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COMPUTING THE MINIMUM EIGENVALUE OF A SYMMETRIC
POSITIVE DEFINITE TOEPLITZ MATRIX*

GEORGE CYBENKOt AND CHARLES VAN LOAN#

Abstract. A method for computing the smallest eigenvalue of a symmetric positive definite Toeplitz
matrix is given. It relies solely upon the Levinson-Durbin algorithm. The procedure involves a combination
H of bisection and Newton’s method. Good starting values are also shown to be obtainable from the
Levinson-Durbin algorithm.

Key words. Toeplitz, eigenvalue, signal processing

1. Introduction. Recent progress in signal processing and estimation has generated
considerable interest in the problem of computing the minimal eigenvalue of a Toeplitz
matrix. The fundamental modeling and solution that led to this are due to Pisarenko
[P73], while more recently numerous authors have discussed the computational aspects
of the problem [F83], [H80], [H83a], [H83c].

In this paper we shall not discuss the underlying assumptions, merits, or potential
applications of the model—instead pointing the interested reader to the literature
concerned with these issues [H83a], [P73]. We hasten to add that the quantities of
ultimate interest in applications are the roots of the polynomial whose coefficients are
given by the eigenvector associated with the minimal eigenvalue of the Toeplitz matrix.
We shall only discuss the computation of the minimal eigenvalue noting that the
associated eigenvector can be obtained as a by-product. Furthermore, methods exist

for computing the roots that altogether avoid the explicit formation of the eigenvector
[C84b].

The essence of our minimum eigenvalue procedure involves solving systems of
shifted Yule-Walker (YW) systems. Initially, the solutions to these systems are used
in a bisection scheme that repeatedly halves a bracketing subinterval. Subsequently, a
Newton iteration takes over that quadratically converges to the desired eigenvalue.
: We stress the fact that only YW systems are involved—an important point since
-j. extremely efficient methods for YW systems exist. (They require half the computational
| resources needed by general symmetric Toeplitz system solvers.)

; In an absolute sense, only modest use is made of Toeplitz structure. Indeed, this
istrue of all currently known Toeplitz eigenvalue solvers. The study of the eigenstructure
of finite Toeplitz matrices is proceeding rather slowly. Recent developments include
[C84a], [C84b], [D83]. An indication of the collective ignorance about Toeplitz
kelgenstructure is that the inverse eigenvalue problem for real symmetric Toeplitz
atrices is currently unsolved. We suspect that the process of designing efficient
algonthms for this problem will go hand in hand with the uncovering of Toeplitz
eigenstructure pI‘OpertleS

Our paper is organized as follows. Section 2 describes a rational function intimately
ed to the eigenvalue problem for Hermitian matrices. Section 3 specializes the
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discussion to real symmetric Toeplitz matrices and then develops our bisection/ Newton
scheme. In the last section we discuss the numerical behavior of our procedure.

2. A rational eigenvalue equation. In this section we derive a rational function
from a given Hermitian matrix that has the property that its zeros are eigenvalues of
the original matrix. A feature of this rational function is that both it and its derivatives

are easily evaluated thereby making Newton-type schemes feasible. Strictly speaking,
parts of our derivation are not new and can be found in {W65], but we present the

details for the sake of completeness.
Let T be an n X n Hermitian matrix partitioned as follows:

v or¥ 1
T= )
[r G:l n-—1

1 n-1

Here, r* denotes the conjugate transpose of r. It is well known [ G83] that the eigenvalues
of T and G are real and satisfy an interlacing property. In particular, if A;(T) and
A(G) are the ith largest eigenvalues of T and G respectively then

AT =X AG)EX, 4(T)= - ST =A(G)=A(T).

Note that if T has a repeated eigenvalue, then the repeated value is also an eigenvalue

of G. Adopting the notation
/\min = ’\n( T),

we shall assume throughout this paper that
(21) d:An—l(G)z/\min>O'

The strict separation of A,_;(G) and A, guarantees that the eigenvector associated
with A, is unique up to scalar premultiplication. It is a realistic assumption in many
important problems such as the estimation of Pisarenko frequencies. See [C84b].

Suppose

A g

where it is assumed that « and y are not both zero. From this equation we obtain

Yo + r*y = Amina;

(2.3)

ar+ Gy = A,iny.

