Machine Learning Theory (CS 6783)

Lecture 15: Online Mirror Descent contd.

1 Recap

e Mirror descent update :

VR(Yiy1) =VR(y) —nVe & i1 = argmin Ar(y, ¥i+1)
v

o If R is 1-strongly convex w.r.t. some norm ||-|| (and |||, its dual) then using MD, for linear
game (convex Lipschitz) we get

n

Reg, < O \/ (supser R(f)) -supvep VI

Structure of F and D captured via (supscr R(f)) and supyep |V||?>, Eg. in the experts

setting using negative entropy, R(f) = 32N, (i) log f(i) 4+ log(N) MD recovers exponential
weights algorithm.

e If Losses are A-strongly convex w.r.t. £3 norm them using GD with step size 1, = 1/t we get

Reg, < O (supm ﬂzri 1ogn>

2 Exp-concave losses and Online Newton Method

All losses are not made equal, some are more speciall We saw how one can get faster rates for
strongly convex losses. However strong convexity of the loss is a rather strong assumption. It
is possible to get faster rates for losses that are not strongly convex but still have some nice
properties. As an example consider linear prediction with squared loss in d dimensions. That is
0(f, (x,9)) = (f Tx —y)2. This loss is not strongly convex as a function of f w.r.t. any norm (don’t
confuse this with strong convexity of (§ — y)? w.r.t. §). However this loss does have curvature in
the direction we care about.
Throughout this subsection assume that 7 C R? s.t. ||f[l, < 1.

Assumption 1. Assume that the loss £ is such that, for any z and any f, f' € F,

E(f,az) < f(f, Z) + <V€(f’,z),f’ - f>*§(f/ - f)T (v‘ﬂ<f/*z)> (Vﬁ(f’z))—r (f/ - f)



A sufficient condition for the above is that loss ¢ is what is referred to as exp-concave and
1-Lipschitz (ie. ||VL(f,2)|ly < 1). £ is said to be a-exp-concave if for all z, exp(—al(-,2)) is a
concave function. In this case A < 2 min{}, a}

Examples : linear prediction with squared loss 8 = 1, Logistic loss 8 = O(e™ %), ...

Algorithm : Use arbitrary y; € F and use A1 = I3 (I is identity matrix)

T N A _ N . A A T ~ A
A1 = A4+ V, Vy Vi1 =¥t — 77At+11Vt Vi1 = argn;n (¥ = Vie1) A1 (¥ — ¥i41)
ye

Think of the above as MD with R varying over time. Specifically R;(f) = % fTAi 1 f. In this
case Ag,(alb) = $(a—b) " Ayy1(a —b).

Claim 2. Using n = % and o = % if we run the online Newton method, we get

R <0 <dlog(n+ 1))

2nS
Proof sketch. Define R(f) = %fTAH_lf and view the algorithm as

VRi(Yi41) = VR(31) =01Ve Y41 = argrrjlrin Ap,(¥I¥i41)
ye

Now note that for any f* € F,

0Fe,2) = 6(f" 2) < (Ve 3o = ) == (Dr,(F7192) — Are_ (F7130))

1
Ui
Following the bound from MD proof,
~ * -~ -~ 1 * |2 * |4 S
(Vi,3: — %) < <Vtayt - Yt+1> + % (ARt(f Iyt) — Ag,(f |y2+1) — Ag, (yt|y7/t+1))

Combining we get,

~ * ~ ~ 1 * |2 * |2 Al
(Fe,ze) — (" 2) < <Vt,}’t - y,';+1> + 5 (ARt(f Iyt) — Ar,(f |y£+1) - ARt(ytlyQH))

‘717 (Ar,(F150) = D, (F150)

I
~

. . 1 el . N
Ve, ¥t — Yig1) + " (Ar, . (f*190) = A, (f*I9411) — AR (Fel9541))

n 2 T 2 1 e o "

< IR, + o 19— 9l + - (Becs (190 - Arf151) = Ar l5)
n 2 1 - A

= 5 HthA;rll + H (ARI,—l(f b’t) - ARt(f |Yz/‘,+1))
n 1 . .

