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Abstract

The CS decomposition and the Generalized Singular Value Decomposition are closely related. Indeed, the
stable computation of the latter requires calculation of the former. In this paper we show how a number of
important numerical activities in signal and image processing benefit from exploitation of these decomposi-
tions.

Introduetion

Algorithmic developments in numerical linear algebra during the last twenty years have led to a number
of "slogans" that are now widely appreciated in the scientific computing community. Here are some examples:

(1) You do not need to form ATA to solve the least square problem min il Ax - b"2 . (Compute the QR
decomposition.)

(2) You do not need to diagonalize ATA to obtain the eigenvalues of ATA. (Compute the singular value
decomposition.)

(3) You do not need to form B—lA to obtain the generalized eigenvalues of A - AB. (Compute the QZ
decomposition.)

The QR, singular value, and QZ decompositions are discussed in Golub and Van Loan (1983). So also is a little
known decomposition called the "CS decomposition'". The point of this paper is to generate some enthusiasm for
the CS decomposition and in particular, the following "slogan':

(4) You do not neetho simul taneously diagonalize ATA and BTB in order to solve the generalized sing-
ular problem A Ax = ABTBx. ( Compute the CS decomposition associated with A and B's Q factor.)

As we will show, there are several important computational problems in signal and image processing to which
this fourth dictum applies. These applications alone suggest that the CS decomposition deserves a heightened
profile. But to convince the reader further of the centrality of the CS decomposition, we show how it can
assist in the development of a powerful parallel eigenvalue algorithm and how it provides yet another per-
spective of the FFT.

The CS Decomposition

Suppose that

QY Yy ™
Q =

QW Y, )

s L)

satisfies QHQ = I. Without loss of generality we assume that each Qi' has at least as many rows as columns.
The gist of the CS decomposition is that the SVD's of the Q are higﬂly related. In particular, there exist

unitary Ul’ U2, V1 , and V2 so that i]
H -
U1 07 Q11 le V1 0 _ diag(cl,...,cnl) diag(sl,...,snz) .
0 U2 _Q21 'Q22 _0 V2 —diag(sl,...,snl) diag(cl,...,cnz) W
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Here, c? + s2 =1 for i = l:max{n,,n,}. Since the singular values of the Q

decompoditioni (1) is called the "és"zdecomposition".
The theoretical aspects of the CS decomposition are covered in Davis and Kahan(1970), Stewart(1977),

Paige and Saunders(1981), and Van Loan (1984). Practical algorithms are specified in Stewart (1983) and

Van Loan (1985). The methods presented in these papers deal with some subtle numerical difficulties that pre-

vent one from approaching the CS decomposition as 'just a bunch of calls to the LINPACK SVD routine."

i3 are cosines and sines, the

The AHAx = ABHBx Problem

Suppose A € ¢ (m, 2n) and B € cm2*n (ngn). Set S =AHA and S2 = BHB. Since the Si are Hermi-

tian semidefinite, there exists a nonsingular X so 1
H,  H _ _ qs >
XT(AA)X = DA = dlag(al,...,an) @, 2 0
(2)
X (BUB)X = D_ = diag(s B) B, 20
B iag(Byse-vsB ; 2

See Golub and Van Loan (1983,p313ff) for details. Note that if X = { Xpseees xn] is a column partitioning,

@ then
_ _
1 AHAx_ = x e, = o, X He,
; i A1 i i
(3)
BiBx, = xTMp e, = 8, x e,
i B i i i
| where e is the i-th column of the n-by-n identity. Thus, if Ai = ai/Bi is defined we have
i
[
" APax, =, BUBx, )]
i i i
. . H H
and so we speak of (Ai,)&) as an eigenpair for AA - AB'B .
In some applications an orthonormal basis for
S(ll,...,lp) = span {xi1 seees xip} (5)

1s required where {Ai seees Ai } is some designated subset of generalized eigenvalues. For example, one
1

may require an orthonormal basis for the space associated with the three largest eigenvalues.

We mention that the generalized eigenvalue problem AHA_— ABHB is also known as the generalized sing-
ular value problem. The square roots of the Ai are the generalized singular values of the pair (A,B).