We must have a # 0 for otherwise Gy = y,,y contradicting (2.1). Noting that G — Amind
is positive definite we obtain the following rational equation for A, 1

’y~r*(G~)‘minI)—lr—Amin=O-

(2.4)
Thus, the smallest eigenvalue of T is the smallest root of the rational function

(2.9) Sy =y-A—-r*(G-AD7"r.

In addition, f(A) has the following important properties if 0= A <A,_,(G):

fX)==1=(G—-AD)'rli= -1,
f'(A)==2r*(G—-AI)’r=0.

(2.6)

(2.7)
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Now consider the following Newton iteration:

ALcoRrRITHM 2.1. Let A €[ A, A,_1(G)) be given along with a tolerance 3> 0.
Do Until (|f(1)]<8/(1+][w]3)"?)

Solve (G—AI)w=—r for w.

ytr*w—a_ . f(a)

A=A+ = .
1+w*w ()

Properties (2.6) and (2.7) ensure that the iteration converges to Ami,. To see this assume
that A € (Amin, An-1(G)) and set
_f)

)
Since f is monotone decreasing in this interval, it follows that both f(1) and f'(A) are
negative. Thus, A, <A. On the other hand, from truncated Taylor series we have

A=A

0= fOhu) = SN+ (0 Ok = 1) + L2 (122
with £ € [Amin, A]- It follows that
(28) Ay = Amin= %(kmin - A)z >0.

Thus, the iterates in the algorithm converge monotonically to A, from the right
and at a rate that is ultimately quadratic. Note from (2.8) that in the limit we have

(error in new A)=C- (error in old A)?

where

_ S"(Amin) _ W (G = Aminl)~'w

T2 Ain) 1+ wH*w

and w=—(G — Ayin D) 'r. Since (G — Apinl)7'||,=1/d it is easy to show that C=1/4d.
It follows that Algorithm 2.1 may converge slowly in problems where the separation
d is small. We return to this point later.

The termination criteria in Algorithm 2.1 gives good absolute error in the final A
provided the tolerance & is small enough. This follows from

MR N Y
r GJllLw w 0
Applying standard Hermitian matrix perturbation theory (see [G83]), we may conclude

that there exists an exact eigenvalue A, of T that satisfies

A=A <[+ |w]D) 2 <8

o

2

= LF)|.

If5is sufficiently small compared to the separation d, then one can ensure that A, = A pjn.

) Despite the nice mathematical properties of Algorithm 2.1, its practical value
“mges on two critical factors: how is the starting value determined and how is the
lin ar system (G—AI)w=—r to be solved? We address these questions in the next
n for the case when T is symmetric, positive definite, and Toeplitz.

: The symmetric positive definite Toeplitz case. Let (fo, t;, - -, t,_;) be the first
fa symmetric positive definite Toeplitz matrix T = (t;), i.e., ;= f;_;. Assume
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that T is normalized so that t,=1 and partition it as follows:

1 T
T:[r G]’ rT:(tla'.'stn—l)'

Recall that in order to apply Algorithm 2.1 we must find a starting value A that belongs
to the interval [A,(T), A,_,(G)). This requirement can be couched in the language of
signatures. The signature sig (A) of a symmetric matrix A is a triplet of integers
(neg, z, pos) where neg, z, and pos are the number of negative, zero and positive
eigenvalues of A. Our starting value problem is to find A such that sig(G—AI)=
(0,0, n—1) while sig(T—AI)=(1,0,n—1) or (0,1, n—1).

This problem can be solved by exploiting the well-known Levinson-Durbin
algorithm:

ALGORITHM 3.1,
Eo= 1
Fori=1ton-1

i—1
ki=*<t,—+ z a,-_lajlj)/E,-_l
j=1

Forj=1toi—1
a;=a;_;+ kiai—l,i—j

a; =k
E =E._,(1- k?)
The a; satisfy the Yule-Walker (YW) systems
1 t, o L] an 1
4 1 __
t,--_1 c e 1 a;; t;
fori=1, -, n—1.The quantities k; and E; are referred to as the ith partial correlation

coefficient and the ith prediction error respectively. (k; is also known as the ith reflection
coeflicient.) See [G83] for a discussion of Algorithm 3.1.
In (C80] it is shown that if
1
a,;, 1 0
L=|a; an 1

An-1,n-1

then
3.1 LTL” =diag (1, E,, - -+, E,_).

Since signature is preserved under congruence transformations by the Sylvester Law

of Inertia, all of the E; are positive since T is positive definite.

