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Det. A vector space Conor R) is a

nonempty set with two operations
- vector addition VxV→V

IX.g) ↳ xty

- Sadar multiplication 1R×V→ ✓

(a. a) ↳ at

These satisfy :
Ci ) Associative

(✗ +g) + 2- = ✗+ Cy#-)

a (bx) = Lab)x
Lii) Commutative

✗ty = y - a

Ciii) Distributive
Catb) × = axtb#

a(x+y) = ax tag
Civ) Identity 1.x=X .

The axioms imply that th the vector
± 0.x is an identity for addition .



E- For
any

set S
,
Rs denotes

the set of real-valued functions on 5.

This is a vector
Spc under pointwise

addition & malt.

E.g . C- +g) G) = f-G) + g↳ )

@ f) G) = a- FG) .

⇐ Consider the graph G--

✓ (G) is a 3-element set.

☒
"G)

is the vector space of

real-valued labeling of V16) .
E.9 . ①

could be represented by

(E) in IR?

A different representation could be [Y ] .

⇐ Consider ZC
(G)

consisting of
Feunutions on ✓ (G) that sum to zero .

①Eq . EZ 11¢ 't
0.0--0 O_0

The 3-fold symmetry of Z is most apparent when one
rotates elements

.

of 2- as 3-tuples , not 2- tuples .



An isomorphism of vector spaces YW

is a bijection between the elements

of V and W
,

V -7W
,

that respects the vector space operations .

Tlxty) = Ttx)tTy
1- (ad = a -11*1 .

E.g. The 6 e-doings of YG) yield
6 different isomorphisms

(G)
→ 1123

.

A vector space is finite dimensional if it is
isomorphic to Id for some NEIN .

( BTW
, 112° is a one- element set {J' } . )

✓ isomorphic

Facti If ✓ ⇐ pi then V# Rm
for any

Mtn .

The unique in such that VEIN is

called the dimension of V.

(see lecture notes for proof of uniqueness.)



☒ If ✓ is a rect space atnd SEV
a linear combination of elements of 5
is a finite sum of the form

a ,X,
+ aztz + . -

- + amXm

where ai&R
, ⇐ c-S for i-4

, -ym .

The 4£ comb .

is trivial it ai -0 Yi
-

otherwise non-trivial .

S is ↳ independent if all the
non-trivial tin combinations of its

elements are -1-0
.

A basis of V is a maximal

linearly independent set.

The dimension of V is the cardinality
of

any
basis

.

(Proving all bases have same cardinality
takes work)

If V is a vector space and B is a

basis
,
thew the function T:1RB→V

defined by 1-(f) = [ f(b) - b
BEB

is an isomorphism ,


