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Figure 5. The first 5 SH bands plotted as unsigned spherical functions by 
distance from the origin and by colour on a unit sphere. Green (light gray) are 
positive values and red (dark gray) are negative. 
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Where s are simply locations on the unit sphere.  The basis functions are defined as 

𝑌𝑌𝑙𝑙𝑚𝑚 (𝜃𝜃,𝜑𝜑) = 𝐾𝐾𝑙𝑙𝑚𝑚𝑒𝑒𝑖𝑖𝑚𝑚𝜑𝜑 𝑃𝑃𝑙𝑙|𝑚𝑚 |(cos𝜃𝜃), 𝑙𝑙 ∈ 𝐍𝐍,−𝑙𝑙 ≤ 𝑚𝑚 ≤ 𝑙𝑙 

Where 𝑃𝑃𝑙𝑙𝑚𝑚  are the associated Legendre polynomials and 𝐾𝐾𝑙𝑙𝑚𝑚  are the normalization constants 

𝐾𝐾𝑙𝑙𝑚𝑚 = �(2𝑙𝑙 + 1)(𝑙𝑙 − |𝑚𝑚|)!
4𝜋𝜋(𝑙𝑙 + |𝑚𝑚|)!  

The above definition is for the complex form (most commonly used in the non-graphics 

literature), a real valued basis is given by the transformation 

𝑦𝑦𝑙𝑙𝑚𝑚 = �
√2Re(𝑌𝑌𝑙𝑙𝑚𝑚 )
√2Im(𝑌𝑌𝑙𝑙𝑚𝑚 )

𝑌𝑌𝑙𝑙0
 
𝑚𝑚 > 0
𝑚𝑚 < 0
𝑚𝑚 = 0

� = �
√2𝐾𝐾𝑙𝑙𝑚𝑚  cos𝑚𝑚𝜑𝜑  𝑃𝑃𝑙𝑙𝑚𝑚 (cos𝜃𝜃)
√2𝐾𝐾𝑙𝑙𝑚𝑚 sin|𝑚𝑚|𝜑𝜑  𝑃𝑃𝑙𝑙|𝑚𝑚 |(cos𝜃𝜃)

𝐾𝐾𝑙𝑙0𝑃𝑃𝑙𝑙0(cos𝜃𝜃)
 
𝑚𝑚 > 0
𝑚𝑚 < 0
𝑚𝑚 = 0

� 

The index l represents the “band”.  Each band is equivalent to polynomials of that degree (so 

zero is just a constant function, 1 is linear, etc.) and there are 2l+1 functions in a given band.   

While spherical coordinates are convenient when computing integrals, they can also be 

represented using polynomials, as is commonly done when evaluating them (see  Appendix A1 

Recursive Rules for Evaluating SH Basis Functions and Appendix A2 Polynomial Forms of SH Basis 

for details.)  An order n SH expansion uses all of the basis functions through degree n-1. 
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Spherical Harmonics can be visualized in a couple of ways.  One standard way is to distort a unit 

sphere, by scaling each point radialy by the absolute value of the function and coloring it based 

on the sign (red for positive, blue for negative.)  Above are images of the first three bands using 

this technique. 

The functions in the central column (l=0) are called zonal harmonics (ZH) and will be discussed 

later, these functions have rotational symmetry around the z axis and the zeros (locations where 

the function is zero) are contours on the sphere parallel to the XY plane.  The functions where 

(l=|m|) are called sectorial harmonics and the zeros define regions like apple slices. 

An alternative visualization is to draw them using the parameterization of a cube map unfolded 

onto the plane.  The unfolding of the cube map is as follows: 

 +Y  

-X -Z +x 

 -Y  

 +Z  

Here magnitude is encoded with color (red positive, blue negative, zero green) and iso-intensity 

contours have been evenly placed (white lines) to give more intuition for the gradient of the 

function (when they bunch together the function is changing faster, etc.)   
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Projection and Reconstruction  Because the SH basis is orthonormal the least squares 

projection of a scalar function f defined over S is done by simply integrating the function you 

want to project, 𝑓𝑓(𝑠𝑠), against the basis functions (proof in Appendix A6 Least Squares 

