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Abstract

By the 21st century, constructive type theory emerged as a unifying framework for logic, math-
ematics, and computer science. One of the prime movers was L.E.J. Brouwer who understood
mathematics in terms of mental constructions and offered a novel account of both the logical
operators and the basic mathematical entities such as natural numbers, real numbers, points,
and spaces. His deep and original insights enriched our thinking about what these objects are
and how we know them.

Computer scientists are drawn to his ideas because they are grounded in computation and also
provide a particularly rich and natural basis for precisely specifying computational problems and
proving that algorithms solve them. Logicians such as Heyting and Kleene learned Brouwer’s
ideas thoroughly and advanced their applications in mathematics and contributed to a broader
understanding of them. By 1967 the American mathematician Bishop wrote his book, Foun-
dations of Constructive Analysis that systematically developed real analysis based largely on
Brouwer’s ideas. In 1970 another famous Dutch mathematician N.G. deBruijn used some of
Brouwer’s ideas to ground a computer system called Automath designed to check all the details
of proofs written in a classical logic inspired by Brouwer’s account of the logical operators. By
1984 computer scientists at Cornell had built the Nuprl (new pearl) proof assistant based on
a constructive logic and on experience using this logic to treat programs as proofs and to ex-
plore how to treat constructive proofs as programs. The type theory of Nuprl was influenced
by similar work being done by Per Martin-Lof, initially without any connection to programming.

1 Computational Foundation

The first step in understanding constructive type theory is to know its computation system. At the
core it is an untyped programming language in the manner of Lisp. We now explain it using it using
the notion of canonical term and non-canonical terms introduced by Martin-Lof. The canonical
terms are those expressions such as integer constants, 17, 289, 4913, 83521, 1419857, pairs of
constants < 17, 289 >, lists of values, [0,17,289], tagged objects such as inl(17), function constants
such as λ(x.x + 1), recursive function constants such as fix(λ(f.λ(x.if x = 0 then 1 elsef(x −
1) + 2))).

Non-canonical expressions can be reduced by applying computation rules. For example, (17 x
289) reduces to 4913. The application of a function reduces by computing the value of the function
on the given input, as in ap(λ(x.x+ 1); 17) reduces to 18 in one step of computation.
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1.1 Role of Computation

Mathematicians discovered early on, starting at least with Euclid, how to compute with geometric
objects as well as with numbers and how to create evidence that constructions accomplished certain
tasks. They could copy a line segment from one point to another, Euclid’s Proposition 2. They
could bisect an angle or construct a line segment perpendicular to another, both useful tasks. They
extended the computational method to algebra and developed computations for finding solutions
to equations, factoring polynomials, and so forth. The book by Harel [14] tells this story very well
in describing the spirit of computer science. The centrality of human computation in understand-
ing the logical operators was stressed by L.E.J. Brouwer [6] in the early 20th century, by 1907.
He noted that the basic logical operations as used in mathematics have computational meaning.
Understanding these intuitive mental constructions is the key to understanding what it means for
mathematical statements to be “true.” He went on to argue forcefully that computation underlies
all mathematical truths.

Brouwer also claimed that the contradictions and paradoxes that created a “foundational crisis”
in mathematics in the mid 1800s were due to doomed attempts to justify non-computational meth-
ods for establishing mathematical truth, by adopting various “obviously true” logical principles with
no computational meaning. These views provoked considerable controversy with other mathemati-
cians such as Hilbert who believed that an axiomatic approach to truth was more general. Brouwer
is known for rejecting the “law of excluded middle,” the logical principle that every proposition is
either true or false. Hilbert was very much against giving up this “obvious truth” that is so useful
in most of mathematics. Nowadays, we see how to reconcile these two view points and deeply
enrich the study of logic and mathematics. We will cover this issue in some detail because from
the computer science point of view, Brouwer’s idea and the compromise worked out in computer
science, are not only correct and deep, but very useful. The standard approach to mathematical
truth that accepts excluded middle, was for various reasons called classical logic.1

