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Peano Arithmetic

Most axiomatizations of arithmetic are based on the Peano axioms. These axioms characterize the

natural numbers together with the operations + and *. If we include the axioms of equality, then
Peano Arithmetic can be defined as

Peano Arithmetic = L(=,+,*,0,1; ref, sym, trans, subst,
not-surjective, injective, induction,
functionality,, add-base, add-step,
functionality,, mul-base, mul-step )

where the axioms are as follows

Equality Axioms

ref: (Vx) x=x

sym: Vx,y) (x=y D y=x)

trans: Vx,y,z) ((x=y A y=2) D x=2)

subst: (Vx,y) (x=y D P(.,x,.) D P(.,y,.)) for every P
Successor Axioms

non-surjective (Vx) ~(x+1 = 0)

injective (Vx,y) (x+1=y+1 D x=y)

induction (PO A (vVx)(P(x) D P(x+1))) D (Vx)P(x) for every P
Addition Axioms

add-base Vx) (x+0 = x)

add-step Vx,y) (x+(y+1) = (x+y)+1)

Multiplication Axioms

mul-base (Vx) (zx0 = 0)

mul-step (Vx,y) (xx(y+1) = (x*xy)+x)

If we drop multiplication and its axioms, we get a very simple arithmetical theory called Presburger
Arithmetic, which is quite expressive but still decidable.

Inductively Ordered Integral Domains satisfy the Peano Axioms and vice versa.



