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Abstract

This paper presents a constructive proof of completeness of Kripke
models for the intuitionistic propositional calculus. The computa-
tional content of the proof is a form of the tableau decision procedure.
If a formula is valid, the algorithm produces a proof of the formula
in the form of an inhabitant of the corresponding type; if not, it pro-
duces a Kripke model and a state in the model such that the formula
is not forced at that state in that model.

1 Introduction

Intuitionistic logic has long been known to have important connections with
computer science. The Curry-Howard isomorphism describes the strong
correspondence between propositional logic and typed lambda calculus —
propositions are interpreted as types and proofs of propositions are lambda
terms of the corresponding type. This duality gives rise to type theories
which have many applications, such as formalizing proofs in systems like
Nuprl [1].

A good introduction to intuitionistic logic is Nerode [5], which describes
the tableau algorithm in detail. Girard [4] discusses the Curry-Howard iso-
morphism. The proof is modelled after the completeness proof in Fitting
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[3]. A constructive completeness proof for classical propositional logic ap-
pears in Constable and Howe [2], which also contains an introduction to
Nuprl.

Much work in constructive mathematics has been concerned with the
extraction of algorithms from proofs. The proof presented here was devel-
oped by the opposite approach; the constructive proof was inspired by the
tableau algorithm. One interesting result of this approach is the insight pro-
vided into the connection between Kripke models and intuitionistic proofs.
If the formula is unprovable, a model which does not force the formula is
created from the failed tableau proof; in a sense, they have the same “data
structure”.

In addition, the description of tableau algorithm which arises from the
proof is easy to understand, and in particular (and unlike other presen-
tations) it is very easy to see that the algorithm terminates. The algo-
rithm has double exponential time complexity; the problem is known to be
Pspace-complete [6].

One purpose of this paper is to show that the completeness proof is
suitable for formalization in Nuprl; hence, definitions will be in the notation
of type theory, and the propositional logic proof of the formula (if one
exists) will be constructed as an inhabitant of the type corresponding to
the proposition. The mathematical and logical equivalents should be clear.

2 Definitions

The first problem is to translate the mathematical definition of validity to
type theory. We choose the most general definition of Kripke model, and
modify only slightly the definition of forcing.

In mathematical terms, a Kripke model is a triple consisting of a set, a
transitive and reflexive relation on that set, and a monotone function from
the set to the set of atomic formulas. The set can be thought of as “states
of knowledge”; the order relation then describes increasing information, as
the set of atomic formulas associated with each state is considered to be
the atomic formulas known to be true at that state.

Although Nuprl type theory has set types, it is simpler in this case to
consider the set of states of knowledge as a type itself. This is expressed
by giving it the type Uj, the lowest in a hierarchy of universe types, that



is, types whose members are types. See [1] for more information. The type
theoretic definition of Kripke model is then:

Kripke_model = T :U,;
#R : transitivereflexiverelation(T,T)
#af : monotone_relation(T, Atomic_formulas)
Forcing in a particular Kripke model K = (T, R, af) is inductively de-
fined as a predicate forces(K,s,a), where s € T and o € Term. At the

same time (i.e. by mutual recursion), to avoid troublesome negations in
the definition of forcing, a predicate not forces(K, s, a) is also defined.

forces(K,s,a) = af(s,a) (a € Atom)
forces(K,s,B) A forces(K,s,v) (a=pB A7)
forces(K,s,B)V forces(K,s,v) (a=pV7)
Vs'.sRs' —

notforces(K,s',B)V forces(K,s',vy) (a=p—7)

notforces(K,s,a) = -af(s,a) (a € Atom)
not forces(K,s, ) V notforces(K,s,v) (a=pBA7)
not forces(K,s, ) Anotforces(K,s,v) (a=pBV~)
3s’.sRs'A
forces(K,s', B) A notforces(K,s',~) (a=p—7%)

Let Term be the type of propositional formulas. As in [2], the proof is
described in terms of sequents.

Sequent = (Term list)#(Term list)

However, more information is required for the intuitionistic case; thus our
basic unit will be a system of sequents.

System = (Sequent list)

(The list type is a convenience; sequents should be thought of as pairs of
sets and a system of sequents should be considered a set of sequents.) A
given sequent will be written as a pair < St, Sr >. The formulas in S7 are
the ones which are tagged “true” at some node in the tableau algorithm;
similarly the formulas in Sg are tagged “false”. The sequents themselves
correspond to the nodes in the tableau algorithm; they will also correspond
to the states in the Kripke model disproving validity, if one exists.
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3 Statement of the Theorem

Although we are generally interested only in the validity of a single formula
@, or rather a given sequent < @, >, the induction requires a statement
which is true for systems of sequents. We will prove that, for any system,
either there is a sequent in this system which is provable or there is a Kripke
model which, for all sequents < Sr, Sp > in the system, forces the formulas
in St but not those in Sp. This Kripke model will be referred to as a
countermodel for the system.

