8.4 First-Order refinement proofs and cvidence construction

left right
impliesL H,fA=BH FC ev=c|f(a)/b| HFA=B ev=Aa.b impliesR
HfA=BHLFA ev=g HaAFBE ev=bh
H.b:B.H'FC ev=c
andL HxABH'FC ev=clx;.x/a.b HEANB ev={a.b) andR
HaAbBH -C  ev=c HEA ev=a
H+B ev=ph
orL H.xA'BH'FC ev=case x of inla) »¢; |HF AR ev=inl(a) orR1
[ inr(b)— e2 HEA ev=g
HaAHFC ev=q
HbBH FC ev=cs HFAVB ev=inr(h) orR2
HFB ev=h
notlL H f-AHFC ev=any(f(a)) HF-A ev=Aa.b notR
H f-AHFA ev=a HaARf ev=5
HaAHFA ev=q axiom
alll ¢ H,f:(W)BHFC ev=c[f(a)/b] [HF (7x)B ev=aid.b allR
H.f:(Vx)B,b:Bla/x|,H'F C ev=c¢ HEBld'/x] ev=bh
exL Hz(Gx)BHFC ev=clz.z2/a". b HF (Zx)B  ev={(a,b) exR g
H.bBla' /x|, H-C ev=c HEBla/x] ev=b
a can be an arbitrary parameter while a’ must be new
€ ules of the first-order refinenent calculus
Exercises

As an exercise the following problems should be investigated in groups. For each
of the formulas below the group should find a refinement proof and construct the
evidence from the proof. In cases where no proof can be found, try to explain why

the proof has to get stuck.
(1) ((vx)(PxnQx))=((¥x)Pxa(¥x)0x):

() (PxaQx)) = ((¥x)Pxn(¥x)0Ox) by impliesR
1 (Vx}(PxnQx) F ((¥x)Pxa(Vx)Qx) by andR

1.1 (Wx)(PxaQx) - (Wx)Px by allR

1.1.1 (Vx)(PxaQx) - Pa by alll a

1.1.1.1 (¥x)(PxnQx),PanQa + Pa by andL

1.1.1.1.1 (Vx)(PxnQx),Pa,Qa - Pg by axiom

1.2 (Yx)(PxaQx)  (¥x)Ox by allR

1.2.1  (Yx)(PxaQx) - Qa by alll a

1211 (Vr)(Panx] Pm\Qa o Qa by andL

1.2.1.1.1 Px»gxf) Qa by axio B G
The ewdence ex acted from |s proofls Af. (lr (fx)1,Ax.(fx)2)

(2) ((Vx)Pxna(Vx)0Ox)= ((VA)(P.‘J.:\Q_I))‘

= ((Vx)Pxa (Vx)Ox) = ((¥x)(PxaQx)) by impliesR

1 (¥x)Pxa(Vx)Qx + (¥x)(PxnQx) by andL

1.1 (Vx)Px,(Vx)Ox + (¥x)(PxaQx) by allR

1.1.1 (¥x)Px,(¥x)Ox F PanQa by andR

1.1.1.1 (¥x)Px,(Yx)Qx + Pa by alllL a

1.1.1.1.1 (¥x)Px,(¥x)Ox,Pa - Pa by axiom

1.1.1.2 (Vx)Px,(Vx)Qx F Qa by alllL a

1.1.1.2.1 (Vx)Px,(Vx)Qx,Qua - Qa by axiom
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(3) ((¥x)Pxv(Vx)Ox) = ((Vx)(PxvQx)):

F ((B)Pxv(¥)0x) = (%) (Prvx)
1 (Va)Pxv(¥x)Qx F (¥x)(PxvQx)
1.1 (¥x)Pxv(¥x)Ox b PavQa
1.1.1 (¥x)Px + PavQa
1.
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Pa = PavQa
1 Pa b Pa

(¥x)Ox + PavQa
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Qa &+ PavQa
1 Qatbk Qa
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impliesR
orL

allR
alll a
orR1
axiom

orR2
axiom

@ ((vx)(PxvQx))=-((Vx)Pxv(¥x)Qx): A proof attempt will get stuck

=
1

((\:’x} (F;xv Qx)) f (gx}}f’xv de{f)Qz_r)
At lt{isx gofrﬁgrwla ha(vex)t gt

prove that.

(5) ((3x)(PxnQx))=((3x)Pxa(Ix)Qx):

F ((3x)(PxaQx)) = ((3x)Pxn (Ix) Ox)

(Ix)(PxnQx) F (Ax)Pxa(3x)0x)
PanQa F (3x)Pxs(3x)0x

Pa,Qa + (Ix)Pxa(qx)Qx
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Pa.Qa + (3x)Px
1 Pa,Qal Pa
Pa,Qa + (Ix)0x
1 Pa,Qa t Qa

by
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impliesR
777

o prove either (Vx)Px or (¥x)Qx but there is no way to

impliesR
exL

andL
andR

exR a
axiom
exR a
axiom
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(6) ((3x)Pxa(3x)Qx) = ((3x)(PxrQx)): Hereisa proof attempt

)
E ((Zo)Pxa(30)0x) = ((Ix)(PxaQx)) by impliesR

1 (Ax)Pxa(I)0x + (Ix)(PxaQx) by andL

1.1 (3x)Px,(Ix)0x + (Fx)(PxnQx) by exl

1.1.1 Pa,(3x)0x & (3x)(PxaQx) by exL

1.1.1 Pa, Qb F (3x)(PxaQx) by 777 L .
The proof gets stuck because in the second application of exL we will have to
use a new parameter instead of using a again.

