
2%20220 Gradient Descent

Announcement : Winter storm coming !
Check Cornell's operating status .

If classes canceled
,
that means online

lectures will be canceled too !

Stay safe !

Examples . (Differential vs .
Gradient )

fd¥== -4×7 + xi

8¥
,

__8×
. ¥2 --2×2

Deriving a formula for dfx :
f- 4-+g) = 44,+y,Y + (×ztyÑ

= 45 + 8✗.y , +4g? + É+2xzyz+yÉ
= (4*2+52) + (84%+2×2142) + (4%2+95)

✗

fly
✗

dfz (y )
✗

gcy )

df×(y→ ) = 8×1%+2×4<=[8×2×2] /%)



Now
suppose

is given the non-standard
inner product 4,y> day , + xzyz .

What is ¥ ?

We knew it is def'd as the image of diff
under the isomorphism GREY→
induced by 4,7 .

In other words
,

it means Vfx is the

unique vector in satisfying

-Vy=( f;) HE ,y>
= df.ly?--8x,y,+2xzyz.

Denote ¥ by [¥] we are seeking tie
that satisfy

Hy 27 , y, t Zzyz = Quy , +2×242

: -21--44

2-2=2×2
⇒ Vf×={¥;]

compare twith the gradient writ
. standard

inner product, [I;] .



Gradientde.sc#. To search for a point
in vector space ✓ where f : V→lR

is minimized
,

make a sequence of

steps Xo
,
✗ I
/ +2 , r - r

each moving in the direction of -Pf .

We will be analyzing the following algorithm

parameterized by 2>0 .

(7 =
"

step size
" 5- Cheek letter Eta

Given : differentiable function f : V→R
inner product 4 ;D on V

initial point to
c-V

step size 2
> 0

.

iteration count T

for t = 1,2 , . →T
'

-

it
= ✗

+- i

- 20¥
,

endfor

output
7- c- {Xo ,X , , . . ,XT} where

C- attains the smallest value observed .



Analysis when f satisfies : for some D
,
L> O)

① f convex and differentiable

⑤ f is L- Lipschitz :

txy / Fk)- fly)/ e- Lflx - y 112
③ initial point Xo satisfies 11×0-x*HzfD .

Where ¥ is a point at which
f

is minimitedi

Analysis will keep track of OIt4¥Hxjx*"
How to bound IHH) given ☒ It ?



let ✗ = Xt. {a-b.a-b) = fair> + Ibis>
-24,67

☒ (1-+1) = 11×1-+1 -* HE a=x-x* b=q¥ .

= { ✗++, - ✗
*

, ¥ ,

- ✗
* ) fktyltfkltdf.ly

= (x-7¥-×*, ✗ -7T¥ -x*)

= ( x- ×
- ×*> t.gl Pfx , f× >

- 240£ , x- x*)
⇐ ⑤(t) + sit -12g df×(F-¥ )

I Jolt +724 + 2y(flx* ) - ft))
conclusion's if fix > f- (F)+ e

,

0511-+4 £ ☒ It) * FE -2oz

Set 7¥ § ñE= E- 2eg= 2¥
054-+1) £ Elt ) - % .

8101£ D? $1470 .

Within the first FIVE iterations
,



there must be a t sit .

-814+1) ? ☒ It) - Eye .

⇒ at Hat time t
,

flxt was I fK*) + e.

I. GD with 2--4<2
-1--02%2

is guaranteed to teach an

E-optimal point I .


