
2 May 2022 Stationary Distributions
,
Reversibility

, Metropolis - Hastings

Announcement i

- You don't need the auxiliary data structure in
the

query phase . (Problem 2C of homework)
- Quiz 3 is 90% graded, hopefully we finish today .

Markov chain .

- Finite set # of states .

- Transition matrix P.
- Pxy is the prob . of being in stately at 1-+1

given the time-t state is X
.
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Does P hare a stationary didn't ?

Yes
,

as long as # is finite
.

Is it unique ?

Yes
,
if the state transition graph

is strongly connected .

(via Perron- Frobenius .)



No , in general . ④
" ° ④ "°

¥4
(An absorbing Marker chain .)

Does the marginal distribution of the state
at time t converge to the

stationary distrito as +→ x ?

No
,
in general .

Yes
,

if the Markov chair is ergodic
Deft . Fk <a PK has all positive entries .

Deff . State trans graph is strongly connected

and the GCD of air directed

cycle lengths is 1 .

one way of forcing the GCD property
to hold is to have at least -

one

state × it
. Pax> 0 .

then state trans
. graph has a cycle

of length I :)

MCMC method for sampling from a distribution IT :

1. Set up a transition matrix P (ergodic)
whose stationary distrito is it

.

.
. ?? ???

2. Initialize a Markov chaininSomestatei@ii3.Run
state transitions dictated by Puniti1cowaenu.@! ◦*µ+ me and ate * www.t.in .



↳
often dene using Metropolis- Hastings procedure .
to be explained new,)

DEI P is reversible with respect to it if

V-x.ge/IitxPxy=tyPyxlemma-JfP
reversible Wirt

, IT then

it is stationary for P.
Proof. The yth coordinate of AP is

4-My = { ¥×y=§ñyPy×="gPy*)=ñ,
Metropolis Hastings takes two inputs i

(A) an unmemorized distribution w :#→ A+
such that we want to sample from

⇒ = Éwy .

(B) a symmetric stochastic matrix K.EE#*
(" proposal distribution " )

Kxy - Kyx Kay≥0V-xiy.ge#Kxy--1- Fx .



The procedure is : in state X at time to

1. Draw random sample y
distrib

.

according to Kxy .

2
.
If wlyl ≥ what, move to state Y .

3 . If Wly) < WW
,
toss a coin with bias ww¥%

Transition to y if the coin toss is heads
.

Pay = kxy . min{w;; .
hemm_a.M@tr-tlast.Cw.K) is reversible writ

. it.

Prof .
We must show V-x.gg

II. Pr(✗→ y ) = it
, Pr(y→x)

"l
WH . Pray) = way)iPr(y→x)

w*K×y . ¥"⇒= ix. k* . mihw¥;;¥
Yes
,
these are equal .


