
A The uML language (plus rec, sans letrec)

Syntax

n ∈
�

s ∈ String

x ∈ Var

⊕ ::= + | − | ∗ | = | ≤ | ∧ | . . .

b ::= true | false | n | s

e ::= b | x | e0 ⊕ e1 | if e0 then e1 else e2 | #n e | (e1, . . . , en) | λx. e

| e0 e1 | rec y.(λx. e) | let x = e1 in e2

Small-step structural Operational Semantics

Values and evaluation contexts

v ::= b | λx. e | (v1, . . . vn)

E[·] ::= [·] ⊕ e | v ⊕ [·] | if [·] then e1 else e2 | (v1, . . . , vj−1, [·], ej+1, . . . , en) | [·] e | v [·] |

| #n [·] | let x = [·] in e

Small-step transition relation

e −→ e′

E[e] −→ E[e′] (λx. e) v −→ e{v/x}

if true e1 e2 −→ e1 if false e1 e2 −→ e2

#n (v1, . . . vn′) −→ vn

(where 1 ≤ n ≤ n′)
v1 ⊕ v2 −→ v

(where v = v1 ⊕ v2)

rec y.(λx. e) −→ e{rec y.(λx. e)/y} let x = v in e −→ e{v/x}
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B IMP

Syntax

x ∈ Var

a ∈ Aexp ::= n | x | a1 + a2 | a1 − a2 | a1 × a2

b ∈ Bexp ::= true | false | b1 ∧ b2 | b1 ∨ b2 | a1 = a2 | a1 ≤ a2

c ∈ Com ::= skip | x := e | c1; c2 | if b then c1 else c2 | while b do c

Constants consist of integers n ∈
�

and truth values in � = {true, false}.

Small-step structural operational semantics

A configuration is a pair 〈c, σ〉 where σ : Var →
�

is a store. Final configurations are 〈skip, σ〉.

Arithmetic Expressions

〈n, σ〉 −→ n 〈x, σ〉 −→ σ(x)

n3 = n1 ⊕ n2

〈n1 ⊕ n2, σ〉 −→ n3

〈a1, σ〉 −→ a′

1

〈a1 ⊕ a2, σ〉 −→ a′
1 ⊕ a2

〈a2, σ〉 −→ a′

2

〈n1 ⊕ a2, σ〉 −→ n1 ⊕ a′
2

Boolean Expressions

Similar to arithmetic expressions.

Commands

〈x := n, σ〉 −→ 〈skip, σ[x → n]〉

〈a, σ〉 −→ a′

〈x := a, σ〉 −→ 〈x := a′, σ〉

〈skip; c2, σ〉 −→ 〈c2, σ〉

〈c1, σ〉 −→ 〈c′1, σ
′〉

〈c1; c2, σ〉 −→ 〈c′1; c2, σ
′〉

〈if true then c1 else c2, σ〉 −→ 〈c1, σ〉 〈if false then c1 else c2, σ〉 −→ 〈c2, σ〉

〈b, σ〉 −→ b′

〈if b then c1 else c2, σ〉 −→ 〈if b′ then c1 else c2, σ〉

〈while b do c, σ〉 −→ 〈if b then (c;while b do c) else skip, σ〉
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Denotational semantics

Arithmetic denotations

The semantic function A : Aexp → (Σ → � ) is defined by induction on the structure of arithmetic
expressions:

A[[n]] = λσ ∈ Σ . n

A[[x]] = λσ ∈ Σ . σx

A[[a0 + a1]] = λσ ∈ Σ .A[[a0]]σ + A[[a1]]σ

A[[a0 − a1]] = λσ ∈ Σ .A[[a0]]σ −A[[a1]]σ

A[[a0 × a1]] = λσ ∈ Σ .A[[a0]]σ ×A[[a1]]σ

Boolean denotations

The semantic function B : Bexp → (Σ → T ) is defined by induction on the structure of boolean expressions:

B[[true]]σ = λσ ∈ Σ . true

B[[false]]σ = λσ ∈ Σ . false

B[[a0 = a1]]σ = if A[[a0]]σ = A[[a1]]σ then true else false

B[[a0 ≤ a1]]σ = if A[[a0]]σ ≤ A[[a1]]σ then true else false

B[[b0 ∧ b1]]σ = if B[[b0]]σ ∧ B[[b1]]σ then true else false

B[[b0 ∨ b1]]σ = if B[[b0]]σ ∨ B[[b1]]σ then true else false

Command denotations

The semantic function C : Com → Σ → Σ⊥ is also defined using induction on the structure of commands:

C[[skip]]σ = bσc

C[[x := a]]σ = bσ[x 7→ A[[a]]σ]c

C[[c0; c1]]σ = C[[c1]]
∗(C[[c0]]σ) =

{

C[[c1]](C[[c0]]σ) (if C[[c0]]σ) 6=⊥)
⊥ (otherwise)

C[[if b then c0 else c1]]σ = if B[[b]]σ then C[[c0]]σ else C[[c1]]σ

C[[while b do c]] = fix(λd ∈ Σ → Σ⊥ . λσ ∈ Σ. if ¬B[[b]]σ then bσc else d∗(C[[c]]σ))

Note: Given a function f : D → E⊥, f∗ = λd ∈ D⊥ . if d =⊥ then ⊥ else f(d). That is,

·∗ = λf ∈ D → E⊥ . λd ∈ D⊥ . if d =⊥ then ⊥ else f(d)
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