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1 Topics

1. Review notion of existence, ∃x.P (x), and disjunction, A ∨ B, as understood in con-
structive logic, in contrast with classical logic. In classical logic we can avoid ∃x.P (x)
as a primitive by using ∼ ∀x. ∼ P (x). We can define disjunction as ∼ (∼ A & ∼ B).

2. Give a constructive (intuitionistic) version of FOL, call it iFOL, and define Heyting
Arithmetic (HA) as a constructive version of Peano Arithmetic (PA). We reference
Kleene’s account of PA and HA. We include his axioms in the course notes. These the-
ories of arithmetic provide a basis for defining constructive and classical real numbers.
This in turn gives us a constructive account of (analytic geometry). We will discuss
the notion of synthetic (or “coordinate free”) geometry as well. This will lead to topic
3.

3. Show how to present HA and PA in a foundational theory with computational seman-
tics. This kind of theory is nowadays called type theory. It’s origins are in Principia
Mathematica by Russell and Whitehead. Church simplified the theory. Then de Bruijn
and Martin-Löf stream-lined it using ideas from L.E.J Brouwer.

4. Explore constructive Euclidean geometry using type theory. This will be a constructive
synthetic geometry - a new area of investigation.
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2 Kleene’s Axioms for Heyting Arithmetic and Peano

Arithmetic

The only non-constructive axiom is 80 ¬¬A ⊃ A. When this is added to HA, the theory is
PA. In these notes we use the successor operation on numerical terms instead of a′. Here are
the axioms in this notation (Kleene’s numbering).

14. ∀a, b : N. (S(a) = S(b)⇒ a = b)

15. ∀a : N. ∼ (S(a) = 0)

16. ∀a, b, c : N. (a = b⇒ (a = c⇒ b = c))

17. ∀a, b : N. (a = b⇒ s(a) = s(b))

18. ∀a, b : N. Add(a, o, a) (Kleene writes a + o = a)

19. ∀a, b, z : N. Add(a, b, z)⇒ Add(a, s(b), s(z))

20. ∀a, b : N. Mult(a, 0, 0)

21. ∀a, b, z : N. Mult(a, b, z)⇒ Add(z, a, y) & Mult(a, s(b), y)

We can think of t and x as primitive recursive functions.

18,19 give add (a, 0) = a
add a, s(b) = s(add(a, b))

20,21 give mult(a, 0) = 0
mult(a, s(b)) = add(mult(a, b), a)

Kleene’s Induction Principle is Axiom 13 :

A(0) & ∀x : N. (A(x)⇒ A(s(x))⇒ ∀x : N. A(x).

These axioms have a clear and direct computational meaning. This is expressed will in
Constructive Type Theory as we will explore.
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3 Number Theory, HA and PA, in Type Theory

We will see how to treat number theory in the setting of modern type theory. Type theories
are implemented in proof assistants such as Agda, Coq, Nuprl, and others.

The natural numbers form a type. We denote it N. Types have elements, among them are
the canonical elements, those that can’t be further reduced or “simplified” by computation
rules. In Kleene’s theory, the canonical numbers are

0, s(0), s(s(0)), s(s(s(0))), . . .

A non-canonical numerical expression is given by the recursive definitions, e.s. add(s(s(0)), s(0)).
These reduce by computation rules to canonical numbers, e.s. s(s(s(0))).

In practice, we use an account of numbers based on decimal numbers, 0, 1, 2, . . . , 9, 10, 11, . . . .
Non-canonical: 10× 11 reducing to 110, 9× 9× 12 reducing to 972, 17× 17 to 289, etc.
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