
22 Apr 2022 Streaming Algorithm for Distinct Elements

Input stream at / . - - , an .

Each
ai belongs to { 0,14 (set of "tokens ")

m
= 2b = # of possible tokens .

Algorithm with working space s=pdy( login , login)
observes ai, _→ an one by one

, and

afterward must estimate # distinct tokens

appearing in the sequence .

God ! (e) 5) - PAC meaning : if true number of

distinct tokens is d
,
then

Pr(ALO 's output is not in [d-e)diked] ) < 8
.

Use hash function h : to ,Bb→ [M]
for some large integer M . (typically ME 2b . )

suppose for new that ai , . . _ _ . ,ad are the

d distinct tokens that
appear in

the stream

and that head
,
hcaz)

,
. _ _

, Acad ) are independent

uniformly random elements of [ M] .

head that hkzlhky)
Prlhlaiuyhladl > F)ÉÉ =(tHd≈é !M

Ekin { Glad .
. _ _ , like)}] ≈ Mq . Prlminlhcail} ≤ %)

≤ EÉPr(Kai)≤ Fe)
= ¥ ,



AI ① Initialize 2- = M

② for each ad in secession

-

compute trail

- if hk ;) <Z , 2- ← trail

✗ invariant : after t iterations

-2 - mins hlajl / l≤j≤ t}
③ output Mft as our estimate

of d.

Analysis . For the [MY let = {
1- if hail ≤ k
if hlai) > k

d assuming
any . - '%

Fact.i]=m ⑤
distinct token%É¥*÷:

hlai ) is

fact. €= ¥ uniform stream whose hash

in Cm] value is ≤ K
.

Facts .

Var < %
.

# all i

hla?⃝Valk)=€(4<4 - ELYKT
independent=iÉjÉ.IE/Xikxj,d-1dmk-g2hl%1are=EECxiii+2EKikxjk&k-j2

1≤icj≤d



= Fn +211 ) (¥5 - ( ¥5
= Fn + C- d)1%5-1%-5
= d÷ _ d¥
< ¥

Def. A 2-universal hash function (UNF)
is a probability distribution one hash functions

that satisfies :

I. hlai ) is unit. disturb
. over its range

for all i.

Ii hla ;) , hlaj ) independent V-i≠j .
"

pairwise independence !

Examine . Say M is prime , and

identify {yid with [m3
,

and

assume M≥ m .

Define h as follows : hab# = axtb (modM)
Sample a ,b as indef 't , unit random
mod M , set h- hab .



Storing a description of h takes

2kg (M) bits to store a,b .

To verify 2- universality , must show

V-ai-tg-Pr.is/hlai)=x,hkj--y)--m=V-x,yhCai)=x,hlaj)--y
means

ab ab

4:11:# (5) a.amaj

The linear system has a unique solution

Ched M) bk % /(M) is a field

and det( . f) = ai -aj -1--0 lmedm)


