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maxX!0 〈C,X〉
subject to 〈D1, X〉 = d1

...
〈Dk, X〉 = dk

Semidefinite Programming
• M is symmetric positive semidefinite 

(SPSD) ⇔ for any vector x, xTMx≥0.

• Semidefinite Programming

• Linear objective and constraints with 
X optimized over SPD matrices.

• Seems primitive, but subsumes many 
classes of optimization problems!

• Expressible in either primal or dual forms.

• One Major Trick

• Want to find B, not necessarily SPD.

• Rephrase equations in terms of X=BBT. 
(BBT must be SPD!)

• When X found, use matrix decomposition 
to find approximate B.

min cT x
subject to x1A1 + · · ·

+xnAn −B " 0



Adult Supervision

• Supervised setting: Examples x 
accompanied by fully specified label y.

• Semi-supervised setting: Examples x 
accompanied by perhaps incomplete label y.

• Unsupervised setting: Examples x are 
unaccompanied.



Unsupervised SVMs

• Unsupervised: Assign labels to examples.

• SVMs: Find “simplest” hypothesis that still 
clears some margin between the correct 
labeling and incorrect labeling(s)!

• Unsupervised SVMs:  Label examples 
(under strong constraints) such that the 
model is as simple as possible.



Getting Unsupervised 
Structural SVMs

• Unsupervised 2-class SVMs.
(De Bie & Cristianini, 2003; Xu et al., 2004)

• Unsupervised multiclass SVMs.
(Xu & Schuurmans, 2005)

• Unsupervised structural SVMs.



Max Margin Clustering

• Recall: SVM primal and dual

• Supervised case: y known, 
find dual λ to maximize margin

• Unsupervised case: y 
unknown, find y and λ 
simultaneously (w/balance 
constraints)
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oped (De Bie & Cristianini, 2003; Xu et al., 2004; Xu
& Schuurmans, 2005). The idea is to treat the miss-
ing classification labels as variables to be optimized
in a joint minimization with the underlying SVM pa-
rameters. That is, one formulates the SVM training
objective (the margin loss) as a joint function of the
training labels and the SVM parameters. The unsu-
pervised learning principle then becomes finding a la-
beling that results in an SVM with minimal margin
loss. Obviously, constraints need to be added to the la-
beling to avoid trivial results, such as having all labels
set to the same value. The previous approaches have
simply constrained the labeling so that the classes are
approximately balanced. Despite its simplicity, this
approach appears to yield good results.

To derive a structured form of these algorithms, we
followed the same methodology outlined in previous
work (De Bie & Cristianini, 2003; Xu et al., 2004).
Essentially this involves following a sequence of steps:
First, one takes the dual of the supervised problem,
yielding an expression that involves pairwise compar-
isons between the supervised y-labels. Second, one
re-expresses the problem in terms of the comparisons,
rather than the y-labels themselves, which yields a
convex function in the comparison variables, even
when the objective was not convex in the original y-
labels. Third, one relaxes the comparison variables to
real values, and possibly relaxes additional constraints,
to obtain a convex optimization problem. Finally, the
comparison variables in the solution can be used to
recover a classification of the original data.

To derive an unsupervised training algorithm for the
structured case, we briefly review some essential de-
tails from the 2-class and multi-class univariate case.

2.1. 2-class Case

Suppose one is given unlabeled data x1, ..,xn, and
wishes to solve for a binary labeling y ∈ {−1, +1}n.
The recent proposals (De Bie & Cristianini, 2003;
Xu et al., 2004) suggest finding a labeling that mini-
mizes the standard SVM margin loss, subject to con-
straint that the classes stay approximately balanced
−ε ≤ y!e ≤ ε. That is, one writes the margin loss
after the SVM parameters have been optimized as a
function of y. In the primal and dual forms this can
be expressed

ω(y) = min
w

β

2
‖w‖2 +

∑

i

[1 − yiφ(xi)
!w]+ (1)

= max
0≤λ≤1

λ!e−
1

2β
〈K ◦ λλ!,yy!〉 (2)

where [u]+ = max(0, u), “e” denotes the vector of all
1s, “◦” denotes componentwise matrix multiplication,

〈, 〉 denotes 〈A, B〉 =
∑

ij AijBij , and K denotes the

kernel matrix, Kij = φ(xi)!φ(xj).

