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Abstract

The method of weighting is a useful way to solve least squares problems

that have linear equality constraints. New error bounds for the method
are derived using the generalized singular value decomposition. The
analysis clarifies when the weighting approach is succesful and sug-
gests modifications when it is not.

7. Introduction

The problem we consider is how to find a vector x €R" that solves the

equality constrained problem

(LSE) min ||Ax - b []
Bx=d

2

where A € Rmxn(mzn), berR" BE€ Rpxn(pin) and @ € RP. We will assume

that rank(ﬁ) = p and that the nullspaces of the two matrices satisfy
N(A) n N(B) = {0} . These conditions ensure that (LSE) has a unigue
solution which we designate by X SE*

Important settings where this problem arises include constrained sur-
face fitting, penalty function methods in nonlinear optimization, and
geodetic least squares adjustment.

Several methods for solving the LSE problem are discussed in Lawson
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and Hanson [7, Chapters 20-22].In one approach Q-R factorizations are

used to compute the projections of X onto N(B)l and N(B):

LSE

ta BT = [9,,0,1 R (Q-R)
a "Q112 Bp Q

0 |n-p

T _ . .=
(b) Ry, =4 5 x; 3= Q.y,
(1.1)
(c) AQ, = [U1, u, ] Ry | n-p (Q0-R)
0 m-n+p

—_— T —-— - * =
(@) Rpy, = Up(b = Axg) 5 Xgpi= X + QyY,

This algorithm is easy to implement using the LINPACK routines. (It
is a MATLAB "5~-liner".)

Unfortunately, (1.1) is not a viable method for solving the large

sparse LSE problem because the matrix AQ, will generally be dense. In
this context the method of weighting is of interest. The idea behind
this approach is simply to compute the solution x(u) to the unconstrain-

ed problem

(1.2) B

(u'_B x —u%

2

for a large value of HER. It is widely known that x{@) - XLSE as
u = «. Thus, existing software for sparse LS problems can "in principal”

be used to generatean approximation to X ow of arbitrary quality.

However, several issues associated with the method of weighting demand
our attention. At what rate do the quantities X(u) and 4 - Bx({) con-
vefge? Are there practical ways to estimate the accuracy of Xx(u)? How
can we cope with the numerical problems that can be expected to arise
when 1 is extremely large? We are prompted to discuss these issues
because of the increasing importance of the sparse LSE problem. But
our analytic and algorithmic developments will also be of interest
to solvers of small LSE problems since the simplicity of the weighting

method makes it extremely attractive and popular.
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Our discussion is structured as follows. First, we analyze the proper-
ties of xiSE and X(yp) using the generalized singular value decomposi-
tion. The limitations of the theory are then made obvious by reviewing
the numerical difficulties associated with large u. Next, we propose
two techniques that can be used both to improve x(u) and to estimate
its error. One technigue involves extrapolation and the other iterative
improvement. We conclude with some remarks about the practical imple-

mentation of our ideas.

2. A GSVD Analysis .of x(u)

The generalized singular value decomposition (GSVD) of A and B is use-
ful as a tool for analyzing the method of weighting. This decomposition
is as follows:

Theorem 2.1

1f A € ™ (m>n) and B € RP*? (p<n) satisfy N(A)n N(B)
there exist

{0} then

U = [u1,..., um] ¢ pOXM {(orthogonal)
I Vv = [v1,..., Vp] ¢ RPXP (orthogonal)

X = [x1,..., xn] e R™*P {(nonsingular)
such that

U AX = DA = diag(a1,..., an)
and

vIBX = D_ = diag(B B_)

B qreeee E

Without loss of generality we may assume

[ [x = 1 and [[X_1[[2 = 0,/0,

I,

. A
where %, and o, are the largest and smallest singular values of [B] .
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Proof
Let .
- ; T
[A 1 = [Q1] diag (0,)%
B 0 .
; 2
Al ... T T, T, _

be the SVD of [B] with Q1Q1 + Q2Q2 = In, 013...3 on >0, and 272 = I
Let

NI
Q2 0 v S
be the C-S decomposition of [Q1] where U € Rmxm' \Y ERPXP, and W €R™*M
Q
2

are orthogonal and

C = diagley,...,c ) € B €;2 0
and
S = diag(s1,...,s ) € RrPXD 0<s.<,..<8
p =A==
T T

satisfy C°C + 878 = In. This decomposition is discussed in Stewart [9]

who also presents an effective algorithm for computing it in [10].

