
Machine Learning for Data Science (CS4786)
Lecture 27

Last Lecture

Course Webpage :
http://www.cs.cornell.edu/Courses/cs4786/2016fa/



What have we covered so far?



DIMENSIONALITY REDUCTION

Given feature vectors x1, . . . ,xn ∈ Rd, compress the data points into
low dimensional representation y1, . . . ,yn ∈ RK where K << dX
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DIM REDUCTION: LINEAR TRANSFORMATION

Pick a low dimensional subspace

Project linearly to this subspace

Subspace retains as much information
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PRINCIPAL COMPONENT ANALYSIS (PCA)

Eigen Face:

Write down each data point as a linear combination of small
number of basis vectors

Data specific compression scheme

One of the early successes: in face recognition: classification based
on nearest neighbor in the reduced dimension space

-

x1 � µ
<latexit sha1_base64="BlmjdneKvbj5Gvcgh3Rgmb8LnHM=">AAAB+3icbVBNS8NAFHypX7V+xXr0slgEL5ZEBD0WvXisYGuhCWGz3bRLd5Owu5GW0L/ixYMiXv0j3vw3btoctHVgYZh5jzc7YcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+7DeVUkmCe2QhCeyF2JFOYtpRzPNaS+VFIuQ08dwfFv4j09UKpbED3qaUl/gYcwiRrA2UmDXPYH1KIzyySxw0TnyRBbYDafpzIFWiVuSBpRoB/aXN0hIJmisCcdK9V0n1X6OpWaE01nNyxRNMRnjIe0bGmNBlZ/Ps8/QqVEGKEqkebFGc/X3Ro6FUlMRmskiqVr2CvE/r5/p6NrPWZxmmsZkcSjKONIJKopAAyYp0XxqCCaSmayIjLDERJu6aqYEd/nLq6R70XSdpnt/2WjdlHVU4RhO4AxcuIIW3EEbOkBgAs/wCm/WzHqx3q2PxWjFKneO4A+szx8ngZPY</latexit><latexit sha1_base64="BlmjdneKvbj5Gvcgh3Rgmb8LnHM=">AAAB+3icbVBNS8NAFHypX7V+xXr0slgEL5ZEBD0WvXisYGuhCWGz3bRLd5Owu5GW0L/ixYMiXv0j3vw3btoctHVgYZh5jzc7YcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+7DeVUkmCe2QhCeyF2JFOYtpRzPNaS+VFIuQ08dwfFv4j09UKpbED3qaUl/gYcwiRrA2UmDXPYH1KIzyySxw0TnyRBbYDafpzIFWiVuSBpRoB/aXN0hIJmisCcdK9V0n1X6OpWaE01nNyxRNMRnjIe0bGmNBlZ/Ps8/QqVEGKEqkebFGc/X3Ro6FUlMRmskiqVr2CvE/r5/p6NrPWZxmmsZkcSjKONIJKopAAyYp0XxqCCaSmayIjLDERJu6aqYEd/nLq6R70XSdpnt/2WjdlHVU4RhO4AxcuIIW3EEbOkBgAs/wCm/WzHqx3q2PxWjFKneO4A+szx8ngZPY</latexit><latexit sha1_base64="BlmjdneKvbj5Gvcgh3Rgmb8LnHM=">AAAB+3icbVBNS8NAFHypX7V+xXr0slgEL5ZEBD0WvXisYGuhCWGz3bRLd5Owu5GW0L/ixYMiXv0j3vw3btoctHVgYZh5jzc7YcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+7DeVUkmCe2QhCeyF2JFOYtpRzPNaS+VFIuQ08dwfFv4j09UKpbED3qaUl/gYcwiRrA2UmDXPYH1KIzyySxw0TnyRBbYDafpzIFWiVuSBpRoB/aXN0hIJmisCcdK9V0n1X6OpWaE01nNyxRNMRnjIe0bGmNBlZ/Ps8/QqVEGKEqkebFGc/X3Ro6FUlMRmskiqVr2CvE/r5/p6NrPWZxmmsZkcSjKONIJKopAAyYp0XxqCCaSmayIjLDERJu6aqYEd/nLq6R70XSdpnt/2WjdlHVU4RhO4AxcuIIW3EEbOkBgAs/wCm/WzHqx3q2PxWjFKneO4A+szx8ngZPY</latexit><latexit sha1_base64="BlmjdneKvbj5Gvcgh3Rgmb8LnHM=">AAAB+3icbVBNS8NAFHypX7V+xXr0slgEL5ZEBD0WvXisYGuhCWGz3bRLd5Owu5GW0L/ixYMiXv0j3vw3btoctHVgYZh5jzc7YcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+7DeVUkmCe2QhCeyF2JFOYtpRzPNaS+VFIuQ08dwfFv4j09UKpbED3qaUl/gYcwiRrA2UmDXPYH1KIzyySxw0TnyRBbYDafpzIFWiVuSBpRoB/aXN0hIJmisCcdK9V0n1X6OpWaE01nNyxRNMRnjIe0bGmNBlZ/Ps8/QqVEGKEqkebFGc/X3Ro6FUlMRmskiqVr2CvE/r5/p6NrPWZxmmsZkcSjKONIJKopAAyYp0XxqCCaSmayIjLDERJu6aqYEd/nLq6R70XSdpnt/2WjdlHVU4RhO4AxcuIIW3EEbOkBgAs/wCm/WzHqx3q2PxWjFKneO4A+szx8ngZPY</latexit>

