
∀x : N. (∃r : {N | (((r ∗ r) ≤ x) ∧ x < (r + 1) ∗ (r + 1))})

` ∀x:N. (∃r:{N| (((r * r) ≤ x) ∧ x < (r + 1) * (r + 1))})

|

BY ((GeneralInductionOnNat THENA Auto) THEN CaseNat 0 ‘x’)

|\
| 1. x: N
| 2. ∀x1:Nx. (∃r:{N| (((r * r) ≤ x1) ∧ x1 < (r + 1) * (r + 1))})

| 3. x = 0

| ` ∃r:{N| (((r * r) ≤ 0) ∧ 0 < (r + 1) * (r + 1))}

| |

1 BY (With d0e (D 0)· THEN Auto’)

\
1. x: N
2. ∀x1:Nx. (∃r:{N| (((r * r) ≤ x1) ∧ x1 < (r + 1) * (r + 1))})

3. ¬(x = 0)

` ∃r:{N| (((r * r) ≤ x) ∧ x < (r + 1) * (r + 1))}

|

BY ((InstHyp [dx - 1e] 2· THENA Auto) THEN D (-1))

|

4. r: N
[5]. ((r * r) ≤ (x - 1)) ∧ x - 1 < (r + 1) * (r + 1)

` ∃r:{N| (((r * r) ≤ x) ∧ x < (r + 1) * (r + 1))}

|

BY ((Evaluate dr2 = re· THENA Auto)

| THEN (Evaluate dr3 = (r2 + 1)e· THENA Auto)

| THEN (Decide dx < r3 * r3e· THENA Auto))

|\
| 6. r2: Z
| 7. r2 = r

| 8. r3: Z
| 9. r3 = (r2 + 1)

| 10. x < r3 * r3

| ` ∃r:{N| (((r * r) ≤ x) ∧ x < (r + 1) * (r + 1))}

| |

1 BY (With dr2e (D 0)· THEN Auto’)

| |

| 5. (r * r) ≤ (x - 1)

| 6. x - 1 < (r + 1) * (r + 1)

| 7. r2: Z
| 8. r2 = r

| 9. r3: Z
| 10. r3 = (r2 + 1)

| 11. x < r3 * r3

| ` (r2 * r2) ≤ x

| |

1 BY (ElimVar ‘r3’ THEN ElimVar ‘r2’ THEN Auto’)

\
6. r2: Z
7. r2 = r

8. r3: Z
9. r3 = (r2 + 1)

10. ¬x < r3 * r3

` ∃r:{N| (((r * r) ≤ x) ∧ x < (r + 1) * (r + 1))}

|

BY (With dr3e (D 0)· THEN Auto’)

|

5. (r * r) ≤ (x - 1)
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∀x : N. (∃r : {N | (((r ∗ r) ≤ x) ∧ x < (r + 1) ∗ (r + 1))})

6. x - 1 < (r + 1) * (r + 1)

7. r2: Z
8. r2 = r

9. r3: Z
10. r3 = (r2 + 1)

11. ¬x < r3 * r3

12. (r3 * r3) ≤ x

` x < (r3 + 1) * (r3 + 1)

|

BY (ElimVar ‘r3’ THEN ElimVar ‘r2’ THEN Auto’)·

Extract:

λx.letrec sqrt(x) =

if x = 0 then 0

else let r2 := sqrt (x - 1) in

let r3 := r2 + 1 in

if (x) < (r3 * r3) then r2

else r3 in

sqrt(x)
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