Projection) 

𝑓𝑓𝑙𝑙𝑚𝑚 = �𝑓𝑓(𝑠𝑠)𝑦𝑦𝑙𝑙𝑚𝑚(𝑠𝑠) 𝑑𝑑𝑠𝑠 

These coefficients can be used to reconstruct an approximation of the function f 

𝑓𝑓(𝑠𝑠) = � � 𝑓𝑓𝑙𝑙𝑚𝑚𝑦𝑦𝑙𝑙𝑚𝑚 (𝑠𝑠)
𝑙𝑙

𝑚𝑚=−𝑙𝑙

𝑛𝑛

𝑙𝑙=0
 

Which is increasingly accurate as the number of bands n increases.  This paper concentrates on 

low-frequency approximations to f, for higher frequency representations other bases tend to do 

a better job.  Projection to n-th order generates n2
 coefficients.  It is often convenient to use a 

single index for both the projection coefficients and the basis function, via 

𝑓𝑓(𝑠𝑠) = �𝑓𝑓𝑖𝑖𝑦𝑦𝑖𝑖(𝑠𝑠)
𝑛𝑛2

𝑖𝑖=0
 

Where i=l(l+1)+m .  This formulation makes it clear that evaluating at direction s of the 

approximate function is simply a dot product between the n2
 coefficient vector fi and the vector 

of evaluated basis functions yi(s).  The first coefficient (𝑓𝑓00 or 𝑓𝑓0 depending on indexing) 

represents the average value of the function over the sphere and will sometimes be referred to 

as the DC term. 

Basic Properties  One important property of SH is how projections interact with rotations.  

Given a function g(s), which represents a function f(s) rotated by a rotation matrix Q, so g(s) = 

f(Q(s)) the projection of g is identical to rotating 𝑓𝑓 and re-projecting it.  This rotational 

invariance is similar to the translational invariance in the Fourier transform.  This means that, for 

example, lighting will be stable under rotations, so there won’t be any aliasing artifacts or 

“wobbling” of the light sources.  Below are images of a sphere illuminated by a directional light 

source, the top row is using SH, the bottom row is using the Ambient Cube basis
3

[26]

 from Valve 

.  The first column is a best case orientation, and the second is near a worst case one.  The 

image is invariant using SH.  This basis is discussed in more details in Appendix A9 Ambient Cube 

Basis.  This will happen to some extent with any other basis defined over the sphere. 

                                                           
3
 This basis is more efficient to evaluate compared to SH, having 6 basis functions with only 3 being non-

zero at any point on the sphere. 
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What is special about spherical harmonics (for lighting)?

They are polynomials 
• which makes them easy to evaluate

• nice recurrence is available (see Sloan)


They are orthogonal 
• which makes it easy to compute coefficients

• also makes it easy to compute dot products of functions


They are closed under rotation 
• rotation only rearranges coefficients within bands


They have the convolution–multiplication property 
• convolution of functions can be computed by multiplying the coefficients



Irradiance Environment Maps 
An irradiance environment map is created by convolving a light probe with a clamped cosine 
function; this should be normalized by dividing by 𝜋𝜋 to display radiance.  This convolution can be 
done efficiently using SH [35], and is accurate enough to be efficiently rendered directly from SH 
as well.  Order 3 SH do a good job approximating this kernel, but if HDR light sources are going 
to be used you might want to consider using Order 5 (the order 4 ZH coefficient is zero so that 
band can be skipped.)  Below are images of the clamped cosine kernel and the order 3 SH 
approximation, the red curve is the SH approximation, the figure on the left is a plot as a 
function of theta, on the right a polar plot scaled by the absolute value of the function: 

  
 

Below are plots that also includes the Order 5 projection (blue): 
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The Order 3 SH approximation over estimates by 1/16
th

 at theta=0 (north pole) and has a 

spurious lobe at the south pole with magnitude of 1/16
th

.  A directional light source that would 

reflect a value of 17 when a normal points at it would reflect a value of 1 pointing in the 

opposite direction (should be reflecting 0.)  The order 5 approximation has a negative lobe, 

which would reflect -1 with a directional light that would reflect 31 with a normal pointing right 

at it.  While these approximations are accurate, the approximation can cause error, particularly 

if very bright light sources are being used.   