< 5 ”thQA;}I + H (ARt—l(f |Yt) - ARt (f ‘Yt—&—l))



Summing up and noticing the telescoping sum we get,
n g T T -1 1 * |2
nReg, < 5 Y (At + ViV, > Vi+ EARI(f y1)
t=1
RN T T\ ! O e o2
=§th (At+vtvt> Vt+;||f - yill5
t=1

1 — -1 4
gmng(Aﬁvth) Vit

To conclude the proof note that by matrix-determinant identity we have that for any vector x and
any invertible matrix B, det(B — 2z ") = det(B)(1 — 2" B~'z) and so using B = A; + V;V/ and
z = V; we have:

-1 det(At) det(At) det(AtH)
vl (4+vyT) v det(A; + VoV ) dot(Arry) = °8\ det(Ay)
Hence,
d
1 det(Aps)\ 4 1 1
< —log (LM Ant1)) 2 log(1 + A; (A, 1] < = (@1 1
R, < o tog (S5 ) 5 = (D lon(14 i) + 4 ) < g dlogn) + 0

j=1

3 Mirror Descent and Local Norms

Lemma 3. For any twice differentiable convexr R, if we run mirror descent using step size n, then
RN 1
nReg, (V... Vi) < 5> [VilR2pgzy-1 + - sup Ar(flg1)
2 i—1 N fer

where 2z is some convex combination of ¥ and §,,, (here matriz M, ||z||3, = 2" Mx)

Proof. We will recall the upper bound from the mirror descent proof of the form:
~ * ~ ~ 1 |2 * |4 ~ ~
(Ve3¢ — ) < (V31 — ¥i41) + " (Ar(f*|ye) — Ar(f*|ye+1) — ARV lye))

Now the key trick is that we start with the definition of Bregman divergence and use Taylor’s
theorem. Note that:

AR(Yialye) = R(¥i1) — R(¥e) — (R(3e), Yig1 — Vi)

Now using Taylor’s theorem (4 intermediate value theorem) there exists a point z; that is some
convex combination of y;,, and y; such that

X X NN . L. . . . L. .
R(Yi41) — R(¥e) - <R(Yt),y7/f+1 - Yt> = §(Y1,5+1 - Yt)TV2R(Zt)(y7/t+1 —¥t) = §||y2+1 - ytHQVZR(zt)

3



Hence using this we can conclude that
~ * ~ N 1 XA * | A 1 A~/ A 12
(Vi 3t = f7) <AV 3t — Vi) + p (Ar(f|yt) = Ar(f*[¥t+1)) — %Hym = Villv2Rr(0)

Now note that for any invertible matrix M, ||-||5/-1 is the dual norm to the norm || - ||as and hence
using the fact (as we did in the earlier mirror descent proof) that

. N n 2 L. o2
(V.91 = ¥iq1) < §||thV2R(zt)*1 + %HYQH — ¥illo2 Rz
we conclude that
-~ k 77 1 * |4 k|
(Ve,ye = %) < §Hvt”2v23(zt)fl + n (Ar(f*lyt) = Ar(f*I¥1+1))

Summing over ¢ and simplifying the telescoping sum over the Bregman divergences we we obtain
that

nReg, (V1,...V,) <

o1
(=

1 *|a *| A
HthQwR(zt)—l + ” (Ar(f*ly1) — Ar(f*[¥n+1))

t=1

<

IS
(=

1 N
Hth%ZR(Zt)fl + — sup Ag(f[y1)
N fer

t=1

O]

When is this result useful? Well, if hessian is a Lipschitz continuous function then one can
further bound ||V¢|ly2g(.,)-1 approximately by say [|Vi||v2r, )1 since z is between g and 141
which themselves are close if 1 is small. We will see a concrete example of this when we come to
Bandit algorithms but for now, its a good tool to keep in mind.