The theorem follows by setting DA =0, C, DB = onS, and X—1 =

]
T,. T

5 W dlag(oi)z ..Note

n

that o > 0 because N(A)N N(B) = N( [g ]) = {0} a.

A number of elementary consequences of the GSVD are repeatedly used
in the sequel. These are summarized in the following result:

Corollary 2.2

Suppose the GSVD is computed as indicated by the proof of Theorem 2.1.
If rank(B) = p and

W, = ai/ﬁi i=1,...,p

then

n*
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(a)’ai + Qi = o i=1,...,p
(b) a,> >0 >o = =0 = 0 where q = dim[N(Afﬂ N(B)l]

120020y q+1 een o ﬂ
(c) ap+1 = ... =a =0y

a 0 “es
(@) < BiS---< By

(e) My2e..20 > 0

p=
(f) Ax; =agu, i=1,..,n i
(g) Bx.l = Bivi i=1,...,p.
Proof
Contentions (a) and (c) follow from DTD + DT D, = 02I while (d) and
ATA B B nn

(e) are true because s ﬁ...ﬁsp and p = rank(B). The equations AX=UDA

1
and BX = VDB establish (f) and (g). Finally, if a_ > o +1

. T -T_T m, 9 -1 3 :
ap = 0 then it follows from A"U = X DA and BV = X DB that the first
g columns of X_T span the subspace Ran(AT)n Ran(BT) = N(A)'L n N(B)l.

This proves (D). B

The u, are called the geéneralized singular values of (A,B). We mention ]

~ that a more genefal version of the GSVD is given in [11].

The GSVD can be used to diagonalize the LSE problem. In particular, by
setting

~ T T T .T
b =Ub-= (u1b,...,um b)

(2.1) d =v'a = (vfd,...,vg aT

- T

y = X% = (v, vy

we obtain

(LSE') min |[[D, vy - bl .
DBy=d

‘It is not hard to show that
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T
T T T T
) V] d v_ d w b u, b
YLSE = TN 7 ’ £ oo 7
81 Bp ap+1 oy
solves this problem. Since ap+1 = ... =0, =0 Wwe have
P VT d x n
. ‘- T
(2.2) X = Xy by i 1,1 (u:b) x, .
LSE LSE i=1 B; Oy i=p+1 i i
If we define
(2.4) 0 = ub - p,v-d i=1
. pi i ]Ji i yeserq
and
P m
(2.5) oo = L% (uib)u, + I (uTb)u
: Ls  iSg+1 i?7 % iSn+1 i”7 0

then it is easy to show that the constrained minimum residual is given
by

~
p
(2.6) Trsg TP T B¥pgp T Tog toioq MY o
Note that rLS = b - AXLS where
Iombolr P Wy
X = x. + u.b)x,
LS i=1 c"j_ 1 On i=p+1 1 1

is the solution of minimum 2-norm to the unconstrained LS problem
min ]]Ax—b]]z. Observe that

2

(2.7) 2?2 z||r 2

% .
i=1 Pi

wse |12 = Ilzgglly

measures how much the residual increases as a result of the constraints.

It is clear from (2.2) that x is sensitive to perturbation whenever

LSE

op OF By = gn/V 1+p% is small. Because it "displays" these critical

qﬁantities, it is advisable to solve ill-conditioned LSE problems via
the GSVD.The sensitivity of the LSE problem is investigated in[5] and
[121.

The GSVD is also convenient for analyzing x(uy). Since this vector

solves (1.2) it must satisfy the normal equations

(2.8) aTa + u28TB)x () = aTb + u?BTa.
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. T 2. T _ nT 2. T7
Under (2.1) this transforms to (DA DA + q DBDB)y(u) = DAb +Uu DBd
where x(p) = Xy(n). It is easy to deduce the solution to this diagonal

system and that

r T 2 T n .
(2.9) x(u) = z 0Liu-ib U BiVid x, +1 T (ufb)xi.
i=1 “i R uzsi cn1=p+1

By subtracting (2.2) from this equation we find

q
- - = z u. o}
(2.10) e(u) = x(u) X op i=1 5 12 of % X

Note that the error is confined to span {x ,xq} and that it tends

Qi
to zero as y » « . An alternative proof of the latter fact may be

found in [7, Chapter 22 ].