Since Brouwer, we have come to understand that the computational method is more informative
than the pure axiomatic method and can even be used to explain the axiomatic method in terms
of computing with “virtual evidence.” We will examine this new idea in this course. Indeed, the
course will stress the computational method and its explanations of the axiomatic method using
evidence and virtual evidence. This fits very well into a course designed for both computer science
students and mathematics students. It is also relevant for philosophy students, as is evidenced
in the Journal of Philosophical Logic [20]. The approach based on evidence provides valuable
information beyond simply knowing that a proposition is “true” (we have evidence) or is “false,”
meaning we can’t possibly have evidence. It also leads to very useful versions of the completeness
theorem for first-order logic that are the center piece of basically every introductory logic courses.
We will study the “computational proofs of completeness,” a new topic for any logic course.

1This name is misleading because the mathematics of the classical Greeks was computational as well as axiomatic,
unlike the later “axiomatic methods” which dropped the computational requirements. Brouwer claimed that this
mistake of ignoring the computational meaning is what led to confusion and paradoxes in the new attempts to
explain mathematical truth purely axiomatically.
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2 Types

Constructive type theory provides a type system to classify the canonical objects. For example,
there is a type of integers, int whose canonical values are 0,1,-1,2,-2,3,-3,.... There is a type of
functions from integers to integers, denoted int→ int. A sample element of this type is λ(x.− x).
There is a type of pairs of integers, denoted int × int with elements such as < 17, 3 >. Here is a
list of the key types in CTT

• Universes, Ui

• Equality, a = b in A for any type A in a universe

• Int, the integers

• Atom, atoms

• Void, the empty type

• Less, a < b

• Lists, A List

• Disjoint unions, A|B

• Functions, x : α→ β(x)

• Products, x : α× β(x)

• Quotient A//Eq

• Set {x : α|β(x)}

• Partial types Ā where A is a non-partial type

• Base, the type of all terms

• Howe’s ”squiggle” equality, a ∼ b

• Intersection,
⋂
x:α β(x)

2.1 Background

A major alternative foundational theory for mathematics is type theory which was first presented
in work of Bertrand Russell [19, 24]. Constructive versions of this theory are adequate as a foun-
dation for computer science as well as mathematics. These constructive type theories have been
implemented in proof assistants [9, 17, 2] and are having a significant impact on computer science
research and education. We will look at the core ideas in this subject and show how programs can

3



be ”extracted” from constructive proofs [1]. Many of the ideas in constructive type theory were
developed by L.E.J. Brouwer, the Dutch mathematician who created the intuitionistic philosophy
of mathematics [6, 16, 23, 22]. These ideas appear to be steadily gaining force over the years and
are now well integrated into three of the major proof assistants in use today. We will explore some
of Brouwer’s ideas about logic and computability and show how they are being used today in very
practical ways, as in computing with infinite precision real numbers [3, 4].

2.2 Types of CTT

3 Philosophy

Brouwer’s ideas have had a significant impact on the philosophy of mathematics [16, 5, 8, 7, 22, 10,
11, 15, 21, 18, 13, 12],and we will devote parts of several lectures to explore the philosophical issues
he raised. His bold ideas are likely to lead to lively class discussion as they have for over a hundred
years among mathematicians and philosophers. The ideas are considerably less controversial in
computer science where several of them have been embraced, explored, and deeply integrated into
using proof assistants and programming languages. To give the flavor of Brouwer’s ideas it is
interesting to note that he does not believe that the famous “law of excluded middle,” is valid in all
areas of mathematics, although it has been used in logic since Aristotle and Plato. This law simply
says that “every proposition P is either true or false.” Symbolically it is usually written P ∨ ∼ P.

I agree with Brouwer and will try to persuade you to have an open mind on this topic despite
the fact that it is a law of the first logical system we will study, the (classical) propositional calculus.
In that simple setting the law is valid, but it does not extend unchallenged even to First-Order
Logic.
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