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= S syk
+{bs A%+ bgA + B3I Y( A2+ (byAP+ b1 A+ byl). p(A)g= kg()(A Y (Beer)

| Once 4% and A% are computed, then only 2s2° multiplications are
' . required to evaluate p(4) as evidenced by the following “Horner re-

IEEE
more expensive to implement (by a factor of at least ten) than the direct Hence, by this technique, only 4n® multiplications are required to
inverse approach. evaluate p(A). This is in contrast to the count of 8x> associated with the B
The above remarks should be viewed only as suggested ways to “ordinary” application of Horner’s rule.
approach the problem of computing robustness bounds rather than In general, if s is any integer satisfying B
definitive algorithms. We have not even discussed the critical issues of We
scaling, equilibration, etc. These topics are currently under investigation. l<s<q
and
r=[q/s]=the integral part of
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r Fork=1,---,r requir
| R wy(s)r
; . | Fe=(A*)F_+B,_,
i
i A Note on the Evaluation of Matrix Polynomials where F,=p(A4). The fact that there can be a significant reduction in
[ work as a result of these manipulations is made clear when this iteration
| CHARLES VAN LOAN is spelled out in greater detail. This -
e where
i Abstract—The problem of evaluating a polynomial p(x) in a matrix 4 ALGORITEM | Algor
1 . . . A
arises in many applications, e.g., the Taylor approximation of ¢“. The At
j 0(Vq n%) algorithm of Paterson and Stockmeyer has the drawback that it ) Yy=4%  (k=0,1,---,9). binan
| requires 0(Vg n?) storage, where g is the degree of p and x is the D Fo=b, Y, (+b, Y, gyt b V14D, Y,
0 dimension of A. An algorithm which greatly reduces this storage require- 3) Fork=1,--.r
ment without undue loss of speed is presented.
i; | Fe=YF by pyes—1 Yoot +byr— 1y Yo '
' One method for evaluating the matrix polynomial L ! . o al
! This is essentially Algorithm B in {2] applied to the evaluation of of nc
{ P(A)y=bpl+byA+-- +bAT bER, ASR™™" matrix polynomials. Noting that (s — 1)»* multiplications are required to . Tequ
; ) compute the Y, and that there is one matrix—matrix multiplication per -§ coun
K is to use Horner’s rule: iteration in step 3), we conclude that for a given s, Algorithm I requires } '
! w,(s)n® multiplications where
! So=b,1. | =
s+{q/s]-2 if s divides ¢ the ;
= ‘e wis)= . B €]
‘ For k=1,2, 4 i{s) s+[g/s]—=1  otherwise. 3 i
‘ i [ Se=AS,_ 1+ b, il Setting s=1 in Algorithm I renders the ordinary version of Homer’s - 1
% whereupon S, =p(A). Ignoring low order terms in n, this algorithm rule. Setting s=[Vg ] approximately minimizes w,(s), and we then find g 1
| requires 2n? storage and (¢— 1)n® multiplications. wi(Vq )=2Vg . ) , 4 Fa
i In an interesting paper by Paterson and Stockmeyer [2], it is shown A discouraging feature of Algorith;n I is that it requires (s :‘:IF)‘”) ] an
g how this computation can be rearranged so that only 0[Vq %] multi- Storage. (Arrays are required for A,4%---,4° and the ‘curreil‘; 3;;‘ of?
( plications are needed. The main idea behind their algorithm is to apply ~However, a slightly less efficient algorithm which .reqmreSdO X 3; this los
; | Horner’s rule to p(A) regarded as a polynomial in A* where sm\/g . For stora_ge results if p(4) is con}puted one co]um at a_ume. TF’ il { m?
|| example, if g=9, then algorithm, let ¢; denote the jth column of the identity matnx. From (] trg
L ’ ’ we have oy
! DAY= (bT Y(A?) + (bgA?+ oA + b J(A%)? h
{
|
{
|
i

which may be computed as follows:

grouping™:
p(A)y=A[ A boA®+ (bgA*+ ;A + bl )|+ (bs A%+ byA + b31)]
+(byA2+ b A + byl).
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f§=B,¢.
Fork=1,---,r
| =40, +B s k

where f2=p(A)e, the jth column of p(A4). Notice that once the vec! '
AeJ-,Azej,- ce,AcT 'e)- ate computed, then the vectors Bye; =0y 5T 83
“free”:
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Bug=buis-1(4°7'g) + - + byt r(A6) + by

B,.ej=quq_"‘—’j+ <o +b,ydet+ b6

sreje

(k=0,---,r=1)

We therefore obtain the following algorithm.