The difficulty with the primal form of ω, however, is
that it is not convex in y. The dual is also not convex,
but the labels appear only as the equivalence relation
matrix M = yy!; where Mij = 1 if yi = yj and
Mij = −1 otherwise. The key observation of (De Bie
& Cristianini, 2003; Xu et al., 2004) is that if one
expresses the margin loss in terms of M , it becomes a
maximum of linear functions and is therefore convex
(Boyd & Vandenberghe, 2004)

ω(M) = max
0≤λ≤1

λ!e−
1

2β
〈K ◦ λλ!, M〉

The class balance and the equivalence relation con-
straints can then be re-expressed in terms of M .
For example, the class balance constraint can be en-
coded −εe ≤ Me ≤ εe. The equivalence relation
constraint can be encoded using a well-known result
(Helmberg, 2000; Laurent & Poljak, 1995) that asserts
M ∈ {−1, +1}n×n is a binary equivalence relation if
and only if M ( 0 and diag(M) = e. Thus, by relax-
ing the remaining integer constraint on M to [−1, +1],
one can obtain a convex training problem

min
M$0, diag(M)=e

ω(M) subject to −εe ≤ Me ≤ εe

This problem can be shown to be equivalent to the
semidefinite program (De Bie & Cristianini, 2003; Xu
et al., 2004)

min
M,δ,µ≥0,ν≥0

δ subject to (3)

[

M ◦ K e + µ − ν
(e + µ − ν)! 2

β
(δ − ν!e)

]

( 0

diag(M)=e, M (0, −εe ≤ Me ≤ εe

The result is a convex training criterion for SVMs that
is completely unsupervised, yet discriminative.

2.2. Multi-class Case

To tackle the structured prediction case, we will need
to use a multi-class version of this training strategy
(Xu & Schuurmans, 2005). Assume one is given un-
labeled data x1, ...,xn, but now wishes to learn a la-
beling y such that yi ∈ {1...κ}. A multi-class labeling
y can be represented by an n × κ indicator matrix
D, such that Diyi = 1 and Diu = 0 for u *= yi. In a
multi-class SVM, the feature functions φ(x, y) are also
extended to include the y-labels, which provides a sep-
arate weight vector wu for each class u. Once a weight
vector has been learned, subsequent test examples x

are classified according to y∗ = arg maxy w!φ(x, y).
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are classified according to y∗ = arg maxy w!φ(x, y).

y ∈ {−1, 1}n M = yyT

Mij=1 if i and j in same class

M is binary equivalence 
relation if and only if M≽0

Relax M from {-1,1}n×n to [-1,1]n×n 



Max Margin Clustering
ε=0
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ε=2

ε=∞

• Classify with balanced classes 
so that were one to 
subsequently run an SVM on it, 
margin would be maxed.

• Examples of how max margin 
clustering assigns elements to 
one class or the other.



Multiclass MM-Clustering

• With n examples, κ classes.

• Typical multiclass formulation: ϕ(x,y) 
“offsets” x to select out the portion of w 
corresponding to class y.

• D∈{0,1}n×κ indicator matrix: example xi in 

class yi∈{1..κ} has Di,yi=1, and 0 otherwise.

ω(D)=min
w

(
β
2
‖w‖2 +∑

i
max

u

(
1−Diu −wT (φ(xi,yi)−φ(xi,u))

)
)

= max
Λ≥0,Λe=e

(
n−〈D,Λ〉− 1

2β
〈
K,DDT 〉

+
1
β
〈KD,Λ〉− 1

2β
〈
ΛΛT ,K

〉)



Unsupervised Version

• Establish equiv M=DDT. Mij=1 if yi=yj, else 0.

• Not convex.  Relax to M≽DDT, diag(M)=e.

• Establish class balance constraints.

ω(D)=min
w

(
β
2
‖w‖2 +∑

i
max

u

(
1−Diu −wT (φ(xi,yi)−φ(xi,u))

)
)

= max
Λ≥0,Λe=e

(
n−〈D,Λ〉− 1

2β
〈
K,DDT 〉

+
1
β
〈KD,Λ〉− 1

2β
〈
ΛΛT ,K

〉)

ω(D,M)= max
Λ≥0,Λe=e

(
n−〈D,Λ〉− 1

2β
〈K,M〉+ 1

β
〈KD,Λ〉− 1

2β
〈
ΛΛT ,K

〉)

min
M!0,diag(M)=e,D≥0

ω(M) s.t. M ! DDT ,

(
1
κ
− ε

)
ne ≤Me ≤

(
1
κ

+ ε

)
ne



Supervised M3N

• Sequences: Decomposes nicely into 
independent pieces across adjacent nodes!