The CS Decomposition and the AHAX = XBHBx Problem
Suppose
Al _|Q,|Rr size(A) = size(Q,)
= 1 1 (6)
B Q2 size(B) = size(Qz)

is the QR factorization pf "A-over-B". Since QH Q1 + Qg Q2 =1 it follows f£from the first block column

of (1) that there exist unitary Ul* U2’ and V' so
UH Q, V. = C = diag(ec,5...>C_)
111 1°°""°"n
H (N
U2 Q2 vV = 8§ = dlag(sl,...,sn)

When combined with (6) we have
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b3
1]

Ul C (VHR)

(8)

H
U2 S (VR)

=]
1]

Thus, if we set X = (V'R) L, D, = ¢’c , and D, = s¥s , then x(a A)X = D,

that if R—1V = [x1 yesss xn] is a column partitioning and Xi = (ci/si)2 , then (4) holds.

and XJ(B B)X = D, . It follows

Tacit in the above derivation is the assumption that R is nonsingular. This is guaranteed if the null
spaces of A and B intersect only trivially. We assume this to be the case. (It is possible to prcceed when
A and B Lgv - both zero a common nonzero vector, but this doesn't add to the discussion.)

Eigenvector Beamfoirming

In the MUSIC algorithm of Schmidt (1981) it is necessary to compute an orthonormal basis associated
with the minimum generalized singular value of the pair (A,B). This basis defines a "noise subspace'" which is
subsequently used to identify arrival directions. The following procedure was proposed in Speiser and Van
Loan (1984):

Algorithm SVL

1. Compute the QR factorization

o] ® A, Q € ¢h*
m,X1n
B Q, B, Q, € C'2
2., Compute the SVD
H
= > 2 ee. 2
U2(22V diag(sl,...,sn) sy 2 82 2 .00 2 S,
and determine r so that
S eee > > _ > .2
s; 2 zs 2 sl(l e) > So41 2 28

where € 1s a small tolerance that depends on the accuracy of the data and/or the machine precision.
Note that ¢ /S1 is the smallest generalized singular value and so r is a computed estimate of its
multiplicity.

3. If VHR = [ S AEEETEIS AN ] is a column partitioning and Z is a unitary matrix chosen so

[y1 seens yr] Z = T

is upper triangular, then the first r columns of Z define the required subspace.

This procedure is perfectly reliable. It is unaffected by singularity in AHA and BHB and does not require
the formation of cross product matrices. The full CS decomposition of Q1 and Q, is not even needed--just an
ordinary SVD of Q,. (This is numerically "safe'" because we are computing the farge singular values of Q2.
See Van Loan (198%) for more details.)

The Hotelling Tracé Condition

The Hotelling Trace Condition (HTC) is one of several methods in image processing that can be used to
measure separability of a set of object classes. An "object" is an N-vector and may consist, for example,
of the values that define a 2-dimensional intensity distribution. An "object class" is a collection of sample
objects that share some common characte r istics, e.g., all x-ray photographs that reveal a certain type of
crystal configuration.

Suppose f dis a sample object and that we have r object classes. The covariance matrix for the k-th

class is given by
= - - T =
Ck = E[ (f mk)(f mk) ] E expected value

where o, is the ensemble average over the k-th class. The average covariance of the object classes 1s given
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by

2 = P O (N-by-N)

where p,s«.«P are a priori probabilities. (pk = the probability of class k occurring.) The interclass
covariafice matrix is given by

s, = b Bl (m -wm -m' ] (N-by-N)

and relates the scattering of the object class means m to the overall expectation
r
no= 21 Py

The HTC is defined to be the scalar
J H trace 2 .

When this is small the object classes are similar while a large J value implies that the object classes are
more distinct, the desirable situation. See Smith et al (1985) for details.
Note that if we solve the matrix equation

SZX = S1

then

N N
J(S)58,) = g X, = g A A, = ew. of §; - 13,

However, if S, is ill-conditioned then J can be an unreliable measure of separability. A better procedure
is to recognize that the trace is the sum of the eigenvalues of Sl - xsz . Since the Si have to be estimated
in practice, e.g.,

S = A"A S = BB » 9

we see that

e

' 2
J(S,,S,) ¥ (c;/s)

where the e and s; are the singular values of Q1 and Q2 in
T T
QO + ey =1

In other words, the HTC canbe-estimated by computing the CS dewmposition of A-over-B's Q factors.