() ((3x)Pxv(3x)0x) = ((Ix)(Pxv Qx)):

F ((Tx)Pxv(3x)Qx) = ((Ax}(PxvQx)) by impliesR
1 (2)Pxv(In)Qx + (3x)(Pxv ) by orL
1.1 (To)Px F (3x)(PxvOx) by exL
1.1.1 Pa F (3x)(PxvQx) by exR a
1.1.1.1 Pa F PavQa by orRi
1.1.1.1.1 Pa + Pa by axiom
1.2 (F)0x + () (PxvQx) by exL
1.2.1 Qa F (3x){Pxvx) by exR a
1.2.1.1 Qa + PavQa by orR2
1.2.1.1.1 Qa t Qa by axiom
(8) ((3x)(PxvQx)) = ((Ix)Pxv(Ix)Qx):
F (@)(PxvQx)= ((3Pxv(I)Qx) by impliesR
1 () (PxvQx) b (Ix)Pxv(3x)0x by exL
1.1 PavQa = (Fx)Pxv(Ix)Ox by orL
1.1.1 Pa F (3x)Pxv(3x)0x by orRi
1.1.1.1 Pa F (Fx)Px by exR a
1.1.1.1.1 Pa b+ Pa by axiom
1.1.2 Pa + (Elx)va(Elx}Qx by orRi
1.1.2.1 Pa + (Ix)Px by exR g
1.1.2.1.1 Pa + Pu by axiom
(9) (3x)(Px=>(Vy)Py): Here is a proof attempt
F (3x) (Px=s(¥y)Py) by exR a
1 F Pa=(¥y)Py by impliesR
1.1 Pa v (Wy)Py by allk
1.1.1 Pa - Phb by 777

The proof gets stuck because in the application of al1R we will have to use a
new parameter instead of using a again.
(10} (¥x)((Vy)Py=>Px):

= (Yx) ((¥y)Py= Px) by allR

1 & (Vy)Py=-Pa by impliesR

1.1 (Yy)Py + Pa by alll a

1.1.1 Pat Pa by axiom
(11) (3x)((3y)Py=>Px): Here is a proof attempt

F (I)((3y)Py= Px) by exR a

1 F (3yv)Py=Pa by impliesR

1.1 (y)Py + Pa by exL

1.1.1 Pb'+ Pa by 777

The proof gets stuck because in the application of exL we will have to use a new
parameter instead of using a again.
(12) ~((3x)Px) = ((vx)(((3y)Py) = Px)):

E =((30)Px) = ((Vx)(((3y)Py) = Px)) by impliesR
1 =((Zx)Px) = (¥x)(((3y)Py)=Px) by allR
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1.1 ~((3x)Px) & ((y)Py)=Pa by impliesR

1.1.1  =((Ix)Px).(3y)Py - Pa by notL

1.1.1.1 ~((3x)Px),(3y)Py = (Ix)Px by axiom
(13) ((3x)Px) = ((Vx)(Px=>Qx) = ((Iy)Qy)):

F ((3x)Px) = ((¥x)(Px=>Qx) = ((3y)Qy)) by impliesR
(3x)Px = (¥x)(Px=0x)=>((Jy)Qy) by impliesR

[y

1.1 (3x)Px, (Vr)(Px—>Qx} F (3)0Qy by exL

1.1.1 Pa,(Vx)(Px=>Qx)  (dy)@y by allL a

p 8 0 B Pa JPa=Qa + (3y)Qy by exR a

1.1.1.1.1 Pa.Pa=Qa + Qa by impliesL

1.1.1.1.1.1 Pa Pa=Qa - Pa by axiom

1.1.1.1.1.2 Pa,Pa=Qa,Qa t- Qa by axiom
(14) —((3x)Px) = ((Vx)~(Px)):

= —-((Eh)Px):H(Vx)—-(Px)) by impliesR

1 ={(Ix)Px) + (¥x)-(Px) by allR

1.1 =((I)Px) F —(Pa) by notR

1.1.1 ={()Px),Pa - f by notL

1.1.1.1 ~((Ix)Px),Pa - (3x)Px by exR a

1.1.1.1.1 —((3x)Px),Pa - Pa by axiom
(15) ((¥x)—=(Px)) = —((Ix)Px):

E ((Vx)=(Px)) = —({3x)Px) by impliesR

1 (Vx)-(Px)) F —((Ix)Px) by notR

1.1 (¥x)=(Px)),(3x)Px + f by exL

1.1.1  (Vx)~(Px)),Pa + f by alll a

1.1.1.1 —(Pa),Pa + f by notL

1.1.1.1.1 =(Pa),Pa \ Pa by axiom
(16) ((3x)Px)=>—=((¥x)—(Px)):

F ((3x)Px) =~ ((¥x)-(Px) by impliesR

1 (I)Px F ~((¥x)-(Px) * by exL

1.1 Pa = =((Vx)-(Px) by notR

1.1.1 Pa, (¥x)-(Px) + f by allL a

1.1.1.1 Pa,~(Pa) - f by notL

1.1.1.1.1 Pg,~(Pa) - Pa by axiom
(17) ~((Vx)Px)=((3x)=(Px)): Here is a proof attempt

F = ((Vx)Px) = ((3x)=~(Px))) by impliesR

1 =((¥x)Px) F ((3x)~(Px))) . by 777
Atthis poglt \lfe 1]'e Stl.(lgk )If(wjé)%pply nc?tL we will lose the conclusion ((3x)—(Px)))

and have to prove (Vx)Px, which clearly won’t work. But there are no other proof
rule that can be applied here.



