Applied Logic Lecture
CS 486 Spring 2005 Thursday, February 3, 2005

Validity without Truth Values

Let me first show that we do not need truth values in order tanddfie all-important notions of
validity and satisfiability.

Definition 1 Let S be a set of formulas. The sStis a truth set(also called saturated) if the
following conditions hold:

(i) For all pairs of formulas(p, —¢), exactly one of or ¢ is in S;
(i) If o Ay isin S, theny andy are both insS;
@ii) If o vyisinS, thenporyisinS;

(iv) If o = ¢isin S, then—p oryisinS.

Since there are infinitely many formulas, condition (i) eresuthat every truth set has infinitely
many formulas.

For any set of formulas’, we can define a valuatian; by takingus(¢) =t if ¢ € S.
Proposition 2 Let S be a set of formulas. The following are equivalent:

(i) Sis atruth set;

(i) vg is a Boolean valuation.
Proof. By induction on formulas. O
Similarly, if v is a valuation, we can define a set of formutas= {y | v(¢) = t}.
Proposition 3 Letv be a valuation. The following are equivalent:

() vis a Boolean valuation;



(i) S, is atruth set.

Proof. By induction on formulas. O

Thus, we can go back and forth between truth sets and Bookdaations. We can now define
validity and satisfiability using only truth sets.

Proposition 4 LetS be the set of all truth sets. The formufas valid if and only if

The formulay is satisfiable if and only if

Proof. Immediate by the definitions. O

Propositional Logic with Constants

An important variant of propositional logic is one where w&oduceconstantsrue andfalse to
stand for (unsurprisingly) the truth valueand f. We call this variant PLC (for propositional logic
with constants).

More precisely, we define formulas as we have for propostitogic, except that we allovrue
andfalse as additional atomic formulas. Note that.e andfalse aresyntax

To give truth values to PLC formulas, we extend the definibba Boolean valuation to specify
the truth values to assign withue andfalse. A Boolean valuation is required to assign:

v(true) =t
v(false) = f.

All the other definitions apply in the obvious way. To distingh between truth for PL and for
PLC, we writevy, . ¢ to emphasize that the formulaof PLC is true under interpretation.
Similarly, we write=, ¢ if a formulay of PLCS is true under all interpretations.

There is of course a relationship between validity for in IAd galidity in PLC. Roughly speaking,
by adding constantgue andfalse, we do not “kill” any tautologies that exist in PL. Formallye
have the followingconservative extensiaesult.

2



Proposition 5 Lety be a formula of PL. Because every formula of PL is also a syictlty well-
formed formula of PLC, we can also viewas a formula of PLC. We have ¢ if and only if

e .

Proof. By induction on formulas of PL. a

Of course, the result does not hold for all formulas of PL@g¢sithere are formulas of PLC (the
ones that usérue andfalse) that are not formulas of PL.

Here are some examples of valid formulas of PLC:

(1) . —false & true
(2) . (9 Atrue) & ¢
(3) e (¢ A false) < false
(4) . (¢ = false) & —¢p
Statement (4) says that=- false and—y are logically equivalent. This means that if we have the

constantfalse, we can express negation using implication. Following wiraalready know about
PL, along with (1), this means that we can derive all of PLG\gginly, say, implication anghlse.

Boolean Decision Diagrams

One reason for introducing PLC is to talk about the followirfgpr a propositional variablg,
define the formula — ¢, v as an abbreviation fofp A ¢) V (—p A ¥). Intuitively, this is an
if-then-else statement: to establish the truth valug ef o, v, check the truth value qf: if it is
true, the truth value gf — ¢, ¢ is given by the truth value gf; otherwise, it is given by the truth
value ofy. (Why?)

Note, for instance, thatp can be written (is logically equivalent tp)— falsep, true. Similarly,
p A g can be writterp — (¢ — true, false), (¢ — false, false) or, equivalentlyp — g, false.

Let o[z — ] represent the formula where every occurrence ofis replaced by the formula.
Proposition 6 Lety be a formula of PLC, and let be a propositional variable. The formulais

logically equivalenttep — ¢[p — true|, ¢[p — false]. The latter is called th&hannon expansion
of ¢ with respect t.



Proof. By induction on formulas. a

We define a normal form sometimes called INF (for If-thereéd®ormal Form) as a formula built
entirely from the if-then-else operator and the constants and false. We can construct an INF
as follows: if o contains no propositional variables, it is either logigabuivalent totrue or to
false, which is an INF. Otherwise, we form the Shannon expansignwith respect to one of the
variablesp in ¢. Sinceplp — false] andp[p — true] both contain one less variable thanwe
can apply this procedure recursively to find INFs for bothhefse (sayy:, ), from which we
can construct the INF fap asp — 1, ¢,. This essentially proves:

Proposition 7 Any formula of PLC is logically equivalent to a formula in INF

Now, the process of constructing an INF can be visualizeddaseated acyclic graph from which
we can read off the truth value of a formula under any integi@n. Consider the formulg, Vv
@) N (p2 V g2). Let’s apply the above construction recursively, by expagduccessively on the
variablesp, ¢1, p2, ¢2, and by naming all the intermediate formulas we obtain. (texp ~ ¢’ for

a transformation of a formula into a logically equivalentfula.) | have boxed the INF at each
step.

o= Va)A@2Va)~|p— ¢ er

or = (true V.q1) A (p2 V q2) ~> pa V g2 ~ | 1 — ©u, Pir

Yt = D2 V @2 ~> | P2 — Put, Pref

Ope = true V qg ~>

iy = false V qz ~ qo ~ | g2 — true, false

Pif = D2V Q2 ~ | D2 — Dty Prff

it = true V gy ~ [true]

ipp = false V qa ~ g2 ~ | q2 — lrue, false

wr = (false V- g1) N (p2V @2) ~ @1 AN (D2 V @2) ~ [ @1 — @i, 05y

wp = true A (p2 V q2) ~> pa V qa ~ [ p2 = ©pu, per

O = true V ga ~>

©pip = false V qa ~ g2 ~ | q2 — lrue, false

wrp = false N\ (p2 V q2) ~ | false




We can draw this as a tree, where the nodes represent thel&sratievery step. I've labeled the
nodes by the variable on which the formula is expanded. Taexéwo children for every node,
one representing the formula obtained when the variabtaeés &and one when the variable is false.

/t f\ /t/-\f
/t f\ /t f\ /t f\
/t f‘ /t f‘ /t f‘

We can now read off the truth value of a formula under any pregation by starting from the root
of the tree, and following either the branch markeat f, depending on the truth value given by
the interpretation to the variable at the node. Moreovearafila is a tautology if the leaves all
containtrue, and a formula is satisfiable if at least one leaf contains.

You might have noticed that we don't actually need to cortstiive whole tree, but we can notice
that some formulas are repeated in the construction. Ftarins ., andy,; are the same formu-
las, since after ally, VV ¢ does not mentiog;, so the Shannon expansion with respeaj;tdoes
not change the formula. Therefore, we can collapse the tawadbies of the tree, and avoid redoing
the work. If we do this consistently, then we end up with anclicydirected graph. (It is of course
possible to do this directly when generated the INF forms;atgood exercise to figure out how.)
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