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1 Recap of last class

Threshold of a property: For a particular property, if there exists a function p(n) such
p1(n)
p(n)
erty and for any function py(n) where lim p2(n)

n—oc p(n)
then p(n) is called a threshold for that property.

that for any function p;(n) where lim = 0, then G(n, p1(n)) does not have the prop-
n—oo

= 00, then G(n,pa(n)) has the property,

Sharp threshold of a property: For a particular property, if there exists a function
p(n) such that G(n,cp(n)) for any ¢ < 1 does not have the property and for G(n, cp(n)) for
any ¢ > 1 has the property, then p(n) is called a sharp threshold for the property.

Note: An interesting project would be to determine the conditions under which a threshold
is a sharp threshold.

2 Review of inequalities

2.1 Markov’s Inequality

BE(X)

If X is a non-negative random variable and a > 0, then P(X > a) <

Proof: -
E(X) —/ xp(x)dx
O(l (o.¢]
:/ :Up(x)dx+/ xp(x)dx
0o a
> / wp(x)de
Z/ ap(x)dx
= a%(X > a)
Hence, P(X > a) < E(QX) a

2.2 Chebyshev’s Inequality

Let X be a random variable with mean = E(X) and finite variance 0 = Var(X). Then
P(IX =y > a0) < 4.



Proof:

P(IX — il = a0) = P((X — p)? = a%0?)

Using Markov’s inequality for the non-negative random variable (X — u)2, we get
B(X-p)?) o> 1

P((X —p)* > a’0”) < i = 33 =

o a?

Hence, P(|X — p| > ac) < 5. O

3 Method of second moments

The method of second moments is used to show that when the expected value of a non-
negative random variable X is large compared to its variance, the random variable takes
the value zero with probability approaching zero. That is, Pr(X = 0) — 0.

Let X be a non-negative random variable with variance o?.

Clearly, P(X =0) = P[E(X) - X = E(X)] < P[|X — E(X)| > E(X)].

Using Chebshev’s inequality on P(|X — E(X)| > E(X)), we get
0.2
PX — B(X)| 2 BX)) < (s = iy

o

Hence, P(X = O) S #2)()
If 58755 — 0, then P(X = 0) — 0.

We can rewrite 02 = Var(X) = B(X?) — E?(X).

2 BE(X?
Hence, 5y = Foixy — 1
2
To show that #}) — 0 is equivalent to showing that gng; — 1 — 0, which in turn

is equivalent to showing that % — 1% (it has to approach 1 from the right because

E(X?) > E*(X) since Var(X) > 0).

4 Application of the Method of second moments: Sharp
threshold for the disappearance of isolated vertices

Consider the property that a graph does not have any isolated vertices. We will show that
1
this property has a sharp threshold of p(n) = nn in the random graph model G(n,p(n)).
n

Let X be the random variable which counts the number of isolated vertices of a graph
generated by G(n,p(n)).
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Define the indicator variable X; = { VEILex 1 15 150late

0 vertex ¢ is not isolated

n
Hence, X = ZXZ" So we have
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If ¢ > 1, then lim E(X) = 0. This says that as n — oo, the expected number of iso-
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1) is 0. Using this, we can argue

lated vertices in a random graph generated by G(n,

that as n — oo, the probability that a random graph generated by G(n, <22) has isolated

n
vertices tends to 0. Suppose this were not true, ie. the probability that a random graph

generated by G(n, 012”) has isolated vertices tends to some positive constant g. In that

case, since a graph with isolated vertices has at least one isolated vertex, the expected num-
ber of isolated vertices is at least ¢-1 = ¢ > 0 which contradicts the fact that lim E(X) = 0.

n—oo

Ifc <1, then lim E(X) = co. We cannot simply assume that any random graph generated
n—oo

by G(n, Cl%) has many isolated vertices as n — oo, because it might be that the isolated
vertices are concentrated in a small subset of these graphs. Hence, we must use a second

¢ . We want to show that lim ZC)
moment argument. € wan O SNOw a 11m
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= 1. We have already calculated
E(X), so it remains to calculate E(X?):

E(X? = E Zn:XE +) XX,
i=1 i#j
= F (Z XZ) +n(n —1)E(X1X2) (since X; is either 0 or 1, then X? = X;)
= E(X)+n(n—1)Pr(X;=1and Xy =1)
= BX)+n(n—1)((1-pn)" (1 -pn)" -2)
= B(X)+n(n—1)(1 - p(n)*™~>.

So, recalling that E(X) = n(1 — p(n))""!, we have

E(X?) E(X) +n(n—1)(1 —p)*~°
E*(X) E*(X)
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So by the method of second moments we have Pr(X = 0) — 0 as n — oo. The number
of graphs generated by G(n, 012”) with ¢ < 1 with no isolated vertices tends to zero as
n grows. Equivalently, as n — oo, the probability that a graph has one or more isolated
vertices approaches 1. Be careful, though: it is not the case that all random graphs gener-
ated by G(n, 012”) will have isolated vertices, but there is not a constant fraction of these
graphs that have no isolated vertices. Hence, the set of graphs with no isolated vertices is

vanishingly small as n gets large.

In conclusion, p(n) = lnT” is a sharp threshold for the property of a graph not contain-

ing any isolated vertices.