• Define some convenient Δϕ notation:

• Rephrase equivalent QP with dual vars over 
“pieces” of the sequence. (Taskar ‘03)

ω(y1, . . . ,yn) = min
w

β

2
‖w‖2 +

∑

i

max
ui

(
∆(ui,yi)−wT (φ(xi,yi)− φ(xi,ui))

)

φ(xi,yi) =
L∑

k=1

φ(xi,k, yi,k, yi,k−1)

ω(y1, . . . ,yn)=max
µ,ν

∑

i,k,u

µik(u)1(u !=yik) −
1
2β

∑

ik,k!,uu′,vv′

νik(uu′)νj!(vv′)∆φik(uu′)T ∆φj!(vv′)

subject to µik(u) ≥ 0, νik(uu′) ≥ 0,
∑

u′

νik(uu′) = µik(u),
∑

u

µik(u) = 1

∆φik(uu′) = (φ(xi,k, yi,k, yi,k−1)− φ(xi,k, u, u′))



Rephrase w/ Ind. Matrices
• i,j index examples, k,ℓ index sequence positions

• C indicator matrix for positions & labels, M=CCT indicates if two 
positions have the same label. D indicator matrix for edges & pairs 
of labels, N=DDT indicates if two edges have same pair of labels.

• K matrix with Kik,jℓ inner product between subfeature vectors that 

omit transition model features with current state values equal!!

• E matrix of all ones, p1 number of singleton positions in training set.

• μ and ν are matrices with μik,u =μik(u), νik,uu’=νik(uu’).

Mik,j! = 1(yik=yj!) Nikk−1,j!!−1 = 1(yikk−1=yj!!−1)

Cik,u = 1(yik=u) Dikk−1,uu′ = 1(yikk−1=uu′)

ω(M,N,C, D)=p1 − 〈µ, C〉+ 1
β (〈µ,KC〉+ 〈ν, ED〉)

− 1
2β (〈M,K〉+ 〈N,E〉+

〈
µµT ,K

〉
+

〈
ννT , E

〉
)

subject to
∑

u′ νik,uu′ = µik,u ∀iku,
µ ≥ 0,ν ≥ 0,νe = e,M = CCT , N = DDT ,
Nikk−1,j""−1 = Mik,j"Mik−1,j"−1 ∀ijk#



• Impose class balance constraints.

• Relax equality constraints between M & C, N & D.

• Relax consistency constraints between M & N.

• Relax M & N from binary {0,1} to real [0,1].

Unsupervised M3N

(
1
κ − ε

)
p1e ≤Me ≤

(
1
κ + ε

)
p1e

(
1
κ2 − ε

)
p2e ≤ Ne ≤

(
1
κ2 + ε

)
p2e

M ! CCT , N ! DDT , diag(M) = e, diag(N) = e

Nikk−1,j!!−1 ≤Mik,j! Nikk−1,j!!−1 ≤Mik−1,j!−1

Nikk−1,j!!−1 ≥Mik,j! + Mik−1,j!−1 − 1

ω(M,N,C, D)=p1 − 〈µ, C〉+ 1
β (〈µ,KC〉+ 〈ν, ED〉)

− 1
2β (〈M,K〉+ 〈N,E〉+

〈
µµT ,K

〉
+

〈
ννT , E

〉
)

subject to
∑

u′ νik,uu′ = µik,u ∀iku,
µ ≥ 0,ν ≥ 0,νe = e,M = CCT , N = DDT ,
Nikk−1,j""−1 = Mik,j"Mik−1,j"−1 ∀ijk#



Experimental 
Comparisons

• Comparisons among three methods

• CDHMM: Convex Discriminative HMM.

• ACDHMM: Alternating CDHMM, which 
iteratively predicts labels, retrains model, 
until no labels change.  (Local search.)

• EMHMM: Conventional Baum-Welch EM 
training.



Synthetic & Small Datasets

• Four synthetic datasets.

• Generated 10 samples of 
length 8 with 2-state HMM.

• Percentage given is: (1) 
chance to stay in current 
state, and (2) chance of 
having emission noise (e.g., 
chance in state 0 of emitting 
1 instead of 0).

• Two protein datasets.

• UCI repository (protein-
secondary-structure).

• Samples subsequences & 
removed labels.

• Accuracy found through 
maximum mapping through 
predicted and possible state 
labels.

Discriminative Unsupervised Learning of Structured Predictors

Table 2. Prediction error including alternating method.

Data set CDHMM ACDHMM EM
syth1 3.38 ±0.75 14.46 ±1.78 15.09 ±1.92
syth2 8.12 ±1.57 17.34 ±1.52 17.49 ±1.81
syth3 22.12 ±1.40 26.56 ±1.06 30.06 ±1.24
syth4 31.50 ±1.46 38.58 ±0.96 39.90 ±0.86
prot1 51.75 ±1.80 56.67 ±0.47 58.11 ±0.47
prot2 50.38 ±2.04 53.65 ±0.57 57.23 ±0.39

Table 3. Prediction error for larger data sets.

