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Lecture 15

It has been a week since Lecture 14, (because of Fall Break), so we will briefly review the idea
of uniform evidence and uniform validity. These ideas will apply to classical logics as well as
we will show later in the course.

Note that uniformity is based on the intersection operator treated as a logical operator,⋂
P :Prop(P ⇒ P ) as an instance of the general notation

⋂
α∈A T (α) forA a type and T (α) a family

of types indexed by A. The binary intersection is A∩B for types A and B. It consists of those
elements that belong to both type A and B. So Z∩N = N and

⋂
b∈N+{n :N|n < b} = {0}.

When we explore type theory we will take intersection to be a fundamental type. So far this
is a characteristic feature of Nuprl. We believe that in due course it will find many additional
important applications. It is interesting to add A ∩ B to propositional calculus and integrate
it with the other operators. Plausible rules could be:

H, x :A ∩B, H ′ ` G by both(x; ) H ` A ∩B by e
H, x :A, x :B, H ′ ` G by g(x) H ` A by e

H ` B by e

It is interesting that A ∩ B plays a key role in creating a small axiomatic foundation for Con-
structive Type Theory and Intuitionistic Type Theory, ITT. This would not be the type theory
of Martin-Löf, An Intuitionistic Theory of Types: Predicative Part, Logic Colloquium ’73, 1973,
but a more truly intuitionistic theory with Bar Induction and the Continuity Principle.

Note that the completeness result discussed in Lecture 14 is for pure normal evidence. To
say the evidence is pure means that only logical operators occur. We can imagine evidence
terms that would use numbers or numbers and graphs, etc. These bits of evidence will always
disappear as we normalize the evidence. That means that non-canonical subterms such as
ap(λ(x.b(x)); a) are reduced to b(a).

To say that the evidence is normal means that there are no reducible redexes, such as
spread(pair(a; b);x, y.t(x, y)). These are reduced in place, e.g. to t(a, b) using our illustrative
example.

In the case of pure normal evidence the completeness proof provides an algorithm for con-
structing the proof from the evidence. That algorithm is clear from the account in Lecture
14.

The proof in the APAL article needs to be modified to handle the new treatment of False using
exceptions. We will discuss this when we examine first-order logic.
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