
Machine Learning Theory (CS 6783)

Lecture 13: Online Mirror Descent

1 Recap

F is a convex subset of a vector space.

For t = 1 to n

Learner picks ŷt ∈ Rd

Receives instance ∇t ∈ D
Suffers loss 〈ŷt,∇t〉

End

The goal again is to minimize regret :

Regn :=
1

n

n∑
t=1

〈ŷt,∇t〉 − inf
f∈F

1

n

n∑
t=1

〈f ,∇t〉

• Online Gradient Descent Algorithm :

ŷt+1 = ŷt − η∇t

• η = R
B
√
n

and ŷ1 = 0, then Regn ≤ RB√
n

where supf∈F ‖f‖2 ≤ R and sup∇∈D ‖∇‖2 ≤ B

2 Online Mirror Descent

Is the online gradient descent algorithm always the right thing to use? Let us look at the finite
experts problem. F = ∆(F ′) and 〈f ,∇t〉 = Ef ′∼f [`(f ′, (xt, yt))]. Notice that in this setting, for

any f ∈ ∆(F ′), ‖f‖2 ≤ ‖f‖1 = 1. However note that ‖∇t‖2 =
√∑

f ′∈F ′ |`(f ′, (xt, yt))| ≤
√
|F ′|.

Hence GD bound can only given a rate of

Regn ≤
√
|F ′|
n

But we know that a rate of
√

log |F ′|/n is possible? What is the right algorithm in general. In fact
in general vector spaces, GD does not even type check!
Strongly convex function: Function R is said to be λ-strongly convex w.r.t. norm ‖·‖ if ∀f , f ′,

R

(
f + f ′

2

)
≤ R(f) +R(f ′)

2
− λ

2

∥∥f − f ′
∥∥2

1



This can equivalently be written as:

R(f ′) ≤ R(f) +
〈
∇R(f ′), f ′ − f

〉
− λ

2

∥∥f − f ′
∥∥2

Bregman Divergence w.r.t. function R:

∆R(f ′|f) = R(f ′)−R(f)−
〈
∇R(f), f ′ − f

〉
Clearly if a function R is λ strongly convex, then by definition, ∆R(f ′|f) ≥ λ

2 ‖f
′ − f‖2

Algorithm : Let R be any strongly convex function. We define the mirror descent update as
follows :

∇R(ŷ′t+1) = ∇R(ŷt)− η∇t , ŷt+1 = argmin
ŷ∈F

∆R(ŷ|ŷ′t+1)

Equivalently, ŷt+1 = argmin
ŷ∈F

η〈∇t, ŷ〉+ ∆R(ŷ|ŷt)

and we use ŷ1 = argmin
ŷ∈F

R(ŷ)

Bound :

Claim 1. Let R be any 1-strongly convex function. If we use the Mirror descent algorithm with

η =

√
2 supf∈F R(f)

nB2 then,

Regn ≤
√

2B2 supf∈F R(f)

n

Proof. Consider any f∗ ∈ F , we have that,

〈∇t, ŷt〉 − 〈∇t, f∗〉 =
〈
∇t, ŷt − ŷ′t+1 + ŷ′t+1 − f∗

〉
=
〈
∇t, ŷt − ŷ′t+1

〉
+
〈
∇t, ŷ′t+1 − f∗

〉
By the mirror descent update, ∇t = 1

η

(
∇R(ŷt)−∇R(ŷ′t+1)

)
=
〈
∇t, ŷt − ŷ′t+1

〉
+

1

η

〈
∇R(ŷt)−∇R(ŷ′t+1), ŷ′t+1 − f∗

〉
For any vectors a, b, c, 〈∇R(a)−∇R(b), b− c〉 = ∆R(c|a)−∆R(c|b)−∆R(b|a)

=
〈
∇t, ŷt − ŷ′t+1

〉
+

1

η

(
∆R(f∗|ŷt)−∆R(f∗|ŷ′t+1)−∆R(ŷt|ŷ′t+1)