In Ssaction 4 we establish the following inequalities:

‘/ 2
HX(M) = XLSE”2 2 _A 1+U1

2p0n
[]d = Bx(u) ||, < __&
2y
- - Ap
0« “rLSE Hz Hb A ||, 2 1
2u

These results suggest that a large weight might be required if either
Hy is large or on is small.

3. Difficulties Associated With a Large Weight

It is widely appreciated that care must be exercised when Householder
-matrices are used to compute the Q-R factorization of a matrix whose
rows vary dgreatly in norm, e.g., the matrix in (1.2) . Powell and

Reid [8] examined this problem in conjunction with the Businger-Golub
algorithm [4] and advise incorporation of row interchanges, much as

in Gaussian elimination. Specifically, they recommend that the k-th
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| column be searched and its largeét entry pivoted to the (k,k)
g position before the k-th Householder matrix is applied.

Note that near-domination of the pivot elements will result if the

Businger - Golub algorithm is applied to our heavily weighted matrix
in (1.2) but not if we apply it to the mathematically equivalent

problem
G- G,

i, . To apprezciate the difference between the "B-over-A" and the "A-over-B"

N (3.1) min

formulations consider the LSE problem

|

| a=[33] o< [i] rn s as @

; This problem is well-conditioned and has exact solution XISE =
‘i %5 (39, -19)T. 1In the following table we record the error

i

I

|

I~ Il =) - X op ||2 for both approaches as a function of y:
\\\\\\E\J 10" ‘103 | 10> {107 | 10° ‘1011 1013 | 101% [ 1017
Method
%w B-over-a | 107> 1077 | 107" |107"3| 10717 10717 [10717| 10717 | 1077
| a-over-B | 1073 {1077 | 107" {107 107791077 |107® | 107% [ 1072

These computations were performed using VAX double precision arithmetic
(macheps N10_17) in the MATLAB environment.

?i The divergence of the two methods in the vicinity of u = (macheps)_1/2

conditioned LSE problems, the "optimum" weight for the B-over-A approach

—1/2'

is usually several orders of magnitude greater than (machep) Thus

it is preferable {(although not always critical) to solve (1.2) instead

i
J
?m is fairly typical, even for ill-conditioned examples. However, for ill-
i
|
|

of (3.1). In the remainder of this paper, we will always use the B~over-A
formulation (1.2).

However, it is not always easy to arrange the rows of the unconstrained
problem so that the constraint equations come first. The minimization

of £fill-in may dictate some other row ordering in the case when A and

B are large and sparse.
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Column ordering is also important in the method of weighting. At the

suggestion of the referee, we considered the example

|
[ Y
Bow N =

T 1 1] {7]

B = | d = 4J

This example is well conditioned and has exact solution X g

1(46,-2,12)T.Let Rn) = (rij(u)) be the 3-by-3 upper triangular matrix
gbtained by computing the Q-R decomposition of iuB . It is clear that
r11(u)/r22(u) becomes very large as p - «, Thi Aoccurs because the
first two columns of B are dependent. On the other hand, if we apply
Q-R with column pivoting to (u% then r11(u) apd r22(u) have the same

order of magnitude as p - « % The decision to column pivot is impor-

" tant as the following table of relative errors in x(d) indicates:

Colum™_ ¢ | 10 103 10° 107 10° 1017 1013 | 1013
Pivoting

No 1072|1077 [1071 107" {1072 |07 | 1073 | 1073
Yes 1072 11077 10710 |107"4 [10776 10716 | 10716 | 10776

- We infer that the weighting method can be unstable if (1.2) is solved

using the Q-R decomposition without pivoting.

4. An Extrapolation Procedure

As we have seen, the importance of row and column ordering in (1.2)
increases with increasing . Hence, it is potentially interesting

to see how the method might be used with "safe" weights since/the

/.