Data set ACDHMM EM
20×2-seq 43.12 ±2.20 46.27 ±1.51
10×5-seq 44.33 ±2.30 48.67 ±1.51
5×10-seq 46.44 ±2.12 48.67 ±1.82

exact CDHMM procedure, but generally offers better
results than EM, especially with the complex model
(PROT2). However, ACDHMM scales better than
CDHMM so we are able to present results on much
larger data sets. To demonstrate this, we use the same
protein secondary structure data set but now use com-
plete sequences (from the available set of 110) instead
of sampling short segments. We show results in Table
3 for 20 samples of 2 sequences (20×2-SEQ), 10 sam-
ples of 5 sequences (10×5-SEQ), and 5 samples of 10
sequences (5×10-SEQ) taken randomly from the data
set. These data sets are much larger than our ear-
lier examples, having, on average, 337, 628, and 1214
structure observations respectively. In all cases, the
observations xi were set to a window of 7 adjacent
amino acids. The results show an improvement over
EM in a more realistic context.

6. Conclusion

We have presented a new discriminative approach to
the unsupervised training of hidden Markov models.
To the best of our knowledge this is the first technique
to formulate a convex criterion for discriminative unsu-
pervised training. We can offer an exact but expensive
training method for this criterion, or fast but inexact
training methods, but cannot yet attain both.

There are many directions for future research. One
of the most significant issues is overcoming the com-
putational burden of semidefinite programming. Even
though this problem is polynomial time in principle
(Nesterov & Nimirovskii, 1994), current solvers limit
the size of the problems we can practically handle.
Generalizing the approach to arbitrary graphical mod-
els is not hard, although the usual limits on graph
topology are required to ensure tractability. A more
interesting issue that we have not made much progress
on is dealing with continuous variables and continu-

ous time. Finally, it would be interesting to try our
technique on semi-supervised data to see if improve-
ments over current discriminative classification tech-
niques can be achieved.
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Larger Datasets

• Use full sequences from 
protein secondary structure.

• 20 samples over 2 seqs.

• 10 samples over 5 seqs.

• 5 samples over 10 seqs.

• Each observation xi a window 
over 7 adjacent amino acids.

• Comparison of alternating 
method versus standard EM.

• The global CDHMM method is 
too slow for the complete 
sequences.

Discriminative Unsupervised Learning of Structured Predictors

Table 2. Prediction error including alternating method.

Data set CDHMM ACDHMM EM
syth1 3.38 ±0.75 14.46 ±1.78 15.09 ±1.92
syth2 8.12 ±1.57 17.34 ±1.52 17.49 ±1.81
syth3 22.12 ±1.40 26.56 ±1.06 30.06 ±1.24
syth4 31.50 ±1.46 38.58 ±0.96 39.90 ±0.86
prot1 51.75 ±1.80 56.67 ±0.47 58.11 ±0.47
prot2 50.38 ±2.04 53.65 ±0.57 57.23 ±0.39

Table 3. Prediction error for larger data sets.

Data set ACDHMM EM
20×2-seq 43.12 ±2.20 46.27 ±1.51
10×5-seq 44.33 ±2.30 48.67 ±1.51
5×10-seq 46.44 ±2.12 48.67 ±1.82

exact CDHMM procedure, but generally offers better
results than EM, especially with the complex model
(PROT2). However, ACDHMM scales better than
CDHMM so we are able to present results on much
larger data sets. To demonstrate this, we use the same
protein secondary structure data set but now use com-
plete sequences (from the available set of 110) instead
of sampling short segments. We show results in Table
3 for 20 samples of 2 sequences (20×2-SEQ), 10 sam-
ples of 5 sequences (10×5-SEQ), and 5 samples of 10
sequences (5×10-SEQ) taken randomly from the data
set. These data sets are much larger than our ear-
lier examples, having, on average, 337, 628, and 1214
structure observations respectively. In all cases, the
observations xi were set to a window of 7 adjacent
amino acids. The results show an improvement over
EM in a more realistic context.

6. Conclusion

We have presented a new discriminative approach to
the unsupervised training of hidden Markov models.
To the best of our knowledge this is the first technique
to formulate a convex criterion for discriminative unsu-
pervised training. We can offer an exact but expensive
training method for this criterion, or fast but inexact
training methods, but cannot yet attain both.

There are many directions for future research. One
of the most significant issues is overcoming the com-
putational burden of semidefinite programming. Even
though this problem is polynomial time in principle
(Nesterov & Nimirovskii, 1994), current solvers limit
the size of the problems we can practically handle.
Generalizing the approach to arbitrary graphical mod-
els is not hard, although the usual limits on graph
topology are required to ensure tractability. A more
interesting issue that we have not made much progress
on is dealing with continuous variables and continu-

ous time. Finally, it would be interesting to try our
technique on semi-supervised data to see if improve-
ments over current discriminative classification tech-
niques can be achieved.
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Conclusions &
Future Work

• Convex discriminative for unsupervised 
training of predictors.

• Two approaches: Exact but expensive 
(CDHMM), inexact but cheap (ACDHMM).

• Future directions:

• Decreasing computational time.

• Extension to semi-supervised setting.


