CS611 Lecture 24 Product, sums, and more. 27 October 2004
Scribe: Andrew Myers (based on notes by Yan Zhang, Antonio Montalban) Lecturer: Andrew Myers

1 Progress Lemma

To finish the proof of Soundness for the typed lambda calculus, we need to prove Progress. The Progress
Lemma captures the idea that we cannot get stuck when evaluating a well-formed expression.

Progress Lemma: Fe:7=¢€ Value V3Ie'.e — ¢
Proof: We use induction on the typing derivation of e. Remember the definition of an expression in A™:

ex=b | x| Az:T.e | eger
So we have four cases:

e Case ¢ = b: We have that b € Value .

e Case e = z: This case is not possible because we would have - z : 7 and from the empty environment
we cannot assign any type to x.

e Case e = A\x € 1p.e1: We have that e € Value .
e Case e = eger: We know that there is a typing derivation for - eg e; : 7 and this derivation must have

the form:
Fey:7 Fe:7 —71

Feper: T

By the induction hypothesis, eg € Value V Jej.eg — ¢(, and e; € Value V Jej.e; — €. We have
four possibilities now:

— Both ey and e; are values. Since e is a value with an arrow type, it has to be an abstraction.
Say eg is Ax € 7’ . ez and e; is some value v. Then

e= (A et .e)v— ex{v/z}

so, ¢’ = eg{v/x} as desired.

— eg is not a value. Then Jej.eg — ¢f, and we have

e — €

€pe1 — ejer

— eq is some value v, but e; is not a value. Then Jej.e; — €} and we have

e; — €}

vey — ve)

And this finishes the proof.

2 At

In comparison to UML, the language A\~ has a lot of stuff missing. Let’s add some of this stuff to the
language in a slightly simplified form. We extend A\~ to A™*" as follows:

ex=.. | (eo,e1) | left e | right e | case eg of e1]les | inl1re | inryine



We also extend our values
vi=AxeT.e | (vo,v1) | inlyyrv | infr4nv

The set of types is defined by
Tu=B | o—m | ToxT | 0o+ T

where 7y * 7, and 79 + 7, are the product type and sum type of 79 and 7.
Now we define the operational semantics. We start by extending our evaluation contexts:

ElJe=... | ([l,e) | (v[]) | left[] | right [] | case[]of eilez | inlyir[-] [ inrr4r,[]
and then we define the rules. We have the usual rule

e — ¢

Ele] — Ele']
where the reductions are

o (Az:T.e) v — efv/zx}

left (’Uo,’Ul) — Vo

e right (vo,v1) — 11

case (inly +,v) of ejlea — e v
e case (inr;, +.,v) of ejlea — ea v

Observe that we have introduction forms (constructors) and elimination forms (destructors). The con-
structors construct elements of more complex types from simpler ones. For example (-, -) constructs elements
of type 1y * 71 from two elements, one of type 7y and the other of type 7. The other constructors are the
abstraction and the inclusions inl and inr. The destructors are the application, case, left and right operations.
A redex is an expression where a constructor and its corresponding destructor collide.

Observe that we do not need booleans in A™**. They can encoded as follows:

o [bool] =1+1

e [true] = inly4qunit

e [false] = inry4qunit
[

o [if ethene; elsees] = case eg of Az:1.[e1]|Ax:1. [ea] where x is a fresh variable.

3 Typing Rules

Now we give the typing rules for typed lambda calculus:

I'kFey:m9 T'ker:m
L't (eg,e1): 70 %71

I'Fe:mgxn I'Fe:mgxm
CFlefte: I'Frighte:n
I'Fe:n I'Fe:m
I'kinly 1re:m + 7o I'kinry 4re:m + 7o

I'Fea:mm—m T'Fertmm—1 Iheg:m+m

T I case ¢g of eq]es : 73



4 Denotational semantics

The denotational semantics for type domains are as follows:

T[[Tl — 7'2]] = T[[TQ]]T[[Tl]]
Tl xm] = T[n] x T[]
TH’Tl +T2]] = T[[’Tl]] +T[[7'2]]

In the right-hand side, x and 4+ mean mathematical product and disjoint union. Now we give the
semantic function for this language:

pET=C[lCFe:7]p € T[]

C[T F (eg,e1) : o x 1] =(C[I'Feo : 0]p,C[T' F e1 : m1]p) € Tro x11]p
CIT k- left e : ro]lp =m1(C[T e : 70 * T1]p) € T[r0]
CIT Fright e: 1] p =m2(C[I" Fe: 1 xm1]p) € T[]
CIT Finly yre: 1+ m]p =in (C[T Fe: m]p) € T[r] + T[r]
CIT Finfr 4re:m + m]p=ina(C[T F e: m]p) € T[n] + T[]
C[T F case eg ofeq|ea]p =case C[T' F e : 71 + 72]p of
ing(21).(C[C F ey : 71 — 73]p)11
| ing(z2).(C[T F ez : 0 — 73]p)x2
end € T3]

Notice that the sums and products we gave above can be extended to arbitrary tuple and variant types.
This can be also obtained by the following desugaring;:

Tk ek Ty = T1 % (To % ok Tp)
(€1, .y en) = (e1,{€a,...,en))

Variants (such as datatypes) can be desugared into sums similarly.

5 Recursion

To make the language Turing-equivalent, extend the language as follows:

ex=.. | recy:7—7.(Az.€)

With this extension, the language becomes essentially the language PCF. (Note that Pierce introduces a
somewhat more general language-level fix operator.)

Dr:r,y:7—717 Fe:7

Phrecy:7— 7. (Aze):7— 71

C[krecy:7—7.Qve):7—7]p = fix\feT[r—1].
MeT[r].CITyz:7, y:7— 7 Fe:T]plx— v,y f]



Because of the fixed point, the domain 7 [t — 7'] must be a pointed cpo. So we add L as a possible
function result and only allow continuous functions too:

Tlr = 7] = [Tlr] = T[]

Further, the meaning function now gives elements from a lifted domain 7], instead of from 7 [r]:

pET=C[lTke:T]peT[r]L

By adding recursion to this language and making the domains pointed cpos, we can write non-terminating
programs in this language, and in fact the language will be Turing complete if we have a few operations
on numbers. We also have to make a few changes to the definition of C[-] using the let construct from the
metalanguage to handle the L’s.

Example:

C[Ckeger:T]p= letf =C[Ckeq:7—7]p.
let v=C[T'F ey : 7]p.f(v)



