the course of solving the optimal linear reg-
ulator problem with step input, one is led to the fol-

lowing integrals:

(3.1) H(a) = D A% p gs
O I
AT |
(3.2) Q(pr) = IA et 8 QC eAS ds ;
. |
A ATs
(3.3) M) = [" e Q_ H(s) ds
0
3.4) w) = [P u)T o Hs) ds
0

Here, & > 0 , QC is a symmetric, positive definite

nxn matrix, and B 1is an nxp matrix with =n > p .

These integrals can be expressed as power series
in A with computable matrix coefficients. One meth-
od for approximating (3.1)-(3.4) is to evaluate trun-
cated versions of these series. See [1] and the refer-

ences therein . In [9] we noted that if

AT 1 0 0
T
0 -A Q 0
c = [

0 0 A B

| 0 0 0 0 |
and ~ —
Fl(A) Gy () Hl(A) K, ()
eCA ) 0 FZ(A) GZ(A) HZ(A)
0 0 F3(A) G3(A)
i 0 0 0 F4(A)J
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then
H(2) = 645(8)
Q) = P76, )
M(8) = F3(A)T H, (2)
wen) = BT (TR ()] + [37F, () TR ()17

These results follow by noting that F3(A) = eAA and
that the submatrices which "make up" the upper trian-

gle of e are various convolutions. For example,

T
fA e—A (A—s)Q ds

As i
e . !
0 ¢ 1

G,(8) =

These observations suggest that approximations
H, Q, M, and W to H(A), Q(A), M(A), and W(A) can be
obtained by approximating eCA by F(CA,q,9,j). The
computational process involves selecting g and J
(say by the methods of §2), forming F(CA,q,q,j), and
then combining its various submatrices. The errors in
the resulting approximations are easy to bound by us-
ing (2.1).

If the problem is of low enough dimension, then
an easy course of action is to just input CA to any
matrix exponential program such as Ward's [10]. If
efficiency is of interest then the special structure

of CA had better be exploited. Some of the ways this

can be done are detailed in [g9] .
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