
Lecture 27 – Finding Computational Content
and Course Summary

Abstract

This lecture will illustrate finding computational content from classical proofs. Then
it will summarize some of the main themes of the course and discuss the nature and
future of proof assistants.

This lecture will help students relate their projects to the main themes of the course.
Doing that will be a key factor in grading the projects as we discussed.

1 How we know mathematical truths

We have seen that there are at least two ways we come to know mathematical truths. One
way is based on computational experience. We learn to grasp the idea of number by learning
to compute with representations of numbers and relate these representations. We learn to
grasp the idea of a function by knowing how to computationally transform input data to
output data. We understand inductive reasoning by grasping the recursive functions that
create evidence step by step, a “time” dependent process. This process becomes more subtle
when we try to grasp the “fullness of time” in the sense conveyed by the concept of continuous
processes, leading to the notion of the continuum of real numbers.

We also understand another way of knowing that is less concrete and depends on gener-
alizing the idea of building evidence to building what we have called in Lecture 26 virtual
evidence. That notion helps us understand the method of “classical” reasoning that emerged
in the 1800’s. That dominant style led to important distinctions in the way we organize
mathematical knowledge and explain its relationship to computation. The need for this
understanding has grown in importance as we build hardware to help us compute and pro-
gramming languages to convey the algorithms, procedures, and heuristics that machines
execute.

1



Proof assistants were built to help people solve mathematical problems, write correct
programs, and grasp in fine detail the computational processes and virtual computations
that underlie modern mathematics. Thereby a science of computation emerged grounded in
machines that help us reason as well as compute. We call the field computer science, and
one of its enduring goals has been to extend the reach of computation in nearly all aspects
of life, especially to understanding the nature of mind and intelligence – both human and
machine intelligence.

Some mathematicians and computer scientists believe that proof assistants are trans-
forming not only how people work but also the very notion of knowledge itself. It might not
be long before we must cope with a body of knowledge that is only accessible to humans
via proof assistants. We can easily imagine elements of our knowledge that humans cannot
manage alone. How large a step is it to imagine states of knowledge useful to machines
but essentially inaccessible to unaided human understanding yet essential to technological
progress and even to our survival? We will briefly consider these issues.

1.1 Finding and using the computational content of mathematical
knowledge

Next we will consider examples of mathematical results that are manifestly computational
and those for which the computational content must be “extracted” as well as those for
which the computational content is only virtual. Some of the most creative and interesting
explorations with proof assistants have been finding the computational content in cases
where it is hidden or hard to find or not required because virtual evidence is sufficient in an
initial effort to explore a topic. Logicians and computer scientists have developed ingenious
methods to ferret out computational content using insights from the structure that emerges
when the ideas and theorems are made completely formal.

We will examine a small example studied by the author and Dr. Chetan Murthy in our
article Finding Computational Content from Classical Proofs [10]. The article is included on
the course web page with this lecture.1

Consider the following claim:

∀f : N → {0, 1}.∃i, j : N.(f(i) = f(j) & (i 6= j)).

1Chet Murthy became a key member of the Coq team after receiving his PhD from the Cornell CS
Department. When he was a student, he built more than one version of Nuprl so that he could experiment
by changing it. He also connected five versions of Nuprl into a networked prover that allowed him to explore
topics for his PhD thesis. We called it “chet net.” He was part of the INRIA team that won the ACM
system award for Coq version 8.
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One proof of this is to first assert that either there are infinitely many zeros in the range
of f or infinitely many ones. This is justified by simple propositional reasoning, the law
of excluded middle. In the zeros case, pick two zeros and in the ones case pick two ones.
This proof is highly non-constructive and seems to invoke superhuman powers, to know the
disjunction which we could describe as (Inf(0) or Inf(1)).

There is a much simpler constructive proof. We just examine f(0), f(1), f(2). There are
only two choices for three slots, so two must be the same, and we can decide by evaluating at
these three points if the function is computable. Even if f is not computable, we just mention
the three values, and enumerate all possible choices of values. If the function is computable,
we can easily decide these cases. But the conclusion does not require choices and does not
build values.

What is remarkable for questions about natural numbers is that there is a theorem of
logic that for propositions of the above form, “for all there exists,” we can convert any
classical proof in Peano Arithmetic, to a constructive one in Heyting Arithmetic. Harvey
Friedman found a very simple proof of this deep fact [11], and Chetan Murthy implemented
that method in Nuprl [16] so that Nuprl could actually carry out the translation. Chet then
applied the transformation to an important theorem in classical number theory to solve an
open problem [15].

2 The nature and future of proof assistants

We will use the Nuprl proof assistant [9, 2] as an example of the species of proof assistants.
It is one of the oldest systems still in use, one that is steadily evolving, sometimes in in
bursts of new ideas and enhancements. We will briefly consider the general nature of proof
assistants and their future.

One of the first issues we face in “doing mathematics” with proof assistants is coping
with the variety of interesting notations and symbols such as ∀, ∃, ⇒, Σ, ∞, ∅, λ, ε,
ω, ∩, ∪, ℵ, ⊥, and so forth. In Nuprl this is done by having display forms that can use
special characters. These are controlled at the level of “display” of the items stored in the
Library of mathematical definitions and theorems.

Another major issue is deciding how to structure proofs and display them. In this realm a
great deal was known from early work of logicians. We have seen the tableau style of proofs,
and we mentioned natural deduction. You know that Nuprl created a style we call refinement
proofs [6], closely related to tableau. One of the issues is whether to allow derived rules.
Nuprl does not use them and MetaPRL did. We have not studied this interesting topic in
the course. An issue we did investigate using Nuprl is the translation of refinement proofs
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into natural language. We studied natural language presentation of proofs with Cornell
professors Cardie and Lee [13].

The issue of automating the construction of Nuprl proofs is based on the pioneering work
of Robin Milner in his Edinburgh LCF system [12] and the notion of proof tactics. This
topic is probably worth an entire course. The tactic mechanism is also used in Agda, Coq,
HOL, Isabelle HOL, MetaPRL, and other systems. It was a “game changing” advance in
the subject of automated reasoning. The LCF tactic system was implemented in Lisp.

The constructive proof assistants also include a programming language integral to their
logic. This is typically an applied lambda calculus. In Coq the programming language is
OCaml. In the Trellys project at UPenn it is Haskell. At Microsoft they could use F sharp.
Nuprl has its own rich functional programming language defined along with the logic. It
includes some novel features and is about to add another fundamental notion, the concept
of a free choice sequence [19, 20] from Brouwer’s intuitionistic mathematics.

The proof assistants organize their results into libraries of formal mathematics. The 
Nuprl library is called the FDL (Formal Digital Library) [3], and it also contains some 
results from other proof assistants [4]. Results in these libraries are sometimes connected 
to specific books and other resources. A good example is the connection of the definitions and 
theorems of chapter two of the book Constructive Analysis [8] to their formalization in Nuprl. 
This resource was created by Mark Bickford and Richard Eaton.

We see that proof assistants are already advancing science and mathematics by producing
the most reliable mathematical results known. They are also being used to build reliable
software systems and to defend the computing infrastructure from cyber attack by creating
attack tolerant systems [17, 18]. Systems built using Nuprl have been deployed in industry
and elsewhere, e.g. NASA and DoD [14, 1, 7, 21]. An interesting popular account of this
topic entitled Beyond Knowledge was written by J. Aron for New Scientist [5].
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