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Exercise 1. Given monoids A and B, give a monoidal structure A & B to the set A x B such that the projection
functions 74 and wg are monoid homomorphisms from A & B to A and B respectively.

Proof. Define (ay,b1) * {(az,b2) to be {aj * ag, by * ba). This is associative because * is associative for both A and
B. Define e g5 to be {(e4,ep). This is an identity because e4 and ep are identities for A and B respectively. 74
is a monoid homomorphism since 74 ({a1 * ag, by * by)) = a1 * ag, preserving multipliation, and 74 ({e4,eg)) = e,
preserving identity. Similarly for 7. O

Exercise 2. Determine the monoid “T” with the property that for every monoid A there is exactly one monoid
homomorphism from A to T.

Proof. The underlying set is 1, and multiplication and identity are the only functions with their respective signatures.
Given two monoid homomorphisms from some monoid A to T, they must both map everything to the unique
inhabitant of 1, making them equal. O

Exercise 3. Determine the monoid “0” with the property that for every monoid A there is exactly one monoid
homomorphism from 0 to A.

Proof. The underlying set is 1, and multiplication and identity are the only functions with their respective signatures.
Given two monoid homomorphisms from 0 to some monoid A, their only input is the identity of T and so being
monoid homomorphisms they must both map this only input to e 4, making them equal. O

Definition. Given monoids A and B, define the equivalence relation ~ on L(A x B) to be the least equivalence
relation such that:

1. Vg, my, Mo, mbh : L(A X B). my &= my A g = mh = My ++mg = mj ++mh
2. Vb: B. [{ea,b)] =[]

3. Yai,as: A, b: B. [{(a1,b), (az,b)] = [{ay * az,b)]

4. Ya : A. [{a,ep)] ~ []

5. Va: A by, by : B. [{a,b1),{a,b2)] = [(a, by * ba)]

We use requirement 1 to impose a monoidal structure A ® B on the quotient set %:

Operator i = \qy, ¢o. select 17 from q; in (select 77y from g in

~

M4t M2 ysing .) using .

Associativity Follows from associativity of 4++ and the fact that quotienting only makes things more equal

[

~

Identity Element =

Identity Follows from identity of [ ] and the fact that quotienting only makes things more equal

Exercise 4. Show that, for any monoid C, there is a bijection between the set of multilinear homomorphisms from
A and B to C and the set of monoid homomorphisms from A ® B to C.

Proof. Given a function f : Ax B — C that is a multilinear homomorphism from A and B to C, define f : L(AxB) —~
C to be Am. IImap fﬁi where map; is the function that takes a list and produces a new list by applying f to each

element. f is a monoid homomorphism:



o f(my ++iip) = Tmap ; (1711 ++ 1712) = TI(map ;77 ++map 17i2) = (Tmap (1711 ) * (Tmap ;17i2) = F(in) = £ (1ia)
o f([])=Tmap,[]=TI[] =ec

f has the property that it maps related lists to equal elements (skipping the additional rules for equivalence relations
below):

1. Given my, M}, ma, m}, : L(A X B) such that 1 = m} and mq & m} hold, by induction on the proof of ~ we can
assume f(my) = f(my) and f(img) = f(my). f(mi++ma) = f(mn) * f(ie) = f(mq) x f(my) = f(m) +4m3)

2. Given b: B, f([(ea,b)]) = Imap[(e4,b)] = TI[f(ea,b)] = f(ea,b) = ec =[] =Tmap,[ ] = £([])

3. Given ay,as : A and b : B, f([(a1,b), (az,b)]) = Imap ;[(a1,b), (az,b)] = II[f(a1,b), f(az,b)] = f(a1,b) *
f(az,b) = f(a1 * az,b) = l[f (a1 * az,b)] = [Imap,[(a1 * a2, b)] = [(a1 * a2, b)

4. Given a : A, f([(a,ep)]) = IImap; [(a, ep)] = 1I[f(a,ep)] = f(a,ep) = ec =[] = TImap,[ | = fan

5. Given a : A and by, by : B, f([(a,b1),(a,by)]) = IImap;[{a, b1), (a,b2)] = II[f(a,b1), f(a,b2)] = f(a,b1) *
f(a,b2) = f(a,br +b2) = II[f(a, b1 xb2)] = IIlmap;[(a, by * b2)] = [(a, by * ba)]

Consequently, we can define f : @ — C to be Ag. select m from ¢ in IImap ;1 using (proof above). This is a
monoid homomorphism because f is a monoid homomorphism.

In the other direction, given a function g : % — (C that is a monoid homomorphism from A ® B to C, define

g: Ax B— C tobe \a,b). g(@). g is a multilinear monoid homomorphism from 4 and B to C since related
lists are in equal equivalence classes and g is a monoid homomorphism:

o Given b: B, glea,b) = g(Leatily = g(

) =ec

Q|

e Given ay,a2 : A and b : B, g(a; % az,b) = Q(W) = Q(Kal’b)é(abb”) = g([<a1’b>]% [<a27b>]) - g(K‘“’b)]) *
g(1e22) = g(a1,b) * gloa, )

e Given a: A, g(a,eg) = g( K‘“””) = g([;) =ec

~

o Given a : A and by, by : B, gla,by % by) = g(Hebibally — gllabilaba)ly — g labil 4+ Habally — g Labul]y
o122y — 5(a, b)) * ga, by)

Given a function f: A x B — C that is a multilinear homomorphism from A and B to C, we have the following
equality for all a : A and b : B:

[(a;b>]) = select m from <aflb>

fla,b) = f(

] in Ilmap ;7 using . = Ilmap ;[(a, b)] = [f(a,b)] = f(a,b)

In the other direction, given a function g : @

L(AXB)

~
~

— (' that is a monoid homomorphism from A ® B to C, we have
the following equality for all ¢ :

g(q) = select 1 from ¢ in g(2Z) using .
= select %;[{a;,b;)] from ¢ in g(W) using .
= select %;[{a;,b;)] from ¢ in Hw(%) using .
= select ¥;[{(a;,b;)] from ¢ in HEig(W) using .
= select %;[{(a;,b;)] from ¢ in Hmap)\<a,b>_ g(%)zi[@mbi” using .

= select m from ¢ in HmapMa b) g([<a,b>])7ﬁ using .

= select m from ¢ in IImap,17 using .

=9(q)