ALGORITHM II

) Y=A4"
2) Forj=1,---,n

Fork=1,---,s—1

I_yg)=Ay;¢i)—l

F=BD o by B,
Fork=1,---,r

L [ 9= 10D+ bty s /214 by iy

whereupon p(4)=LfP|f2: - | /).

Since arrays are needed for only 4, A°, and p(4), Algorithm II
requires 3n? storage. A careful operation count for s>1 shows that
wy(s)n® multiplications are required where

2(s—1)+[q/s5]-2
2(s—1)+[q/s]—1

This work count is approximately minimized by setting s=[Vq/2 ]
whereupon wz(s)z2\/_2; —about 1.5 times the work associated with
Algorithm 1.

At the expense of one extra nX n array, A* can be computed via its
: binary expansion

A

if s divides g

wals) = otherwise.

= (ABEYAPTY - (4BT) 5= B o

] in alog,(s)n® multiplications where a €[1], [2] depends upon the number
A of nonzero 8’s. (If s is an exact power of two, the extra storage is not
required.) When this feature is incorporated in Algorithm II, the work
count becomes w,(s)n> where :

wy(s) =alog, (s) — 1+ w,(s).
',l'hgsevideas have been incorporated in a subroutine for approximating

the matrix exponential e/ with a truncated Taylor series

q
etx 3 Ak/KI=Ty(A).
K=0

s

F?Rmons based on the machine precision used (10~ !5), the norm of 4,
anslsghe; desired accuracy, ¢ was chosen to be 16. (See [1] for an analysis
°f5,1fa¥1°r approximation to e.) Setting s =4 and using binary squaring
W>¢ompute 44, Algorithm II requires 7n® multiplications and 3n?
storage.to evaluate 7)4(4). This is less than half the work associated with
; ona.l Horner evaluation and only marginally slower than the 67°
!_l;tlttions needed by Algorithm I which requires 5»2 storage for
thidhioblem.
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Subsystem Simplification in Large-Scale
Systems Analysis

R. A. EL-ATTAR anD M. VIDYASAGAR

Abstract—A new procedure for stabilizing an unstable system by stable
feedback is presented. The procedure is based on using a lower order

model for the given system. Stabilization conditions for the original system.

are given in terms of the error in the approximation. The procedure is
extended to large-scale systems whereby stabilization conditions with
decentralized feedback are presented. :

PROBLEM FORMULATION AND SOLUTION

Let A"*" be the set of nX n matrices whose elements have entries of
the form [1]

= SO+ lgoﬁﬁ(t—t,-), fort1>0

0, for <0

where

- .

1l <o
and
o0
> |fl<oo.
i=0

Suppose G £ A4"<"; the objective is to find H €4™<" such that G(I +
HG)~!'€A4™" where - denotes the Laplace transform. In other words,
the objective is to stabilize the unstable system whose impulse response
matrix is G(f) by means of a stable feedback H. It is now known [2] that
if G(s) is a proper rational matrix in s, then under some conditions it is
possible to find a suitable H. The technique in [2] requires constructing a
state-variable realization of the transfer function G(s); hence, the larger
the order of such a realization, the more complicated it is to find a
suitable H. .

As an alternative, we propose the following approach: First, replace G
by a “simpler” transfer function matrix G,, and design H €4 "*" such

that (I+ GoH)~'Gy€ A™*"; then implement the same feedback with the

. original G. The question then becomes, under what condition does H

stabilize the original G? A simple answer is contained in the following
lemma. . ..

Lemma 1: Suppose HEA™ " and (I+GoH) 'GoEA™ " Under
these conditions (/+ GyH)~'€A4"*". Moreover, whenever G— G,E
A nXn and

A Al A A A
I(Z+GoH) || IG— Goll- |1 H|| <1 m

we have that G(I+ HG)~'e A" (I+ HG)~ '€ A™<".

The proof is superficially similar to that of the small gain theorem, but
some care is required because G € A" *" and Gy &A4">".

Lemma 1 can be interpreted as follows, Suppose we replace G by the
simpler system G, in such a way that G— GyE€4"*" (in other words, G,
faithfully reproduces the “unstable part” of G), and suppose we find
H € 4"*" that stabilizes G,,. Then H also stabilizes G provided (1) holds.
Lemma 1 can also be interpreted, not in terms of system simplification,
but also in terms of system uncertainty. Suppose the system G is not
precisely known, and is nominally represented by Gy, If H stabilizes Gy,
then H also stabilizes-all G such that

16— Goll <1+ AGo) ™ 1-1AY) . @
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