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Lecture 13

The set of admissible rules for iPC has no finite basis, but is decidable, see Rybakov, Admis-
sibility of Logical Inference Rules. One basis for the set of admissible rules for iPC was given
by Visser, thus solving one of the 102 open problem summarized by Harvey Friedman in 1975
(JSL, 40(2), 1975).

Here are the Visser rules in a style close to that in an article by Iemhoff and Metcalfe in Annals
of Pure and Applied Logic, 159, 2009, pg 171–186 (see course web page). Iemhoff and Rozière
(PhD 1977), Iemhoff ISL 66, 2001.

Vissern (
n∧

i=1

(Ai ⇒ Bi)⇒ (Dn+1 ∨Dn+2)) ∨R/(
n+2∨
j=1

C ⇒ Dj) ∨R

Where C =
∧n

i=1(Ai ⇒ Bi).

Here are specific instances:

V1 is ((A1 ⇒ B1)⇒ (D2 ∨D3) ∨R/((A1 ⇒ B1)⇒ D2) ∨ ((A1 ⇒ B1)⇒ D3) ∨R
V2 is ((A1 ⇒ B1)⇒ (D2 ∨D3)&(A2 ⇒ B2)⇒ (D3 ∨D4)) ∨R

/[(A1 ⇒ B1)⇒ D2 ∨ (A1 ⇒ B1)⇒ D3 ∨ (A2 ⇒ B2)⇒ D4 ∨ (A2 ⇒ B2)⇒ D5] ∨R

Computational Interpretation of Admissible Rules (cont.)

Visser Rules

We look at the sequence of inference rules that could be added to iPC to improve the efficiency
and clarity of deductions. Since the sequent rules for iPC are known by recent results of Mark
Bickford and me to be complete for iPC, these admissible rules do not provide more “logical
expressiveness.” However we can study whether they allow a richer and perhaps more efficient
computation system.

To investigate this topic more deeply, we will need to understand the type theory that we, and
many computer scientists, use as the appropriate meta-theory and semantic basis for iPC and
iFOL, and other constructive logics.

The topic of admissible rules applies to other nonclassical logics such as modal logics and
epistemic logics. Artmov has recently proposed a formalization of intuitionistic epistemic logic
(IEL). It has appeared this month in the arXiv, and it will be on the course web page. There
could be very interesting “low hanging fruit” in examining admissible rules for this logic.

((A⇒ C)⇒ C ∨D)/((A⇒ B)⇒ C) ∨ ((A⇒ B)⇒ D) ∨ ((A⇒ B)⇒ A)
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What can a proof (evidence) for ((A⇒ B)⇒ C ∨D) be like?

Given that A, B, C, D are propositional formulas, and that the proof is uniform in the values
assigned to A, B, C, D. The propositions are not present in the evidence.

The outer structure is a function since ( ) ⇒ ( ) only has functions as evidence, and these
values can be reduced to canonical form. So the evidence is λ(f.exp(f)).

Can we say more? Something about exp(f)?

• We know f has type A⇒ B.

• We know that exp(f) must be of type C ∨D.

The proof will have this structure

H, f : (A⇒ B) ` C ∨D by exp(f).

We can reduce exp(f) to irreducible outer form.

If exp(f) does not “use f” (apply f), then exp(f) is either reducible or canonical. If reducible,
we reduce it, and it does not diverge because that would not be evidence for C ∨D. The only
canonical forms it can reduce to are inl(c) or inr(d).

We need to know enough about the meta theory to understand that no other canonical form is
possible, e.g. can’t be λ(x. ), pair( ),...

The options are:
inl(c), inr(d), ap(f ; a).

In the case of ap(f ; a) the proof looks like

f :A⇒ B ` C ∨D by ap(f ; a)
` A by a Note, a is a closed term or a(f)

v :B ` C ∨D

Example of Visser-1 Admissible Rule

((A1 ⇒ B1)⇒ A2 ∨ A3) ∨D/
(A1 ⇒ B1)⇒ A1

∨
(A1 ⇒ B1)⇒ A2

∨
(A1 ⇒ B1)⇒ A3

∨
D

Take
A1 = (P∨ ∼ P ) B1 = (∼∼ P ⇒ P )
A2 =∼∼ (P∨ ∼ P ) A3 =∼ (P∨ ∼ P )

(((P∨ ∼ P )⇒ (∼∼ P ⇒ P ))⇒∼∼ (P∨ ∼ P )∨ ∼ (P∨ ∼ P ))

λ(f.inl(pf of ∼∼ (P∨ ∼ P )))
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The new admissible rule is this, where we label the components according to the rule format
that uses Ai, Bi:

((P∨ ∼ P )⇒ (∼∼ P ⇒ P )) ⇒ (P∨ ∼ P )
(A1 ⇒ B1) ⇒ A1

∨
((P∨ ∼ P )⇒ (∼∼ P ⇒ P )) ⇒ ∼∼ (P∨ ∼ P )

(A1 ⇒ B1) ⇒ A2

∨
((P∨ ∼ P )⇒ (∼∼ P ⇒ P )) ⇒ ∼ (P∨ ∼ P )

(A1 ⇒ B1) ⇒ A3

∨
D
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