Appendix A10 Shader/CPU code for Irradiance Environment Maps contains shader and CPU code 

for efficiently evaluating irradiance environment maps. 

Lighting Models 
There are various ways of representing lighting in SH.  The simplest is to just project from a cube 

map, but there are also analytic models that are inexpensive to evaluate and potentially useful 

to expose to artists.  A recent paper [14] does a nice job of projecting a practical skylight model 

[34] into SH and fits a global polynomial of the SH coefficients over the parameter space of the 

model. 

Projection from Cube Maps 
To project from a cube map you simply need to integrate the SH basis functions against the cube 

map.  This can be done numerically by evaluate the SH basis functions in the direction of each 

texel center, weight it by the differential solid angle for that texel and normalize the results.  In 

pseudo-code: 

float f[],s[]; 

float fWtSum=0; 

Foreach(cube map face) 

 Foreach(texel) 

  float fTmp = 1 + u^2+v^2; 

  float fWt = 4/(sqrt(fTmp)*fTmp); 

  EvalSHBasis(texel,s); 

  f += t(texel)*fWt*s; // vector 

  fWtSum += fWt; 

f *= 4*Pi/fWtSum; // area of sphere 

 

In the code above u and v represent the two coordinates on the given face that are not +/- 1
4

                                                           
4
 Ie: on the +X face, it would be y/z, etc. 

, 

t(texel) is the texel color. EvalSHBasis needs to normalize the input coordinate (on a cube face), 

and simply evaluate the SH basis functions in that direction.  The last normalization can be 

omitted (instead you can just divide by the number of samples), since the normalized sum of the 

Peter-Pike Sloan, “Stupid Spherical Harmonics Tricks” http://www.ppsloan.org/publications/
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Figure 1 Spherical Light Source 
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differential solid angles should be 4*Pi, but it tends to be a little off (particularly when using low 

resolution cube maps.)   

Below are images of the reconstruction of a HDR light probe into order 1 to 6 Spherical 

Harmonics.  The final image is the light probe that was projected. 

    

  

… 

 

 

Analytic Models 
Directional lights are trivial to compute, you simply evaluate the SH basis functions in the given 

direction and scale appropriately (see Normalization section.)  Spherical Light sources can be 

efficiently evaluated using zonal harmonics.  Below is a diagram showing an example scene, we 

want to compute the incident radiance, a spherical function, 

at the receiver point P.  Given a spherical light source with 

center C, radius r, what is the radiance arriving at a point P d 

units away?  The sin of the half-angle subtended by the light 

source is r/d, so you just need to compute a light source that 

subtends an appropriate part of the sphere.  The ZH 

coefficients can be computed in closed form as a function of 

this angle: 𝑧𝑧𝑙𝑙 = ∫ ∫ 𝑦𝑦𝑙𝑙0𝑑𝑑𝜑𝜑𝑑𝑑𝜃𝜃2𝜋𝜋
𝜑𝜑=0

𝑎𝑎
𝜃𝜃=0  where a is the half-angle 

subtended.  See Appendix A3 ZH Coefficients for Spherical 

Light Source for the expressions through order 6. 
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(a) diffuse, unshadowed (b) diffuse, interreflected (c) glossy, unshadowed (d) glossy, interreflected 

Figure 11: Diffuse and Glossy Self-transfer.  Unshadowed transfer (a,c) includes no global transport effects.  Interreflected transfer 
(b,d) includes both shadows and interreflections. 

   

   
(a) no interreflections (shadowed transfer) (b) 1-bounce interreflections (c) 2-bounce interreflections 

Figure 12: Interreflections in Self-Transfer.  Top row shows diffuse transfer; bottom row shows glossy transfer.  Note the reflections 
under the knob on the lid and from the spout onto the body.  Run-time performance is insensitive to interreflections; only the preproc-
essed simulation must include additional bounces.  Further bounces after the first or second typically provide only subtle change. 
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