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Random Graphs 

 

1. G(n,p) : a random graph of n vertices and edge present with probability p 

 

2. Degree distribution 

P deg = k =  
n
k
 pk(1 − p)n−k  

, where n is the number of vertices and p is edge probability. 

 

Ex.1 G(n,
1

2
) 

P deg = k =  
n
k
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2n
 

 

This satisfies binomial distribution with mean 
𝑛

2
. 

 However, above doesn’t satisfy for the cases of p =
d

n
, where d is constant. 

Instead, degree distribution now satisfies Poisson distribution, 

Proof Let’s hold d=np, where d is constant. Thus, 

     𝑃 𝑑𝑒𝑔 = 𝑘 = lim𝑛→∞  
𝑛
𝑘
  

𝑑

𝑛
 
𝑘
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For 𝑛 → ∞, 

   n − k ≈ n    ,    
n
k
 =

n n−1 …(n−k+1)

k!
≈

nk

k!
 

Hence, 

   𝑃 𝑑𝑒𝑔 = 𝑘 ≈ lim𝑛→∞
𝑛𝑘

𝑘!

𝑑𝑘
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The degree distribution is Poisson with coefficient d. 

 

Ex. 2 G(n,
1

n
) 

E(deg) = 1 

Highest degree is 
log (n)

loglog (n)
 

What is the probability of seeing a vertex of degree 
log (n)

loglog (n)
? 

Solution Let k = 
log (n)

loglog (n)
 . We know log(kk) = k ∗ log(k). Hence, 

log(kk) =
log(n)

loglog(n)
 loglog n − logloglog n   ≈ log(n) 

Hence, kk ≈ n , k! ≤ kk ≈ n 



𝑃(𝑑𝑒𝑔 = 𝑘) ≥
1

𝑛
𝑒−1 

Therefore, 

𝑃  𝑛𝑜 𝑣𝑒𝑟𝑡𝑒𝑥 ℎ𝑎𝑠 𝑑𝑒𝑔𝑟𝑒𝑒 
log n 

loglog n 
 ≤ (1 −

1

n
e−1)n  

𝑃  𝑠𝑜𝑚𝑒 𝑣𝑒𝑟𝑡𝑒𝑥 ℎ𝑎𝑠 𝑑𝑒𝑔𝑟𝑒𝑒 
log n 

loglog n 
 ≥ 1 − (1 −

1

n
e−1)n  

                                    ≈ 1 − 𝑒−
1

𝑒 ≈ 0.31 