A sequent < St,SF > is provable if there is an inhabitant of the type
corresponding to A St — V Sp. (To make the paper accessible to readers
without intimate knowledge of type theory, the notation for propositions
and types will be the same.)

If there is a countermodel, we also supply a function f from the system
to the model such that f(< Sr,Sp >) is the state in the system which
forces the formulas in ST but not those in Sg.

The formal statement of the theorem is then

VS : System.
(3 < S5, Sk >€ SN\ Sp — \/ 51)
\%
(3K = (T, R, af ) : Kripke_model.
if:S—-T.

V < St,Sp >€ 5.(f(< St,SF>)=s5—
(Va € St.forces(K,s,a) AVa € Sp.notforces(K, s, a))))
Note that when the theorem is applied to a formula ¢, S will contain

exactly one sequent, namely < , ¢ >; thus we have either ¢ is provable or
there is a countermodel which does not force ¢.

4  Proof of the Theorem

The proof is by induction on the number of formulas which can be added
to the system. Each step either adds a formula to a sequent in S or adds
another sequent to S. All formulas added will be subformulas of the for-
mulas already in S, hence only finitely many can be added to a particular
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sequent. A new sequent < S, Sr > is added only when no more formulas
can be added to sequents already in S, and then only if there is no sequent
< 87,5p > in § with Sp C S} and Srp C Sj, so that any new sequent
will never develop into a sequent already present in S. Also, the formulas
in < S7,SF > will be subformulas of the formulas already in S, so only
finitely many new sequents can be added.

The proof proceeds by cases.

1. For any pair < S7,Sr >€ S,if aAf € Sr and (a & Sr or B & S7),
apply the inductive hypothesis to S’, where S’ is S with < Sr, Sg >
replaced by < St U {«a, 8}, SF >.

If, for the system S’, it is the case that a A B A (A S7) — V SF, i.e.
we have an inhabitant f' = Az%% ... 2™ .. of the corresponding
function type, we can produce an inhabitant f of A St — \/ Sp. Given
an element a of type A St, set f equal to f’(m(a‘z’/\ﬁ),7r2(:ci_”\ﬂ),a).
Then, since a A B € St, f € ASt — V Sr. (If some other sequent in
S’ is the one corresponding to the inhabited type, since it is also in S

the theorem still holds.)

If we have a countermodel K = (T, R, af) for S’, and we have f :
§" — T such that f(< St U {e,B8},Sr >) = s for some s € T (so
that Vy € Sy U {a, B}.forces(K,s,v)), then we trivially have Vv €
St.forces(K,s,v). Letting f(< Sr,Sr >) = s, we then have that
(T, R, af) is a Kripke countermodel for S.

2. For any pair < S7,Sr >€ S,iff a A € Sp and (a € Sp and B ¢ Sr),
apply the inductive hypothesis to S; and S,, where S; is S with
< S7,SF > replaced by < Sp, SpU{a} > and S, is S with < Sr, Sp >
replaced by < St,Sr U {8} >.

If, for S; and S, it is the case that ASt — \V SpV a and A Sy —
V SFV B, so we have functions f; and f; from the product type (cor-
responding to) A St to the disjoint union types (corresponding to)
VSFVaand VSpV B (While \ Sp is really a disjoint union type
and should have its elements tagged to identify which disjunct they
inhabit, the details of the tagging will be omitted to avoid the extra
notation.) To produce a function f to \/ Sp given an element a of

type A St, decide if fi(a) € VSp. If so, f(a) = fi(a). Otherwise,



if fy(a) € VSF, f(a) = fa(a). If neither case holds, we must have
fi(a) € a and fz(a) € B. Then set f(a) = fi(a)#f2(a), an element of
a A B. Since a A B € S, f has type A St — V Sf.

Otherwise, we have a countermodel K = (T, R, af) for S; or S;. As-
sume without loss of generality that we have a countermodel for S;.
If we have f : Sy — T such that f(< S7,Sr U {a} >) = s for some
s € T (so that Vy € Sr U {a}.notforces(K,s,v)), then we trivially
have Vy € Sp.notforces(K,s,v). Letting f(< Sr,Sr >) = s, we then
have that (T, R, af ) is a Kripke countermodel for S.

3. For any pair < S1,Sr >€ S,if aV g € Sr and (a ¢ St and B8 ¢ St),
apply the inductive hypothesis to S; and S;, where Sy is S with
< S7,SF > replaced by < SrU{a}, Sp > and S, is S with < Sp, Sg >
replaced by < St U {8}, S >.