Feature Selection Using the Hotelling Trace Condition

Picking a set of L features that maximally preserve class separability with respect to the HTIC entails
finding a matrix H (L-by-N) so that

T T
(J(HS H , HS,H)

is maximized. As is shown in Fukunga(1972), this can be done by setting the i-th row of H to be xi where

Actually, jt is not necessary for the rows of H to be made up of the L largest eigenvectors. Rather, the
range of H  need only span the space defined by these L vectors. Again, Sl and 52 come to us in the form( 9)
and so a slight modification of the SVL algorithm is applicable:
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(1) Compute the QR factorization

_[oe
B Q,
(2) Compute the CS decomposition
T
= = di 2 >

Q1 U1CV C dlag(ci) s €y 2 ¢, z cy
Q. = U.sv' s = diag(s.)

2 2 BLS;

(3) Set VTR = [ Yy ooeees yN] and compute orthogonal H so [y1 seees yL]H = T is upper triangular.

It should be recognized that the matrices A and B are very large in practice and special techniques need to
be used.

The Block Jacobi Procedure for Eigenvalues

Suppose that n = kp and that

kxk

LApl App

is symmetric. In the block Jacobi procedure for diagonalizing A one repeatedly solves subproblems of the
form

Q Q . A, Q Q
11 12 ii ij 11 12 1 (10)

Q;  Q 31 A5 Q1 Y 2

where the Q matrix is orthogonal. In the scalar case (k = 1, p = n) Q has the form

Q11 Q12 cos(0¥ sin(@)

~sin(0) cos(8)

There are two choices for © and by choosing the smaller of the two angles, convergence is much more rapid.
(Otherwise the oscillation of the diagonal entries retards the rate at which the off-diagonal entries become
small.)

Our experience with the block algorithm indicates that it is crucial to solve the subproblems correctly.
Otherwise, block Jacobi applied to.A as a p-by-p block matrix requires the same number of sweeps that the
scalar algorithm would require by regarding A as an n-by-n matrix. This is very troublesome since in the
parallel setting it is advantageous to implement the algorithm with the largest possible block size. (p is
usually twice the number of available processors.) To get true block performance it would be desireable for
the c-s values associated with Q to satisfy [c,}» Is.,|, i = 1:k . A heuristic way to achieve this is to sort
the eigenvalues in each subproblem (10). By doing this we find that the number of block sweeps is a function
of p and not n. The sorting has a way of forcing the matrices Q and Q2 to zero as the iteration progresses.
See Van Loan (1985 ) and Bischof and Van Loan (1985) for further details.
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The CS Decomposition and the Fast Fourier Transform

Our last topic is just a curiosity but it helps to underscore the CS decomposition's fundamental nature.
Suppose n = 2k and x CP . The discrete Fourier transform of x is given by

y=F@x , F) = (f) , £ =1 cos2mpa/a) - 1 sin(2n pa/m)1/{w

Here, the columns of F(n) are indexed from 0 to n-1 . Ordinarily, such a matrix vector product requires n2
flops. However, because of the special structure of F(n), it is possible to compute the transform y in just
nlog(n) time. The "gist" of F(n)'s special structure has to do with the CS decomposition of the matrix

G(n) = F(n)P(n)
where P(n) is the bit reverse permutation. The action of P(n) is best illustrated with an example:
[z0 2y 2, 252, Zg 2y z7 1P(8) = [ 2o 24 29 Zg 2y Zg Zg z, ]

The order of the subscripts in the result is obtained by reversing the bits in natural sequence, 3 = 01l be-
comes 110 = 5,
Now it can be shown that the unitary matrix G(n) has the following CS decomposition:

L[ —I—; G(n/2) 0
¢ = = .
N3 |1 I; 0 -D(n/2)G(n/2)

where we define the diagonal matrices D(m) ¢ ¢ by D(m) = diag(l,@, ... , wk'l) where w = exp(2ri/m).
Note that if we have the transforms G(n/2)w and G(n/2)z then

w
G(n)
z

can be obtained in 0(n) flops. Recurring on this idea implies that y = F(n)x = G(n)[P(n)Tx] can be obtained
with O(nlog(n)) work.

The point in all this is that the "V factors" in G(n)'s CS decomposition involve G(n/2) and the "U
factors are identities.
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