/
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ordering of rows and columns is often inconvenient.

Suppose x(u) and x(yu) have been computed for some y > 0 and v > 1.
Using (2.10) it can be shown that if

' (4.1) * MW vy = xoruy + 9 [xtri) = =0 ]
- —
Y ~1
then
g u? u
(1) = ¥ i . i . LS X,
¥ = X * i 2 4,2 T - TR

Thus, the error expansion for x(1)(yu) is the same as that for x(yu)

except the coeffient of x, is diminished by the factor ui/(ug + uz),

The calculation (4.1) is merely the first extrapolation in the follow-

ing Richardson scheme:

For j=0,1,... .
x(o)(Yju) = x(Yju)
For k=1,2,...,]
(4.2)
x(k)(yju) - x(k'1)(Yju )

1 [T Ay - BT 3Ty ]

.,
v2¥k_4

A messy but straightforward induction argument based on (2.10) can be

used to show that

q
(k) .3 = (k) 3 _ I (k).
(4.3) e (v"u) = x (Y-4W) X sE i=1 &4 (j)xl
where
-1 2
(4.4) Egk{ = Pi Wi / My _
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Other quantities of interest associated with x(k)(yjlﬂ include the
B-residual '

. . q . (k).
(4.5) s(k)(y-:| Ww.=4 - Bx(k)(‘g w = - i§1 Bi'i ( )(J)Vi
and the A-residual

. . a
(4.6) e odn = b - ax®™ eI = - 2w ey

Using these formulae we have -

Theorem 4.1

-

If © =u$ /(uf PSS Yz(j_k)) and x(X)Xyly) is generated via (4.2), then

. 2
(@) ”'X(k) o I P VAL o
' i
2uY on
(b) lHa - Bx® (vIwy |1, < A of
23
o I ¢ B HA K
(c) 0 < llrpge I, b = ax™ (vlu) ], < 112 4
2u v?
Proof
Using (4.4) and the inequality
B S S
..uf + 1£y23 2uyJ
e () k
it follows that |€;7'(j)| < | Pil 9 . since [[|x|], =1
By 2uvy]

we have by taking norms in (4.3) and using (2.7) that

e® Iy 11, < Ao

Inequality (a) follows since 8;2 = (1+u$)/0ﬁ. To prove (b) and the
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upper bound in (c), téke norns in (4.5) and (4.6) respectively and

‘use the orthonormality of {u1} and {vi}.

To establish the lower bound in (¢}, note from (4.6 ) and (2.6) that

(k) (3 - 3 (k) .
T Y = g e By (T %5 G)) e
Since r; o € span fu;, ..., uq}l it follows that
1K) L3 2 _ 2 9 k) 2
He ™y w ] 5 = flrgglly + (B le e GN7.

The desired bound follows from (2.7) and the easily verified inequality
pi L (o - aieik)(j))z. ( Note that ||r(k)(yju) |[2 increases monotoni-

cally to as | increases.) O

lrrge |1y
The main observation to make from the theorem is that the error, A-resid-
ual, and B-residual improve by a factor 6 with each extrapolation. Fér
example, in a small problem with U~ 103, we set 4 = 100, v= 2 and

found the following relative errors in x(k)(yju):

Yu | k=0 k=1 k=2 k=3 k=4
100 100

200 | 109 1077

400 | 1077 107% 1072

goo | 1072 1073 107% q07*
1600 | 1072 107% 107>  107® 107®
3200 | 1073 107 1077 1078 1078

;

In another example (u1s 105) we found the relative errors dimishing as
follows

Yu |x=0 k=1 k=2 k=3
10% [10°

10 |107? 1071

108 |107° 107° 1078

1010 10792 10711 g7t oM

The corresponding entries for the relative B-residual

||d—Bx(k)(YJM)IL/1[B||2*||XLSE[|2 were smaller by a factor of 10%.
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Based on numerous small examples run with MATLAB we conclude

J

(a) The extrapolation cannot "take hold" until ¥y u

1°

(b) In ill-conditioned examples, there is no significant
reduction in the error beyond the second or third extra-
polation.