However, if we apply Algorithm 3.1 to the normalized Toeplitz matriX. (T
AI)/(1—A) and if the algorithm runs to completion, then the number of negativé
that are generated equals the number of eigenvalues of T —AI that are negative, 1€
the number of T’s eigenvalues that are strictly less than A. The caveat “runs o
completion” must be added because it is possible for one of the E; to be zer
Algorithm 3.1 is applied to an indefinite 7. Adapting the algorithm so that compll:

E ;

Wel
of tt

Reca
Newi

the p

Henc
the iny
All wy

(3.2)
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(3.1) for T=(T—-AI)/(1—-A) gives
ALGORITHM 3.2.
i=0
Ey=1
Do While (E;>0 & i<n-—1)
i=i+l

ki = (t+Z )/[(1 ME; ]

a, a,

a; 0 1
E,=E,_(1- k?)
We have dropped the double subscripting of the a’s since we need only be in possession

of the most recent YW solution at any one time.
Note that if the loop terminates because i = n—1, then we have

a, t,
(G-AD| : |=-
a,_, Ly

Recall that being able to solve this shifted YW system is critical to Algorithm 2.1, the
Newton iteration for f(A).

Equally important, the final value of i in Algorithm 3.2 enables us to determine
the position of A with respect to Ay, and A,_,(G):

(a) If i=n—1and E,_;>0, then A < Apn.

(b) Ifi=n—1and E, =0, then A, =i <A,_(G).

(¢) Ifi<n—1then A,_;(G)=A.
Hence, Algorithm 3.2 can be used in a bisection scheme to position A eventually in
the interval [ A in, An—1(G)). Thereafter, it can be used to carry out the Newton iteration.
All we need is an initial interval [«a, 8] with the property that

(32) A=A, =B

ALGORITHM 3.3.

Compute o« and B satisfying (3.2) and let 6 >0 be a given tolerance.
k=0
AP =(a+p)/2
Do Until (]A% — A% D= g|a* 1))
Apply Algorithm 3.2 with A =A% to generate i and ay, - - -, a;

k=k+1
If(i<n-1)
then .
B=x; 2= (at+pB)/2
else
If (E,_,>0)
then
=A; AR =(a+B)/2
else
AR = )\+1 Attha -+t 14,

1+al+ - +ad?_;
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The last expression for A above is the same as the A update expression in Algorithm
21 with y=1,r"=(t,, -, t,.)  and w' =(a,, -+, a,.,)"

There are several possible ways to choose the initial bracketing interval [a, 8],
For example, we could set [a, B]=[0, 1]. The choice for 8 follows from the inequality
Amn=e] Te;=1 where e, =(1,0,- - -,0)". There are, however, more refined ways to

get the initial interval:
Method 1. See [, B]=[0,1-]1,]]. Since the smallest eigenvalue of

T [1 tl]
e 1
is given by 1—|t,|, we have from separation theory that 1 —|t,|= A,(T,) Z A,(T).

Method 2. Set[a, ]=[0, min; {1—|t.|}]. The reasoning is the same as for Method
1 with 1, replaced by t. Note that [; {] is a principal submatrix of T.

Method 3. Set [a, B1=1[0, E,_,(1~|k,_,|)] where E,_, and k,_, are generated by
Algorithm 3.3 with A,. To understand the choice for 8, consider the effect of replacing
t,, wWith 7,_, = t,_,+ € in Algorithm 3.3 and that we set A =0. Nothing changes except
during the last pass through the loop when we compute

n—2
En~1 = '—< {n—l + Z ajtj)/En~2: —E—E“‘- kn—l-
J=1 n—2
Note that if we choose £ so that 1 — 122"_1 =(, then the resulting E,,_, will be zero. Thus,
a perturbation of size ¢ transforms T into a singular matrix. It fo~llows that A, (T)=e.
The choice for B8 is the smaller of the two & values that render kZ_,=1.
Method 4. Set

i Vn-1
L B1= [J;n 7 i)
The value for « follows from the inequality
1
An(T)
Here, |-« denotes maximum row sum. The value for 8 follows from
G =16 k216

The quantities | T~ '{|l. and ||G™'||. can be calculated in O(n?) operations and O(n)
storage using the Trench algorithm [T64].

=T o=V T Y.