If we have inhabitants f; of a A(A St) — V Sr and f; of BA(A ST) —
V Sg, we can produce an element of A Sy — \/ Sp. Since o V 3 cor-
responds to a disjoint union type, its inhabitants are tagged so that
it 1s possible to decide whether a given element of a V 8 is in « or in
B. Given a of type A St, decide whether 7;(a) (where 7 is the index
of the element of A St of type aV ) is in « or . If m;(a) € a,
let f(a) = fi(mi(a),a); if mi(a) € B, let f(a) = fa(mi(a),a). In algo-
rithmic terms, f could be written “if 7;(¢) € a then fi(7;(a),a) else
fa(mi(a),a)”. ! Then f has type A S — V Sk.

Otherwise, we have a countermodel K = (T, R, af) for S; or S;. As-
sume without loss of generality that we have a countermodel for S;.
If we have f : S; — T such that f(< Sy U {a},Sr >) = s for some
s € T (so that Vy € Sy U {a}.forces(K,s,7)), then we trivially have
Vv € Sr.forces(K,s,v). Letting f(< St,Sr >) = s, we then have
that (T, R, af) is a Kripke countermodel for S.

4. For any pair < S7,S5r >€ S,if aV f € Sp and (a & Sr or 8 & SF),
apply the inductive hypothesis to S’, where S’ is S with < Sy, Sp >
replaced by < St,Sr U {a, 5} >.

If we have an inhabitant f' of AST — VV SFV aV 3, we can produce
an inhabitant f of A St — V Sr. Given a of type A St, decide if f'(a)

In Nuprl type theory, this would be written decide(m;(a); z.f1(z,a), z.fo(z, a)).
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isin \VV/ Sr. If so, let f(a) = f'(a). Otherwise, f'(a) € @ or f'(a) € B.
If f'(a) € a, let f(a) be f'(a), tagged so that it is an element of the
disjoint union aV . Similarly, if f'(a) € 8, let f(a) be f'(a), tagged as
an element of aV 3. Then, since aV 3 € Sk, f has type A St — V Sr.

Otherwise, we have a countermodel K = (T, R, af ) for S’. If we have
f 8" — T such that f(< Sr,SrU{a,8} >) = s for some s € T
(so that Vv € Sr U {a,B}.notforces(K,s,v)), then we trivially have
Vv € Sp.notforces(K,s,v). Letting f(< Sr,SrF >) = s, we then have
that (T, R, af ) is a Kripke countermodel for S.

. For any pair < S7,S5r >€ S,if « = f € Sy and (a € Sr or B & Sr),
apply the inductive hypothesis to S; and S,, where S; i1s S with
< 81, SF > replaced by < St, SrU{a} > and S, is S with < Sr, S >
replaced by < St U {3}, S >.

If, for S; and S, it is the case that A Sy — VSpVaand ASrA B —
V SF, then we have a function f; from A St to \V SV a and a function
f2 from B A NSt to VSr. To produce a function f from A St to
V Sk, given an element a of type A St, decide if fi(a) € VV Sr. If so,
f(a) = fi(a). Otherwise, fi(a) € a. Now since a — 8 € Sy, we can
set f(a) equal to fo(z*~Pfi(a), a) (since 2P f,(a) has type 3). Then
fis of type A St — V Sf.

Otherwise, we have a countermodel K = (T, R, af) for S; or S,. If K
is a countermodel for Sy, and f : §; — T such that f(< Sr, SpU{a} >
) = s for some s € T (so that Vy € SpU {a}.not forces(K,s,7)), then
we trivially have Vy € Sp.notforces(K,s,v). Letting f(< Sr,Sp >
) = s, we then have that (T, R, af) is a Kripke countermodel for S.
If we have a countermodel for S;, and f : S; — T such that f(< SpuU
{B},SF >) = sfor some s € T (so that Vy € SrU{B}.forces(K,s,7)),
then we trivially have Vy € St.forces(K,s,v). Letting f(< Sz, Sp >
) = s, we then have that (T, R, af ) is a Kripke countermodel for S.

. For any pair < S7,5r >€ S, if a - 3 € Sp and V < S, S; >€
S.(Stu{a} € STV & Si), and none of the previous cases hold, apply
the inductive hypothesis to S’, where 5" is SU {< Sy U {a}, {8} >}.

If, for S’, we have an inhabitant f’ of (ASr A @) — 3, then the
function Ay"5T. Az f'(y,z) is in A St — (a — B), so the appropriate
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tagged version of this function is in A St — V Sp.

If we have a countermodel K = (T, R, af) for S’, then since S C S/, <
St,SF >€ S, s0 f(< Sr,SF >) = s for some s € T. This means we al-
ready know that Vy € St.forces(K,s,y)AVy € Sp.not forces(K, s, 7).
So, we need not change f for S, except to remove < Sr U {a}, {8} >

from its domain. We then have that (T, R, af) is a Kripke counter-
model for S.

