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In a previous lecture:

upper bound on # iters
.
of gradient descent

that is quadratic ink .

Today:

improved bound that is logarithmic in Ye .

First
,
Hessians

Hessian of a function f- (assume

f- is twice continuously differentiable .

1
. If V- R

"

.

Hessian at ☒ is simply:

[Hf×)ij =
Ñf
dxidxj

This matrix is symmetric .

2
.

It V has a non - degenerate inner

product, Hf× is a linear transformation :



v-fx-iy-vfx-HF.ly) + g

where gly→ ) to first order at 8
.

⇒ Hessian is the Jacobian of the gradient

3
.

The Hessian is a bilinear form

✗✓ → R in a local Taylor expansion of

f :

f§+y→) = f-E) + df×(y→)+§Hf×(y→,y→)
+⇒

rly→ ) vanishes to second order at y→=0

Definition A matrix M is positive semi-definite

cp.s.at)
-1min (M) >_0 .

⇒ <×
,
Mx> 20

.

ltxev
.

Lemmy: If KEV a closed & convex
.



f: K → R is convex if Hf× is

p.s.dV-xe-K.PE
: (⇐ ) Assume Hfx is p.s.dk/c-K .

By mean-value theorem
, 3-⇒ on the

closed line segment from ☒ toy

s.t.fly-Y-flx-J-lvfxgy-x-7-1-G-s-xJHELy-xp.ro
. ffy→ ) I ftp.i-dfxly-J-df-EJ .

(⇒ I Exercise .

Example :

f-E) =£¥Px→> + SE,q→> +r.

Pepi
"

symmetric p:S.d .

q→€Ñ ,
✓ c-R

.

second-order Taylor☐ f×=P×→+q→ y⇒ expansion of a quadratic
Hf× =P. is itself .



If P is positive definite ( Xminlp) > 0)
for optimality, we require:

O=of×*=PE*+q→ ⇒ ¥
=
- P"q→ .

STRONG CONVEXITY & SMOOTHNESS

f: K → R is a - strongly convex if

✗min /Hfx) - a > 0 .

& is
p - smooth if xm*fHf×)sB

✗ c-K
.

Condition number is k=&x I 1 .

fEJ=¥×→,P×→> is xminfp) - strongly convex

for Pps.d . Xm☒(P) -smooth .

Is =×m→ .

7min

If k=l . !
'



If K > > I
•¥4

Coroltdry"

If f- is ✗ - strongly convex & f- smooth .

Then

V-xjyc-ki.tt/-Y=fEJ-kvfx,I-E7-I41y--E4?
2. fty-Y-fx-Y-kofxgy-x-i-EBHI-E.tl?

+1*5 ""*

f-
strong
convexity
convexity .

⇒

Algorithm: GD w/
'

line search
'

Given a feasible ¥



repeat
☐☒ ← - of×

topt ← argmin { f-☒+ tox ) ) . # line search.
t20

☒← I + toptx .

until 11%112<-2ex .

1-47=1-1×-7 -kvf×,I→→> +1-417--711?

RHS of this inequality is minimized for

☒= I - d-0f✗ . Plug-in this § on the RHS
.

⇒

flip >_ HEY -12=11%11?

⇒ FE) -1-1×9<-1%114×11?

fty) ← HE)+<☐f×,✗→_☒> +EBHI-E.tl?

If we set y→ = E- t☐f× , and we set

É=¥ to minimize RHS :



HE - tofx) c- FE) - ¥110541?
By our line search :

HE - toptofx) -fG*% FE ) -5-1×9) -1*-114×11?

⇒ HE -

t.pt/-xJ-fGF)EfE)-fE*J---(flx7-flxFH.--l1-IJlfE9-fG→D .

If we have an initial bound on suboptimality :

fGÑ ) - fG•→j =D.

The number of iterations is upper
bounded by:

Ken (E) .

Newtn'sMethod_

oxnt = -14¥)&f×) .




