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Previously, we have studied equilibrium analysis and have made the assumption that there are enough
users and we can treat them as a continuum (non-atomic). In today’s lecture we will begin to consider
the discrete analog of this analysis.

The discrete routing game consists of a directed graph G(V,E) and a set of source-sink pairs (si, ti)
(each with a corresponding ri = 1). In this variant, we must route the ‘flow’ from si to ti on a single
path since each (si, ti) pair corresponds to one ”person,” or one unit of flow. Therefore, we no longer
require that each (si, ti) pair is distinct, or that the delay functions are continuous or differentiable. We
will require that de(x) ≥ 0 and non-increasing (this is just for convenience).

We can define the player cost as
∑

e∈Pi
de (f(e)) and the social cost (SC) can be defined as

SC =
∑
e

f(e)de (f(e))

Where f(e) = |{i : e ∈ Pi}|. This new problem raises 3 questions:

1. Is there a Nash Equilibrium?

2. Can we find it?

3. What is the Price of Anarchy?

Recall that the equilibrium in the last lectures is the optimal flow; it minimized
∑

e

∫ f(e)

0
de(ζ)dζ

Claim: Let Pi be the path from si → ti, then minφ =
∑

e

∑f(e)
k=1 de(k) is an equilibrium where

f(e) = |{i : e ∈ Pi}|.

Note: this is the discrete analog to continuous case we have previously considered.

Consider P̄ = {P1, ..., Pk} and P̄−i = P̄ \Pi. Then φ(P̄)− φ(P̄−i) =
∑

e∈Pi
de(f(e)) which is equivalent

to the cost incurred by person i.

Using this fact, we can calculate the change in φ if person i switches from path Pi to Qi.

∆φ = change in person i’s cost = φ
(
Qi, P̄−i

)
− φ

(
P̄
)

=
[
φ
(
QiP̄−i

)
− φ

(
P̄−i

)]︸ ︷︷ ︸
new cost of i

−
[
φ
(
P̄
)
− φ

(
P̄−i

)]︸ ︷︷ ︸
old cost of i

where
(
Qi, P̄−i

)
represents the set where i changes to path Qi while all others remain unchanged.

Now, we can prove our initial claim. If any player i can improve their cost δ by switching from Pi to Qi,
this switch will decrease φ by δ. Therefore, when the minimum is achieved, we are at an equilibrium.

Corollary. A pure strategy Nash Equilibria exists for the discrete routing game. This follows
immediately from the claim above. Since the potential function can be written and minimized in terms
of integer flows, a Nash Equilibria must exist where no player uses a mixed strategy.
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Corollary. There exists an algorithm that terminates in finite time to find a Nash Equilib-
rium. By enumerating all possible paths Pi and selecting the set of paths that minimize the potential
function, a Nash equilibrium is found.

To find Nash equilibria, the method of Repeated Best Response is often used. A general algorithm for
finding a Nash equilibrium for the atomic routing game using Repeated Best Response is outlined below.

Algorithm 1 Repeated best response for atomic routing games

Input: graph G = (V,E), (si, ti) pairs, Paths P1...Pn

Pick any path Pi ∈ (P1...Pn)
if i prefers any path Qi over Pi then

Allow i to switch to path Qi

end if
Repeat until no player wants to switch paths

Note that this algorithm is not guaranteed to terminate for all games. It is possible that allowing players
to update their preferences sequentially will create an infinite loop. In the game of atomic routing,
since the potential function decreases every time a player improves their own cost, the algorithm must
terminate in finite (although not polynomial) time.

At the end of this lecture, we are left with two questions:

1. Can we bound all Nash Equilibria and recover the Price of Anarchy (PoA)?

2. Can we bound the cost of Nash minimizing the potential function (leading to the Price of Stability)?
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