1/27/2009
CS 4850 Spring 2009
1

Homework 1 due Jan 30

Select five problems from the list below that interest you and solve them.  Create one additional problem that interests you and solve it.

Exercise 1:  For what value of d is the volume, V(d), of a d-dimensional hyper sphere  maximum?

Exercise 2:  How does the volume of a hyper sphere of radius two behave as the dimension of the space increases?  What if the radius was larger than two but constant independent of d?  What function of d would the radius need to be for a hyper sphere of radius r to have approximately constant volume as the dimension increases?

Exercise 3:  Consider vertices of a hyper cube centered at the origin of width two. Vertices are the points 
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.  Place a unit radius hyper sphere at each vertex.  Each sphere fits in a hyper cube of width two and thus no spheres intersect.  Prove that volume of all spheres is a vanishing fraction of the hyper cube. That is, a point of the hyper cube picked at random will not fall into any sphere.

Exercise 4:  Create a histogram of all distances between pairs of 100 randomly generated points on a sphere in 3-dimensions and 100-dimensions.

Exercise 5:  

(a)   Write a computer program that generates n points uniformly distributed over the surface of a d dimensional sphere.

(b)  Create a random line through the origin and project the points onto the line.  Plot the distribution of points on the line.

(c)  What does your result from Part (b) say about the surface area of the sphere in relation to the line, i.e., where is the surface area concentrated relative to the line?

Exercise 6:  Is there an annulus for distributions other then the Gaussian?  

Exercise 7:  Project the surface area of a sphere onto a line through the center of the sphere.  For 1-dim, 2-dim, and d-dim.  For d-dimensions the projection should be Gaussian.

Exercise 8:  In dimension 100 what percentage of the surface area of a sphere is within distance 1/10 of the equatorial zone.  Here fix the North and South Poles and ask for two planes perpendicular to the axis from the North to South Pole, what percentage of the distance to the pole must the planes be to contain 95% of the surface area?

Exercise 9:  Project the vertices of a hypercube onto a line oriented along a coordinate axes.  Project the vertices of a hypercube onto a line from 
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Exercise 10:  Place two unit spheres in d-dimensions, one at (-2,0,0,…,0 ) and the other at (2,0,0,…,0).  What is the probability that a random line through the origin will intersect the spheres?

Exercise 11:  Given two unit variance Gaussians in high dimensional space whose centers are one unit apart, by how much do their annuli of radius 
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 overlap?

Exercise 12:  Given a set of points in high dimensional space, how many points must there be to easily detect clusters?  How do you formulate this problem and develop an answer?

Exercise 13:  Place n points at random on a d-dimensional unit sphere.  Assume d is large. Pick a random vector and let it define two parallel hyper planes.  How far apart can the hyper planes be moved and still have no points between them?

Exercise 14:  If one has 1000 points in two dimensions that are within a unit square, one might view them as stepping stones in a pond.  Select two points i and j at random and find a path from i to j by the following algorithm.  Start at i and go to closest point k having the property that dist(i,k) and dist(k,j) are both less than dist(i,j).  Then continue the path by the same algorithm from k to j.  A computer simulation suggests that on average the path will be of length 34.  If one repeats the experiment for 1000 points in 1000 dimensions on average the path will consist of only 5 hops.  Explain what is happening and why.
Exercise 15:  What is the expected distance between two points selected at random inside a d-dimensional unit cube? Inside a d-dimensional hyper sphere? What is cosine of angle between them?

■
Exercise 16:  Consider two random 0-1 vectors in high dimension.  What is the angle between them?  Cosine is 
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 hence angle is 60 degrees.  What is probability that angle is less than 45?









■
Exercise 17:  Consider a unit sphere in n dimensions.  Project onto an axis.  What is the distribution of the projected area of the sphere on the axis?

Exercise 18:  Interesting question:  Given heavy tailed distribution in high dimension where do the points lie?  For Gaussian, distribution falls off as volume increases hence annulus.  For heavy tail not clear.

Exercise 19:  Consider two random points in high dimensions and project them onto a random line through the origin.  Where do the projections lie?

Exercise 20:  How many points in d dimensions do we need to average to accurately determine a center?

Exercise 21:  Find five good references on high dimensions
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