)
〈a, b〉 ≤ ‖a‖ ‖b‖∗ ≤

η
2 ‖b‖

2
∗ + 1

2η ‖a‖
2

≤ η

2
‖∇t‖2∗ +

1

2η

∥∥ŷt − ŷ′t+1

∥∥2
+

1

η

(
∆R(f∗|ŷt)−∆R(f∗|ŷ′t+1)−∆R(ŷ′t+1|ŷt)

)
2



By strangle convexity of R, ∆R(ŷt|ŷ′t+1) ≥ 1
2

∥∥ŷt − ŷ′t+1

∥∥2

≤ η

2
‖∇t‖2∗ +

1

η

(
∆R(f∗|ŷt)−∆R(ŷ′t+1|ŷt)

)
Summing over we have,

n∑
t=1

〈∇t, ŷt〉 −
n∑
t=1

〈∇t, f∗〉 ≤
η

2

n∑
t=1

‖∇t‖2∗ +
1

η

n∑
t=1

(
∆R(f∗|ŷt)−∆R(f∗|ŷ′t+1)

)
Replacing by projection only decreases the Bregman divergence

≤ η

2

n∑
t=1

‖∇t‖2∗ +
1

η

n∑
t=1

(∆R(f∗|ŷt)−∆R(f∗|ŷt+1))

≤ η

2

n∑
t=1

‖∇t‖2∗ +
1

η
(∆R(f∗|ŷ1)−∆R(f∗|ŷn+1))

≤ η

2

n∑
t=1

‖∇t‖2∗ +
1

η
R(f∗)

≤ η

2
nB2 +

1

η
sup
f∈F

R(f)

=
√

2B2 sup
f∈F

R(f)n

Dividing through by n we prove the claim.

2.1 Examples

Gradient Descent R(ŷ) = 1
2 ‖ŷ‖

2
2. In this case mirror descent update coincides with that of

Gradient descent and we recover the bound. Strong convexity is just Pythagorus theorem

Exponential Weights Let is consider the example of finite experts setting. In this setting we
can consider R to be the negative entropy function,

R(ŷ) =
d∑
i=1

ŷ[i] log(ŷ[i])− 1

Note that

DR(ŷ|ŷ′) = KL(ŷ‖ŷ′) =

d∑
i=1

ŷ[i] log

(
ŷ[i]

ŷ′[i]

)
In this case, it is not too hard to check that R is strongly convex w.r.t. ‖‖1. Also note that
supf∈∆(F ′)R(f) ≤ log |F ′| (achieved at the uniform distribution).
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`p and Schattenp norms Let us consider F to be unit ball under `p norm and D to be unit ball
under dual norm. Let p ∈ (1, 2], then one can use R(f) = 1

p−1 ‖f‖
2
p and this function is strongly

convex w.r.t. `p norm. For matrices with analogous Schatten p norm, use the R(f) = 1
p−1 ‖f‖

2
Sp

.

Remark 2.1. For `1 norm one can use R(f) = 1
p−1 ‖f‖

2
p with p ≈

log d
log d−1 and hence recover a bound

of form O

(√
B2 log d

n

)
where B is the bound on `∞ norm of ∇t’s.

Beyond strong convexity It may not be possible to always find an appropriate strongly convex
R. For instance when dimensionality d is really large, and if F is the unit ball in `q space where
q > 2, then we might need to turn to the notion of uniform convexity rather than strong convexity.
More generally we can consider (λ, q)-uniformly convex R where q ∈ [2,∞) defined as :

R

(
f + f ′

2

)
≤ R(f) +R(f ′)

2
− λ

2

∥∥f − f ′
∥∥q

Basically a similar style of proof will give us a regret bound of O

(
B(supf∈F R(f))

1/q

n1/q

)
. Example

1
q ‖·‖

q
q is q-uniformly convex.