. If none of the above cases hold, we have reached the base case.

Note that because none of the above cases hold, we know that, for
every < St,Sp >€ S,

aANBEST — a€Srand B € Sr
aVBeEST — ae€SrorfeSr
a—pB€e€ST — a€SporBeSr
aANBESF - a€SporfBeSr
aVBeSr — a€Spandf € Sg
a—pBeSp - I3<85,5>.S7C Sranda € Sk and B € Sg

If there is an < S7,SF >€ S such that 3a € S N Sp, then A Sp —
\/ Sr is inhabited by A\z*7.(j, 7;(z)), where 7 is the index of a in A St
and j is the tag for « in the disjoint union \/ Sr.

Otherwise, V < S7,S5r >€ S, SN Sp =0. Let T = S, and define R,
a relation on T#T, by

R(< St,Sp >, < S},S;;w >) & St C Sép

It is easy to see that R is transitive and reflexive. Define af, a relation
on T#Atomic_formulas by

af (< S7,SF >,a) & a € Sr.

Since af is monotone with respect to R, (T, R, af) : Kripke_model.
Note that since SN Sp =0,a € Sp — —af(s,a).



Define f : § — T to be the identity map from S to T. To complete
the theorem, we must show that

V< Sr,Sr >€ S.
f(<S7,Sp>)=5—
(Va € St.forces(K,s,a) AVa € Sp.not forces(K, s, @)).

Since forces and notforces are defined by mutual induction on the
complexity of the formula, the proofs of (Va € S7.forces(K,s,a) A
Va € Sp.notforces(K,s,a)) must proceed similarly. For simplicity,
however, they will be presented sequentially.

We first prove Va € St. forces(K, s, a), by induction on the complex-
ity of a.

(a) aisanatom. Then forces(K,s,a) = af(s,a), true when o € Sy
by definition of af.

(b) a = fA~y. We know B € Sy and v € Sr, so by induc-
tion hypothesis forces(K,s,) and forces(K,s,~). Therefore,
forces(K,s,B A~).

(c) a=pVvy. Weknow 8 € Syor~y € St, so by induction hypothesis
forces(K,s, ) or forces(K,s,v). Therefore, forces(K,s, V7).

(d) a = 8 — 7. We need that Vs'.sRs' — notforces(K,s',3) V
forces(K,s',7). Now, for all < 57, S > such that f(< Sp, Sk >
) = s, we know sRs' & Sp C S;,s0 8 — v € Sh. We
also know, then, that v € S or 8 € Sy, so forces(K,s',7)
or not forces(K,s', 3). Therefore, forces(K,s',f — 7).

The proof for Va € Sp.not forces(K, s, a) is similar.

(a) a is an atom. Since St N Sp = 0, a ¢ St, so —af(s,a), ie.
not forces(K, s, a).

(b) a = BAy. We know B € Sp or v € Sr, so by induction
hypothesis not forces(K,s, 3) or notforces(K,s,v). Therefore,
notforces(K, s, A~).



(c) a = BV~ Weknow 3 € Sr and v € Sp, so by induction
hypothesis not forces(K, s, §) and not forces(K, s,v). Therefore,
notforces(K,s, BV 7).

(d) a=p8— 1.
Since < St,SFr >€ T and rule 6 above doesn’t apply, we must
have 1 < §7,57 >€ T.St U {B} C ST Ay € Si. Let s =
f(< 87,8 >). By induction hypothesis, forces(K,s’,3) and
notforces(K,s',v). Also, since Sy C Sr U {a} C S}, sRs'.
Therefore, 3s’.sRs’ A forces(K,s', ) A not forces(K, s, 7).

5 Conclusion

Each system of sequents in the above proof corresponds to a branch of the
tableau. If all branches close (i.e. if there is a sequent in each system
such that S; N Sr is nonempty), then the formula is provable; else, the
open branch becomes a Kripke model which does not force the formula.
Note that a state (sequent) is added to the Kripke model only when nec-
essary to provide a state which fails to force an implication; hence, the
model produced is minimal. The model produced is finite, so the proof also
demonstrates the completeness of finite Kripke models.

If the proof were added to the Nuprl system, the result would be a pro-
cedure for deciding the (intuitionistic) validity of a propositional formula.
However, from inside Nuprl, we do not yet know that a proposition cannot
have both a proof and a countermodel; we have not proved soundness of
Kripke models. This leads to some interesting questions about what model
makes the most sense in type theory; ideally, the soundness and complete-
ness theorems would say something meaningful about the type theory as
well as the logic. Such a result would provide deeper understanding of the
relationship between logic and type theory, and would give insight into the
use of type theory to describe its own semantics (i.e. reflection).
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