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Validity without Truth Values

Let me first show that we do not need truth values in order to define the all-important notions of
validity and satisfiability.

Definition 1 Let S be a set of formulas. The setS is a truth set(also called saturated) if the
following conditions hold:

(i) For all pairs of formulas(ϕ,¬ϕ), exactly one ofϕ or ¬ϕ is in S;

(ii) If ϕ ∧ ψ is in S, thenϕ andψ are both inS;

(iii) If ϕ ∨ ψ is in S, thenϕ or ψ is in S;

(iv) If ϕ⇒ ψ is in S, then¬ϕ or ψ is in S.

Since there are infinitely many formulas, condition (i) ensures that every truth set has infinitely
many formulas.

For any set of formulasS, we can define a valuationvS by takingvS(ϕ) = t if ϕ ∈ S.

Proposition 2 LetS be a set of formulas. The following are equivalent:

(i) S is a truth set;

(ii) vS is a Boolean valuation.

Proof. By induction on formulas. ut

Similarly, if v is a valuation, we can define a set of formulasSv = {ϕ | v(ϕ) = t}.

Proposition 3 Let v be a valuation. The following are equivalent:

(i) v is a Boolean valuation;
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(ii) Sv is a truth set.

Proof. By induction on formulas. ut

Thus, we can go back and forth between truth sets and Boolean valuations. We can now define
validity and satisfiability using only truth sets.

Proposition 4 LetS be the set of all truth sets. The formulaϕ is valid if and only if

ϕ ∈
⋂

S∈S

S.

The formulaϕ is satisfiable if and only if

ϕ ∈
⋃

S∈S

S.

Proof. Immediate by the definitions. ut

Propositional Logic with Constants

An important variant of propositional logic is one where we introduceconstantstrue andfalse to
stand for (unsurprisingly) the truth valuest andf . We call this variant PLC (for propositional logic
with constants).

More precisely, we define formulas as we have for propositional logic, except that we allowtrue
andfalse as additional atomic formulas. Note thattrue andfalse aresyntax.

To give truth values to PLC formulas, we extend the definitionof a Boolean valuation to specify
the truth values to assign withtrue andfalse. A Boolean valuationv is required to assign:

v(true) = t

v(false) = f.

All the other definitions apply in the obvious way. To distinguish between truth for PL and for
PLC, we writev0 |=c ϕ to emphasize that the formulaϕ of PLC is true under interpretationv0.
Similarly, we write|=c ϕ if a formulaϕ of PLCS is true under all interpretations.

There is of course a relationship between validity for in PL and validity in PLC. Roughly speaking,
by adding constantstrue andfalse, we do not “kill” any tautologies that exist in PL. Formally,we
have the followingconservative extensionresult.
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Proposition 5 Letϕ be a formula of PL. Because every formula of PL is also a syntactically well-
formed formula of PLC, we can also viewϕ as a formula of PLC. We have|= ϕ if and only if
|=c ϕ.

Proof. By induction on formulas of PL. ut

Of course, the result does not hold for all formulas of PLC, since there are formulas of PLC (the
ones that usetrue andfalse) that are not formulas of PL.

Here are some examples of valid formulas of PLC:

(1) |=c ¬false ⇔ true

(2) |=c (ϕ ∧ true) ⇔ ϕ

(3) |=c (ϕ ∧ false) ⇔ false

(4) |=c (ϕ⇒ false) ⇔ ¬ϕ

Statement (4) says thatϕ⇒ false and¬ϕ are logically equivalent. This means that if we have the
constantfalse, we can express negation using implication. Following whatwe already know about
PL, along with (1), this means that we can derive all of PLC using only, say, implication andfalse.

Boolean Decision Diagrams

One reason for introducing PLC is to talk about the following. For a propositional variablep,
define the formulap → ϕ, ψ as an abbreviation for(p ∧ ϕ) ∨ (¬p ∧ ψ). Intuitively, this is an
if-then-else statement: to establish the truth value ofp → ϕ, ψ, check the truth value ofp: if it is
true, the truth value ofp→ ϕ, ψ is given by the truth value ofϕ; otherwise, it is given by the truth
value ofψ. (Why?)

