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Review 

1. Existance of triangles in G(n,d/n) 
a. Fixed number, independent of the size of the graph 

2. Indicator variables 
3. Cliques of size log n in G(n,½) 
4. Phase transition and threshold 
5. Diameter two when p is a constant 

Proof of 5 
u,v not adjacent, for all w,if w is not connected to both u & v, then {u,v} is a bad pair 
Let X be the number of bad pairs 
E(X)=  
 
For constant p (i.e. 1/10) 

 
 
Expected number of bad pairs is 0, so almost all graphs have no bad pairs and are thus 
diamater two. 
If we had the set of all graphs, and 10% had a bad pair, then E(X) .  Therefore, the 
region that denotes graphs with bad pairs must be extremely small (i.e. ) 

This does not work the other way around.  So if E(X) = , all graphs do not necessarily 
have a bad pair; rather, it could be that a small set of graphs have many bad pairs. 
 
Phase Transitions 
For many properties, there exists a threshold q(n) such that if p(n) << q(n), then the 
graph does not have the property.  If p(n) >> q(n), then the graph has the property. 
 
Every monotone property has a threshold. 
A monotone property is one where if you add edges, the property holds. 
Sharp threshold – For some f(n), c  such that p(n) = c1 f(n), c1 < c do not have the 
property and p(n) = c2 f(n) where c2 > c graphs do have the property. 
 
Ex. Sharp threshold =    0.9 *  doesn’t have the property         1.1 *   has the 

property 
   Normal threshold =                         doesn’t have the property                 has the 

property 
 



Note: f(n) << g(n) means  

 
 
Disappearance of isolated vertices 
Let X be the number of isolated vertices in G. 

 
Let p =   

 

 
If c < 1, lim  
If c > 1, lim  
 
Second moment method 
 
Theorem (Markov’s inequality): 
For a nonnegative random variable X, 
P(x >= a) <= E(X) / a 
 
Proof: 
  4    a     4 

E(x) = Ι0   x P(x) dx = Ι0  x P(x) dx + Ιa   x P(x) dx 
 
Since the first integral is a positive quantity, the following is true 

      4                 4  
E(x) >= Ιa  x P(x) dx >= a Ιa  P(x) dx >= a* P(x >= a) 
 
P(x >= a) <= E(x) / a 
 


