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Today we discuss correlated equilibria. The idea behind correlated equilibria is as follows: a
central authority tells the players what to do. Assuming the other players do as they’re told, a
given player cannot improve his payoff by deviating from the instructions.

1 Example: Chicken

For example, consider the game chicken. This is a formalization of a game played in cars. Each
player has two options: charge (dare) or divert (chicken). If both players charge, their cars crash
and they receive a very low payoff. If both divert, then neither is hurt, and neither suffers much
damage to reputation. If one charges and the other diverts, then the charger receives a large payoff,
for being both brave and alive, and the diverter receives a small payoff, for being alive but embar-
rassed. Formally

dare chicken
dare (0,0) (6,1)
chicken (1,6) (5,5)

Clearly (C,D) and (D,C) are both Nash equilibria. There is also a mixed Nash equilibrium, in
which all players play each strategy with probability 1/2-1/2. Once a player knows that the oppo-
nent is playing the two strategies equally likely, his payoff if he chickens is .5*1 + .5*5 = 3, and his
payoff if he dares is .5*0 + .5*6 = 3. So playing both strategies equally likely is optimal. These
are the only Nash equilibria. However, there are many more correlated equilibria. An interesting
correlated equilibrium is the following: the central authority chooses between (D,C), (C,C), and
(C,D) with probability 1/3 each, and directs the two players actions accordingly. If a player is told
to dare, he is assured that the other player will chicken, and thus dare is in fact his best move. If
a player is told to chicken, there is a 50/50 change his opponent will dare. We have already seen
that this implies that chicken and dare have the same payoff, so there is no incentive to deviate.

2 Formalization

We have 2 players, 1 and 2. Player 1 has possible strategies 1 through m, and 2 has strategies 1
through n. The payoffs can be viewed as a matrix, with 1’s strategy determining the row and 2’s
determining the column. We have the following definitions

pij = the probability of player 1 playing strategy i and 2 playing j. This corresponds to the ij
entry in the matrix. This probability is set by some outside force.

pi =
∑

j(pij) = the probability that player 1 is told to play strategy i
pij/pi = probability that player 2 plays strategy j, give that player 1 was told to play strategy



i.
symmetrical definitions hold for player 2 where we will use

qj =
∑

i(pij) = the probability that player 2 is told to play his strategy j.

To be a correlated equilibrium, it must be true that if every player but you follows their in-
structions, you benefit by following yours. Mathematically:
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1

pi
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j pijakj, ∀i and k
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where a and b are the payoff matrices of the column and row players respectively, used in previous
lectures.

The social value function is what you would expect:
∑

i,j pij(aij + bij)

From this, we get the following facts:
Fact 1: every Nash is a correlated equilibrium

observe that pij = pi ∗ qj, where p is a vector of probabilities for the strategy used by player 1
(pi = probability of playing i) and q is the same vector for player 2. Note that the vectors p and
q we defined from the correlated equilibrium probabilities pij are the same as the p and q we use
here.

Observe that we can simplify the constraints.
∑

j pijaij ≥
∑

j pijakj, ∀i and k
∑

i pijbij ≥
∑

i pijbil, ∀j and l

Fact 2: Correlated equilibria form a convex set.

In this case, convexity means that if strategies p and p’ are in the set, λ ∗ p + (1 − λ) ∗ p ′ is
also in the set, where 0 ≤ λ ≤ 1 is the probability of using strategy p.

Fact 3: We can easy find a correlated equilibria using linear programming. As the inequalities
given above are linear, they can be considered restraints, and the social value is what we are trying
to optimize. This does not make our life as easy as it ought to. Linear programming is polynomial
in the number of variables and constrains. The number of variables for a k strategy, n player game
is nk. It follows that

Fact 4: A linear program with nk variables can find a correlated Nash.

Fact 5: finding the best correlated Nash is NP complete (next class we will show that you can
find a Nash using a learning method)
Proof of fact 5: We will show that SAT ≤ Finding a correlated Nash, using the following construc-
tion



let each variable i correspond to a player i
true and false correspond to strategies, which we can name true and false
if a player is part of a clause that is not satisfied, we will fine it $1.
The best correlated equilibrium produces a satisfying assignment if possible. This assignment

is a Nash, since no benefit is gained from deviation.
If it’s not satisfiable, the correlated equilibrium will have a solution with total cost ≥ 1.

It’s worth noticing that this is in fact a congestion game. To see why it is a congestion game,
we need to think of the names of the players choices “backwards”: the variable i chooses the the
the truth value TRUE or FALSE, that it will not take. So if xi is in a clause Cj, then by making
xi FALSE, i causes a congestion of 1 in clause i, and by making xi TRUE, i causes a congestion of
1 in every clause that has x̄i. The clauses have the usual congestion functions, for a clause j with
n terms, the function `j(x) = 0 for all x ≤ n − 1 and has `j(n) = 1. In this congestion game the
cost to each player is exactly the number of unsatisfied clauses it participates in.

We have showed that finding the best correlated equilibrium can be NP-complete when there
are many players. It can also be NP-complete when we only have two players, but the players have
many strategies. Again, we will use a congestion game to show this. The reduction is from the
TWO DISJOINT PATH problem. Input to this problem consists of a directed graph G and two
pairs of nodes s1, t1 and s2, t2. The question is to decide if there are two edge-disjoint paths P1

and P2, so that Pi goes from si to ti for both i = 1, 2. Now we need to define a game. The two
player in our game correspond to the two path. Player i needs to select a path Pi from si to ti.
Its a congestion game with `e(1) = 0 and `e(2) = 1 for all edges e. So the cost to both players is
the number of edges the selected paths share. If there are two paths that are edge-disjoint, then
selecting these path is a Nash of cost 0, clearly also the cheapest correlated equilibrium. If there
are no disjoint paths, all solutions, including the cheapest correlated equilibrium cost at least 1.