Note, for instance, that¬p can be written (is logically equivalent to)p → falsep, true. Similarly,
p ∧ q can be writtenp→ (q → true, false), (q → false, false) or, equivalently,p→ q, false.

Let ϕ[x 7→ ψ] represent the formulaϕ where every occurrence ofx is replaced by the formulaψ.

Proposition 6 Letϕ be a formula of PLC, and letp be a propositional variable. The formulaϕ is
logically equivalent top→ ϕ[p 7→ true], ϕ[p 7→ false]. The latter is called theShannon expansion
of ϕ with respect top.
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Proof. By induction on formulas. ut

We define a normal form sometimes called INF (for If-then-else Normal Form) as a formula built
entirely from the if-then-else operator and the constantstrue andfalse. We can construct an INF
as follows: ifϕ contains no propositional variables, it is either logically equivalent totrue or to
false, which is an INF. Otherwise, we form the Shannon expansion ofϕ with respect to one of the
variablesp in ϕ. Sinceϕ[p 7→ false] andϕ[p 7→ true] both contain one less variable thanϕ, we
can apply this procedure recursively to find INFs for both of these (say,ϕ1, ϕ2), from which we
can construct the INF forϕ asp→ ϕ1, ϕ2. This essentially proves:

Proposition 7 Any formula of PLC is logically equivalent to a formula in INF.

Now, the process of constructing an INF can be visualized as adirected acyclic graph from which
we can read off the truth value of a formula under any interpretation. Consider the formula(p1 ∨
q1) ∧ (p2 ∨ q2). Let’s apply the above construction recursively, by expanding successively on the
variablesp1, q1, p2, q2, and by naming all the intermediate formulas we obtain. (I writeψ  ψ′ for
a transformation of a formula into a logically equivalent formula.) I have boxed the INF at each
step.

ϕ = (p1 ∨ q1) ∧ (p2 ∨ q2) p1 → ϕt, ϕf

ϕt = (true ∨ q1) ∧ (p2 ∨ q2) p2 ∨ q2  q1 → ϕtt, ϕtf

ϕtt = p2 ∨ q2  p2 → ϕttt, ϕttf

ϕttt = true ∨ q2  true

ϕttf = false ∨ q2  q2  q2 → true, false

ϕtf = p2 ∨ q2  p2 → ϕtft, ϕtff

ϕtft = true ∨ q2  true

ϕtff = false ∨ q2  q2  q2 → true , false

ϕf = (false ∨ q1) ∧ (p2 ∨ q2) q1 ∧ (p2 ∨ q2) q1 → ϕft, ϕff

ϕft = true ∧ (p2 ∨ q2) p2 ∨ q2  p2 → ϕftt, ϕftf

ϕftt = true ∨ q2  true

ϕftf = false ∨ q2  q2  q2 → true , false

ϕff = false ∧ (p2 ∨ q2) false
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We can draw this as a tree, where the nodes represent the formulas at every step. I’ve labeled the
nodes by the variable on which the formula is expanded. Thereare two children for every node,
one representing the formula obtained when the variable is true, and one when the variable is false.

p1

q1

p2

true q2

true false

p2

true q2

true false

q1

p2

true q2

true false

false

t f

t f t f

t f t f t f

t f t f t f

We can now read off the truth value of a formula under any interpretation by starting from the root
of the tree, and following either the branch markedt or f , depending on the truth value given by
the interpretation to the variable at the node. Moreover, a formula is a tautology if the leaves all
containtrue, and a formula is satisfiable if at least one leaf containstrue.

You might have noticed that we don’t actually need to construct the whole tree, but we can notice
that some formulas are repeated in the construction. For instance,ϕtt andϕtf are the same formu-
las, since after all,p2 ∨ q2 does not mentionq1, so the Shannon expansion with respect toq1 does
not change the formula. Therefore, we can collapse the two branches of the tree, and avoid redoing
the work. If we do this consistently, then we end up with an acyclic directed graph. (It is of course
possible to do this directly when generated the INF form; it’s a good exercise to figure out how.)

p1

q1

p2

true q2

true false

q1

false

t f

tf

t f

t f

t f
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