(c) There is no point in extrapolating if viu > (macheps)—1/2

when the unconstrained LS problem is in A-over-B form.

(a) Once the extrapolates "settle down", ||x(k)(YJu) -
x(k_1)(YJu)|12 gives good estimates of the error in
D (37,

(e) Most time is spent in computing the Q~R decompositions for

each x(yJu). The extrapolates are "free".

5. The Iterative Improvement of x(u)

A routine Lagrange multiplier argument can be used to show that x

LSE
and TisE = b - AXLSE satisfy
b } I 0 A TISE
(5.1) d 0T 0T B ALSE
0 A B" 0 XisE
Here, ALSE is the corresponding Lagrange multiplier.

The unconstrained LS problem (1.2) can also be posed as a linear

equation problem:

b I o & b - Ax(h)
al = Jo y%rs u2(d-Bx ()
T 8T o

(=)

x(u)

(The last row in this equation is just the normal equation system (2.8).)

This suggests the following iteration for improving x(p):
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(@) Once the extrapolates "settle down", llx(k)(yju) -
(k 1)(YJU)[] gives good estimates of the error in
“‘ 0 (3T
(e) Most time is spent in computing the Q-R decompositions for

each x(yI). The extrapolates are "free".

5. The Iterative Improvement of x(u)

A routine Lagrange multiplier argument can be used to show that x

LSE
and rrisp = b - AX op satisfy
b ) I 0 A Tl SE
(5.1) d 0 0T B XLSE
0 A" B" O X S|
Here, ALSE is the corresponding Lagrange multiplier.

The unconstrained LS problem (1.2) can also be posed as a linear
equation problem:

b I b - Ax(u)
0 AT x{u)

(The last row in this equation is just the normal equation system (2.8).)

This suggests the following iteration for improving x(y):
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x:=x{(y) ; A:=u2(d = Bx(u)) 7 r:= b - Ax(y)

Repeat:
[ 84 ’ & (I 0 A [r
(5.3) Py = |4 - 0T OT B
L83 0 L B 0 X
| 0 A [ AT ) 84
_2 J
2T 8T o | ax 85

X:=x+ DX ;p:=)+AN 5 T :=r+Ar

In this scheme, if the matrix that defines the corrections Ar, A), and
Ax is replaced by the matrix of (5.1), then we obtain the iterative
improvement scheme of Bjork and Golub [2]. These authors were interested

in how to improve the computed solution X obtained via (1.1). We,

LSE
however, are only interested in getting a solution approximately as good
as X SR" Consequently, we need not resort to multiple precision compu-

tation of the residuals Gi.

The iteration (5.3) undergoes considerable simplification when we observe
that 61 and 63 are always zero. (Use induction.) In light of this obser-

vation, it follows that Ax satisfies

H (KB) Ax - (“22)”2 = min

where 62 = d - Bx. Thus, (5.3) collapses to

x{u, 0) := x(u)
For k = 0, 1,...

s .2 a - Bx (u,k)
) Compute the solution Ax(k) to
(5.4)
min Il(p% z - (pa(k)) jl .
-4 “\A 0 2
xu,k+1) = x{u,k) + Ax(k)

Note that only one Q-rR factorization, that of (pB) , is needed to exe-
A )
cute (5.4).
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The convergence of the method is established in the following result:

Theorem 5.1

In the notation of §ection 2, the vectors x(u,k) generated by (5.4)

satisfy
x(wk) = Xop * e(wk)
where
i i 0. X
e(y,k)y = 2 — i i
u, k) 129 8 1§+u2

. _ 2 2
with (ﬁ = ui/(ui + 0.
Proof

We use induction observing from (2.10) that the theorem is true for

k=0. Since é(k) = = Be(y,k) we have by induction that

H 4 k
) L 5
= - ke T 8 Vi
=10 vy
T 2. T _~1_T _ T 2T -1 T.T
Now (A "A+u“"B"B) B~ = X(DADA + DBDB) DBV and so

ax®) = 2 aTa+,28TR) 15T (k)
__2 § . My RS
u i=1 Bl ].1?_’_ ]_12 i i -
1

The theorem follows directly from the equation e(y,k+1) = e(u,k)+Ax(k).g

Arguments very similar to those used in the proof of Theorem 4.1 can
be used to establish the following inequalities

