
Lecture 17
Tuesday, October 25, 2016

Note, there are only 12 lectures after this week, and we might use the lecture just before
Thanksgiving break to discuss how the course projects are going.

(1) Non-standard Models of First-Order Theorems

This week we will look at non-standard models of Peano Arithmetic (PA) and Real Anal-
ysis (RA). This will allow us to discuss a topic called non-standard analysis which has
been featured this semester in the logic seminar. These ideas apply to any first-order
axiomatic theory, including ZFC set theory. We will review the ZFC axioms and the
set theoretic foundations of mathematics in order to contrast them with the type theory
foundations which we will cover in the remainder of this course.

The key result we need from First-Order Logic is the Löwenheim-Skolem theorem. To
state this we use Smullyan’s Theorem 4 (p.61, Lowenheim’s Theorem) - please read it -
and the Compactness Theorem, Theorem 6 (p.65). To state this result, Smullyan defines
the tableau procedure for a set S of formulas (p.64). Please study these results from
Smullyan. We have covered all the key ideas in lecture.

• Theorem 4 Löwenheim’s Theorem:

If FOL formula X is satisfiable, then it is satisfiable in a denumerable (countable)
domain.

Proof : A tableau proof attempt for FX cannot close off since X is satisfiable. Hence
the systematic tableau will have an open branch Θ (at least one). All the formulas
on Θ are true. Thus X is satisfiable in a denumerable domain. QED

• Theorem 6

Löwenheim-Skolem Theorem (p.63-65 of Smullyan): If all finite subsets of a set of
formulas (of FOL) are satisfiable, then S is satisfiable in a denumerable domain.

Consider the set of formulas {x 6= 0, x 6= 1, x 6= 2, . . . , x 6= n, . . . }. Every finite
subset of this set is satisfiable. So the entire set is satisfiable in a denumerable
domain. This tells us that there is a model of Peano Arithmetic with an “infinite
natural number,” say ω. We know ω 6= 0, ω 6= 1, ω 6= 2, etc. We could also establish
that n < ω for any natural number n.

We will see very interesting examples for Real Analysis in the next lecture.
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(2) ZFC Set Theory

An excellent informal account of set theory is given in the small book by Paul R. Hlamos,
Naive Set Theory. He starts with this idea on page 1. “The mathematical concept of a
set can be used as the foundation for all know mathematics.” He then provides a very
readable and informal account of the basics including:

(a) Sets are the only objects needed for mathematics.

(b) Sets are equal exactly when the have the same elements. This is called extensional
equality. A contrasting idea would be to use intentional equality under which sets
are intensionally equal when they have the same definition.

(c) We say A is a subset of B, A ⊂ B, iff every element of A is an element of B.
Note, x ∈ x is never true in ZF set theory. This notion leads to “non-well founded
sets.”

(d) The Axiom of Separation says that there exists the set of all elments A that satisfy
a first-order formula of set theory, say S(x). We write this as {x : A | S(x)}.

(e) The Axiom of Pairing says that {a, b} is a set if a and b are.

(f) The union axiom says that for every collection θ of sets, there is a set containing all
of its members.

(g) The power set of a set X, denoted P (X), consists of all subsets of X.

(h) The idea of an ordered pair, (a, b), is defined as {{a}, {a, b}}.
(i) A relation is a set of ordered pairs.

(j) A function is a single valued relation, so if (x, y) ∈ f and (x, z) ∈ f , then y = z.

(k) The natural numbers are the following infinite set.

Defining N in Set Theory

∅ {∅} {∅, {∅}} {∅, {∅}, {∅, {∅}}}
0 1 2 3

We see that 1 is {∅}, 2 is {∅, {∅}}, 3 is {∅, {∅}, {∅, {∅}}}, · · ·

What is the successor function, f(x) = x+ 1, in set theory?

It is a set of ordered pairs, intuitively {(0, 1), (1, 2), (2, 3), · · · } but officially
{{∅, {∅, {∅}}}, {{{∅}, {{∅}, {∅, {∅}}}, · · · }.

In computational notation, the successor function is λ(x.x + 1). This is quite a
different kind of mathematical object! We will soon see how type theory treats the
foundations of mathematics.
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