xn � µ
<latexit sha1_base64="zeL5siAVm+IsCkBw8SKnYPzPIKU=">AAAB+3icbVBNS8NAFHypX7V+xXr0slgEL5ZEBD0WvXisYGuhCWGz3bRLN5uwu5GW0L/ixYMiXv0j3vw3btoctHVgYZh5jzc7YcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+7DeVUkmCe2QhCeyF2JFORO0o5nmtJdKiuOQ08dwfFv4j09UKpaIBz1NqR/joWARI1gbKbDrXoz1KIzyySwQ6Bx5cRbYDafpzIFWiVuSBpRoB/aXN0hIFlOhCcdK9V0n1X6OpWaE01nNyxRNMRnjIe0bKnBMlZ/Ps8/QqVEGKEqkeUKjufp7I8exUtM4NJNFUrXsFeJ/Xj/T0bWfM5FmmgqyOBRlHOkEFUWgAZOUaD41BBPJTFZERlhiok1dNVOCu/zlVdK9aLpO072/bLRuyjqqcAwncAYuXEEL7qANHSAwgWd4hTdrZr1Y79bHYrRilTtH8AfW5w+FY5QV</latexit><latexit sha1_base64="zeL5siAVm+IsCkBw8SKnYPzPIKU=">AAAB+3icbVBNS8NAFHypX7V+xXr0slgEL5ZEBD0WvXisYGuhCWGz3bRLN5uwu5GW0L/ixYMiXv0j3vw3btoctHVgYZh5jzc7YcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+7DeVUkmCe2QhCeyF2JFORO0o5nmtJdKiuOQ08dwfFv4j09UKpaIBz1NqR/joWARI1gbKbDrXoz1KIzyySwQ6Bx5cRbYDafpzIFWiVuSBpRoB/aXN0hIFlOhCcdK9V0n1X6OpWaE01nNyxRNMRnjIe0bKnBMlZ/Ps8/QqVEGKEqkeUKjufp7I8exUtM4NJNFUrXsFeJ/Xj/T0bWfM5FmmgqyOBRlHOkEFUWgAZOUaD41BBPJTFZERlhiok1dNVOCu/zlVdK9aLpO072/bLRuyjqqcAwncAYuXEEL7qANHSAwgWd4hTdrZr1Y79bHYrRilTtH8AfW5w+FY5QV</latexit><latexit sha1_base64="zeL5siAVm+IsCkBw8SKnYPzPIKU=">AAAB+3icbVBNS8NAFHypX7V+xXr0slgEL5ZEBD0WvXisYGuhCWGz3bRLN5uwu5GW0L/ixYMiXv0j3vw3btoctHVgYZh5jzc7YcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+7DeVUkmCe2QhCeyF2JFORO0o5nmtJdKiuOQ08dwfFv4j09UKpaIBz1NqR/joWARI1gbKbDrXoz1KIzyySwQ6Bx5cRbYDafpzIFWiVuSBpRoB/aXN0hIFlOhCcdK9V0n1X6OpWaE01nNyxRNMRnjIe0bKnBMlZ/Ps8/QqVEGKEqkeUKjufp7I8exUtM4NJNFUrXsFeJ/Xj/T0bWfM5FmmgqyOBRlHOkEFUWgAZOUaD41BBPJTFZERlhiok1dNVOCu/zlVdK9aLpO072/bLRuyjqqcAwncAYuXEEL7qANHSAwgWd4hTdrZr1Y79bHYrRilTtH8AfW5w+FY5QV</latexit><latexit sha1_base64="zeL5siAVm+IsCkBw8SKnYPzPIKU=">AAAB+3icbVBNS8NAFHypX7V+xXr0slgEL5ZEBD0WvXisYGuhCWGz3bRLN5uwu5GW0L/ixYMiXv0j3vw3btoctHVgYZh5jzc7YcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+7DeVUkmCe2QhCeyF2JFORO0o5nmtJdKiuOQ08dwfFv4j09UKpaIBz1NqR/joWARI1gbKbDrXoz1KIzyySwQ6Bx5cRbYDafpzIFWiVuSBpRoB/aXN0hIFlOhCcdK9V0n1X6OpWaE01nNyxRNMRnjIe0bKnBMlZ/Ps8/QqVEGKEqkeUKjufp7I8exUtM4NJNFUrXsFeJ/Xj/T0bWfM5FmmgqyOBRlHOkEFUWgAZOUaD41BBPJTFZERlhiok1dNVOCu/zlVdK9aLpO072/bLRuyjqqcAwncAYuXEEL7qANHSAwgWd4hTdrZr1Y79bHYrRilTtH8AfW5w+FY5QV</latexit>