4. Analysis, discussion and numerical experiments. Another method for finding
Amin Via the Levinson-Durbin algorithm is presented in [H80]. They propose solving
f(A)=0 (E.(n)=0in their notation) using a linear interpolation scheme. A key aspect
of our work and what distinguishes it from [H80] is the recognition that one can apply
Newton’s method using by-products from the Levinson-Durbin algorithm. In addition,
we have attempted to handle the problem of starting values more rigorously than [ H80}.

The importance of only having to solve Yule-Walker systems should be stressed.
Methods based on inverse iteration, for example, require the solution of general Toeplitz
systems. This doubles the amount of work per step. Moreover, there currently exist
highly concurrent algorithms and VLSI architectures for solving Yule-Walker systems

in O(n) time. See [K83].
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The total amount of work required by Algorithm 3.3 is determined by the number
of YW systems that must be solved. The number N of bisection steps is bounded

above by
Ngé_logz [d/(B_a)]+1.

Note that during this phase of the algorithm, calls to Algorithm 3.2 do not require a
full n—1 steps so it is a little hard to quantify the overall work. As a function of n,
N appears to grow as log (n). A simple explanation of this is possible if we assume
that the eigenvalues of T are uniformly distributed. In this case, the distance A,,_;(G) —
is roughly 1/n” Hence the worst case limit on Nj is proportional to log (n).
The number of Newton steps Ny tends to be around 5 or 6 based on our experience
with numerous examples a subset of which we now describe. Foreach n =11,21, - - -, 91
we generated 25 random positive definite symmetric Toeplitz matrices. These matrices
had the form

Amin

n
T=m Z wkT21r6k
k=1

where n is the dimension, m is chosen so that T is normalized,
T, = (ty) = (cos (8(i—j))),

and the w, and 6, are uniformly distributed random numbers taken from [0, 1]. It can
be shown that T, is rank two, symmetric, semidefinite, and Toeplitz.

Table 1 summarizes the results of these experiments. Only initial interval Methods
1 and 3 were tabulated. Methods 2 and 4 were too similar in performance to Methods
1 and 3 for us to report. {(Note: in recording the work associated with Method 3 the
single call to Algorithm 3.2 required to compute 8 is accounted for in the table.)

TABLE 1
Behavior of Algorithm 3.3 (8 =107°) based on 25 random examples per dimension.

Starting values Starting values
via Method 1 via Method 3
Bisection Newton Bisection Newton
Order steps steps steps steps

11 4.8 5.0 5.7 4.8
21 8.5 5.7 48 5.4
31 9.7 5.3 6.6 5.0
41 10.0 4.6 6.7 5.2
51 11.7 5.8 8.1 5.5
61 12.1 5.0 9.2 5.3
71 12.0 5.3 9.2 5.2
81 13.6 54 9.8 5.0
91 11.6 5.0 8.4 5.7

The matrices were generated by a Fortran program and the eigenvalues A, and
A_1(G) were computed by the EISPACK routine RS [S76]. Although our generation
technique was guaranteed to generate at least a semi-definite matrix (definite with
Probability one) rounding errors led to a generation of some isolated slightly indefinite
°as¢S: Although indefinite matrices (due to finite arithmetic) ought to be expected in
Practice, they provide no realistic test for our procedure. In fact, if we know that our
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data has ¢ significant bits (floating point), then more than ¢ calls to the bisection step
is useless. Given the quality of our data, after ¢ steps of bisection we must conclude
that the matrix is either not definite or that the condition I/\,,*,(G) - /\minl < 27" holds
and so to the precision of our data, A,(G) = Ayn- This follows from standard eigenvalue
perturbation arguments [ P80].

While on the subject of small separations, it is interesting to point out that 1/d
measures the sensitivity or “condition” of Amia's €igenvector X, If this quantity is
large then small perturbations in T can induce large changes in Xpin. (See [G83,
p.271].) As we mentioned in the introduction, the computation of Amin is frequently
just the first step in computing X, the “‘real” quantity of interest. Thus, slow
convergence in Algorithm 3.3 goes hand in hand with ill-conditioning in the underlying
Xmin problem.

The actual procedure was implemented in C on a DEC-10. Computations were
done in the “double” data type. The tolerance & in Algorithm 3.3 was set to 107°, The
Newton iteration terminated successfully on all strictly separated trials and gave six
significant digit agreement with EISPACK generated solutions.

Finally, we recommend Method 3 among the various procedures that we described
for obtaining an initial interval. However, it is conceivable that the simplicity of Method
1 might make it more appealing than Method 3 in real time processing situations with

elementary processors.
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