3 Strongly Convex Objectives and Faster Rates

The bounds we showed for online mirror descent and online gradient descent are tight for online lin-
ear optimization and as discussed before can also be used for online convex optimization in general.
However, if one knows in advance that the objectives are curved, strongly convex for instance, then
the rates can be improved and in fact using the same mirror descent/gradient descent algorithm
but with step sizes that vary with round t.

Example : Regularized SVM

`(f , (x, y)) = max{1− y · f>x, 0}+
λ

2
‖f‖22

More generally, in this section we shall assume that for each z ∈ Z, the loss `(·, z) is λ-strongly
convex w.r.t. norm ‖·‖2, that is,

`(f ′, z) ≤ `(f , z) +
〈
∇`(f ′, z), f ′ − f

〉
− λ

2

∥∥f − f ′
∥∥2

2

The results just as easily extend to mirror descent for other norms.

Algorithm : GD update:

ŷt+1 = ΠF (ŷt − ηt∇t)

and we use ŷ1 = 0
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Claim 2. If we use the online gradient descent algorithm with ηt = 1
λt then, whenever the losses

are λ-strongly convex, we get

Regn ≤
B2 log n

2λn

Proof. Consider any f∗ ∈ F , by strong convexity of loss, we have that,

`(ŷt, zt)− `(f∗, zt) ≤ 〈∇t, ŷt − f∗〉−λ
2
‖ŷt − f∗‖22

=
〈
∇t, ŷt − ŷ′t+1 + ŷ′t+1 − f∗

〉
−λ

2
‖ŷt − f∗‖22

=
〈
∇t, ŷt − ŷ′t+1

〉
+
〈
∇t, ŷ′t+1 − f∗

〉
−λ

2
‖ŷt − f∗‖22

=
〈
∇t, ŷt − ŷ′t+1

〉
+

1

ηt

〈
ŷt − ŷ′t+1, ŷ

′
t+1 − f∗

〉
−λ

2
‖ŷt − f∗‖22

=
〈
∇t, ŷt − ŷ′t+1

〉
+

1

2ηt

(
‖f∗ − ŷt‖22 −

∥∥f∗ − ŷ′t+1

∥∥2

2
−
∥∥ŷt − ŷ′t+1

∥∥2

2

)
−λ

2
‖ŷt − f∗‖22

≤ ηt
2
‖∇t‖22 +

1

2ηt

∥∥ŷt − ŷ′t+1

∥∥2

2
+

1

2ηt

(
‖f∗ − ŷt‖22 −

∥∥f∗ − ŷ′t+1

∥∥2

2
−
∥∥ŷt − ŷ′t+1

∥∥2

2

)
−λ

2
‖ŷt − f∗‖22

≤ ηt
2
‖∇t‖22 +

1

ηt

(
‖f∗ − ŷt‖22 −

∥∥f∗ − ŷ′t+1

∥∥2

2

)
−λ

2
‖ŷt − f∗‖22

≤ ηt
2
B2 +

1

2ηt

(
‖f∗ − ŷt‖22 −

∥∥f∗ − ŷ′t+1

∥∥2

2

)
−λ

2
‖ŷt − f∗‖2

Summing over we have,

n∑
t=1

`(ŷt, zt)− `(f∗, zt) ≤
B2

2

n∑
t=1

ηt +
n∑
t=1

1

2ηt

(
‖f∗ − ŷt‖22 −

∥∥f∗ − ŷ′t+1

∥∥2

2

)
−λ

2
‖ŷt − f∗‖22

≤ B2 log n

2λ
+

1

2
‖ŷ1 − f∗‖22

(
1

η1
− λ

)
+

1

2

n∑
t=2

‖f∗ − ŷt‖22
(

1

ηt
− 1

ηt−1
−λ
)

=
B2 log n

2λ

Dividing through by n we prove the claim.
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