P
R

IN
C

IP
A

L
C

O
M

P
O

N
E

N
T

A
N

A
LY

SI
S

(P
C

A
)

Ei
ge

n
Fa

ce
:

W
ri

te
do

w
n

ea
ch

da
ta

po
in

ta
s

a
lin

ea
r

co
m

bi
na

tio
n

of
sm

al
l

nu
m

be
r

of
ba

si
s

ve
ct

or
s

D
at

a
sp

ec
ifi

c
co

m
pr

es
si

on
sc

he
m

e

O
ne

of
th

e
ea

rl
y

su
cc

es
se

s:
in

fa
ce

re
co

gn
iti

on
:c

la
ss

ifi
ca

tio
n

ba
se

d
on

ne
ar

es
tn

ei
gh

bo
r

in
th

e
re

du
ce

d
di

m
en

si
on

sp
ac

e

P
R

IN
C

IP
A

L
C

O
M

P
O

N
E

N
T

A
N

A
LY

SI
S

(P
C

A
)

Ei
ge

n
Fa

ce
:

W
ri

te
do

w
n

ea
ch

da
ta

po
in

ta
s

a
lin

ea
r

co
m

bi
na

tio
n

of
sm

al
l

nu
m

be
r

of
ba

si
s

ve
ct

or
s

D
at

a
sp

ec
ifi

c
co

m
pr

es
si

on
sc

he
m

e

O
ne

of
th

e
ea

rl
y

su
cc

es
se

s:
in

fa
ce

re
co

gn
iti

on
:c

la
ss

ifi
ca

tio
n

ba
se

d
on

ne
ar

es
tn

ei
gh

bo
r

in
th

e
re

du
ce

d
di

m
en

si
on

sp
ac

e

P
R

IN
C

IP
A

L
C

O
M

P
O

N
E

N
T

A
N

A
LY

SI
S

(P
C

A
)

Ei
ge

n
Fa

ce
:

