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Lecture 35

Topics
1. There will be a small PS5 by Monday.
2. Background on type theory — historical, philosophical

3. Core of Nuprl’s Constructive Type Theory (CTT) circa 2008 to 2014. The CTT15 is
“bolder”, covers all of intuitionistic mathematics thanks to the current PRL group.

Background on Constructive type theories

Aristotle 330BC Euclid 306 BC Turing 1937
Logic Mathematics Computer Science
(Philosophy) (Theory A and B)
Frege \ / McCarthy — Lisp
Russell Hoare — Algol family
Martin-Lof Hilbert | Brouwer Milner — ML family
Bishop
CTT

Modern Type Theory

[N

Logic Mathematics Computer Science
Martin-Lof PRL Group McCarthy 1963
Church/Kleene \ / 198 Hc?are 1972
1965 Bishop 1967 Milner 1979
Formal systems
Herbrand Weyl 1918 ——

Brouwer Hilbert 1907
Poincaré 1913
Kronecker 1881

Godel




Types in a sensible order — a dozen types

Universes Uy, U,, Us, ...
universe{j : £}()

Empty type Void{ }()

Atom Atom{ }()
Z int{ }() the integers
Equality equal{ }a;b;T) a=beT
Less less{ }(u;v) u<w
Function function{ }(A;x.B) x:A— B
function{ }(A; B) A — B special case
Product product{ }(A; x.B) r:AXB
product{ }(A; B) AXx B special case
Union union{ }(A; B) A+ B
List list{ }(A)
Set set{ }(A; x.B) {z: A|B}

Quotient quotient{ }(A;z,y.E) A//E(x,y)

In OCaml the type A + B is called a variant and the types are labeled as in
T1: A+ A+ 2, A,

OCaml actually writes z1 : Ay |zg: Ao ... |z, Ap.

This special case is inl : A|inr: B.

Presentation of type theory — in Martin-Lof style
Canonical terms
Noncanonical terms

Based on Bishop’s informal definition of a constructive set (1967).

The canonical terms are irreducable expressions, the primitive names for mathematical ob-
jects, e.g. 0, 1, -1, 2, int, ...

0 = 01in int, 0 < 1 are canonical “propositions”.
The noncanonical terms can be reduced by computation rules,
eg. 14+2—3

apply(A(z.0);1) — 0.

To define a type we give it a canonical name and say what the canonical elements are and
what it means for two elements to be equal. This is the Martin-Lof semantic method.



Nuprl uses a different method due to Stuart Allen [Il 2] and recast by Bob Harper [6]. Allen
defines a type as a partial equivalance relation on terms. This is called the per seman-
tics. This method was partially inspired by E. Bishops method of presenting constructive
analysis.

Bishop Foundations of Constructive Analysis 1967 [3, [5, 4], p.2:

“To define a set we prescribe, at least implicitly, what we (the constructing intelligence)
must do in order to construct an element of the set, and what we must do to show that two
elements of the set are equal.”
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