1+u2
%G k) = xpgp |5 < 1 oF
2uo
: k
l1a = BxGuk) ], < 01

A
2y
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A
0 < |lrpgg 11y = 1o~ Aaxtui) ||, < _231 ok,

These bounds closely correspond to those for the extrapolation method.
To examine the effectiveness of the iteration, we applied it to a

problem in which u1=5000. The relative error of x(yu,k) is tabulated
in the following table:

y k=0 | k=1 | k=2 |k=3 |x-4
103 [10°% | 10 | 10°  {10° [10°
104 1077 | 1072 1073 (1073 [107¢
10> 1073 | 1078 | 1078 1077 | 40774
108 (1072 | 107" [ 10774 [10714 [ 10714

Note that the iteration cannot substantially improve the accuracy of
X(p,0) unless u?/(p$+u2) is somewhat less than unity.

If the A-over-B formulation to compute x(y,0) is used, then improve-
ments in the iterates should not be expected if u > (macheps)_%.

In practice, ||Ax(k)|l2 is a very good estimate of the error in x(M,k)

once convergence begins to set in.

6. Conclusions

Much more work is needed before the ideas in this paper can take on a
practical form. Some topics for future research include the following.

(i) A closer examination of ill-conditioning is needed. Does
the weighting method merely fail to compute the "unstable"
?
components of X gg?
{i1) It is not necessary to re-compute the Q-R factorization of

A

<UB) for each different u when extrapolating. Instead, the
Q-R factorization of A can be updated [1]. How could this

idea be implemented with the George-Heath algorithm [61?




It is our intention to0 continue investigating these questions.
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What are good values for yand y when'extrabolating? How
many extrapolation steps can we "afford"?
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the complete Q-R factorization of (uB) ?
: A

I would like to thank Gene Golub, Per-Ake Wedin, and the referee for
their constructive comments. In addition, the support of the National
Science Foundation and the Swedish Natural Science Research Council is

gratefully acknowledged. This paper was produced while I was a visitor
at the University of Umea.

C.L LAWSON AND R.J. HANSON (1974), "Solving least squares problems,

REFERENCES

BJORK (1981), "A general updating algorithm for constrained
linear least squares problems," Report LiTH~MAT-R-81-18,
Department of Mathematics, University of Linkoping, Sweden.

BJORK AND G.H. GOLUB (1967), "Iterative refinement of linear
least squares solutions by Householder transformation,”
BIT, 7, 327-337.

BJURK AND I.S. DUFF (1980), "A direct method for the solution

of sparse linear least squares problems," Lin. Alg.&Applic.,
34, 43-67. :

BUSINGER AND G.H. GOLUB (1965), "Linear least squares solutions
by Householder transformations," Numer. Math. 7, 169.

ELDEN (1980), "Perturbation theory for the least squares
problem with linear equality constraints", SIAM J. Numer.
Anal., 17, 338-350.

GEORGE AND M. HEATH (1980), "Solution of sparse linear least

squares problems using Givens rotations," Lin. Alg.& Applic.
34, 69-84. ’

Prentice-Hall, Englewood Cliffs NJ.




10.

11.

12,

13.

262

M.J.D. POWELL AND J.K. REID, (1969), "On applying Householder's
method to linear least squares problems," Proc. IFIP Congress,
1968.

G.W. STEWART (1977)," On the perturbation of pseudo-inverses,
projections and linear least squares problems," SIAM Review,
19, 634-662.

G.W. STEWART (1982), " A Method for Computing the Generalized
Singular value decomposition," this volume.

C.VAN LOAN (1976), "Generalizing the singular value decomposition,”
SIAM J. Numer. Anal., 13, 76-83.

P-A WEDIN (1979), "Notes on the constrained least squares problem.
A new approach based on generalized inverses," Report UMINF
75.79, Institute of Information Processing, University of Umed,
Sweden.

C.B. MOLER, (1980), "MATLAB- An Interactive matrix Laboratory,"
Dept of Computer Science, University of New Mexico, Albuquerque,
New Mexico.