W
ri

te
do

w
n

ea
ch

da
ta

po
in

ta
s

a
lin

ea
r

co
m

bi
na

tio
n

of
sm

al
l

nu
m

be
r

of
ba

si
s

ve
ct

or
s

D
at

a
sp

ec
ifi

c
co

m
pr

es
si

on
sc

he
m

e

O
ne

of
th

e
ea

rl
y

su
cc

es
se

s:
in

fa
ce

re
co

gn
iti

on
:c

la
ss

ifi
ca

tio
n

ba
se

d
on

ne
ar

es
tn

ei
gh

bo
r

in
th

e
re

du
ce

d
di

m
en

si
on

sp
ac

e

w
1

<latexit sha1_base64="Ok4f0JTHScObwvQNqmt5BOo/6BE=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVJCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AyjZkb8=</latexit><latexit sha1_base64="Ok4f0JTHScObwvQNqmt5BOo/6BE=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVJCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AyjZkb8=</latexit><latexit sha1_base64="Ok4f0JTHScObwvQNqmt5BOo/6BE=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVJCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AyjZkb8=</latexit><latexit sha1_base64="Ok4f0JTHScObwvQNqmt5BOo/6BE=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVJCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AyjZkb8=</latexit> w
K

<latexit sha1_base64="/WbzqePtfrl0LtA/q6/f572gsNc=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF8FLBVsLTSmb7Uu7dLMJuxulhP4NLx4U8eqf8ea/cdPmoK0DC8PMe7zZCRLBtXHdb6e0srq2vlHerGxt7+zuVfcP2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvs79h0dUmsfy3kwS7EV0KHnIGTVW8v2ImlEQZk/T/m2/WnPr7gxkmXgFqUGBZr/65Q9ilkYoDRNU667nJqaXUWU4Ezit+KnGhLIxHWLXUkkj1L1slnlKTqwyIGGs7JOGzNTfGxmNtJ5EgZ3MM+pFLxf/87qpCS97GZdJalCy+aEwFcTEJC+ADLhCZsTEEsoUt1kJG1FFmbE1VWwJ3uKXl0n7rO65de/uvNa4KuoowxEcwyl4cAENuIEmtIBBAs/wCm9O6rw4787HfLTkFDuH8AfO5w9QQZHZ</latexit><latexit sha1_base64="/WbzqePtfrl0LtA/q6/f572gsNc=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF8FLBVsLTSmb7Uu7dLMJuxulhP4NLx4U8eqf8ea/cdPmoK0DC8PMe7zZCRLBtXHdb6e0srq2vlHerGxt7+zuVfcP2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvs79h0dUmsfy3kwS7EV0KHnIGTVW8v2ImlEQZk/T/m2/WnPr7gxkmXgFqUGBZr/65Q9ilkYoDRNU667nJqaXUWU4Ezit+KnGhLIxHWLXUkkj1L1slnlKTqwyIGGs7JOGzNTfGxmNtJ5EgZ3MM+pFLxf/87qpCS97GZdJalCy+aEwFcTEJC+ADLhCZsTEEsoUt1kJG1FFmbE1VWwJ3uKXl0n7rO65de/uvNa4KuoowxEcwyl4cAENuIEmtIBBAs/wCm9O6rw4787HfLTkFDuH8AfO5w9QQZHZ</latexit><latexit sha1_base64="/WbzqePtfrl0LtA/q6/f572gsNc=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF8FLBVsLTSmb7Uu7dLMJuxulhP4NLx4U8eqf8ea/cdPmoK0DC8PMe7zZCRLBtXHdb6e0srq2vlHerGxt7+zuVfcP2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvs79h0dUmsfy3kwS7EV0KHnIGTVW8v2ImlEQZk/T/m2/WnPr7gxkmXgFqUGBZr/65Q9ilkYoDRNU667nJqaXUWU4Ezit+KnGhLIxHWLXUkkj1L1slnlKTqwyIGGs7JOGzNTfGxmNtJ5EgZ3MM+pFLxf/87qpCS97GZdJalCy+aEwFcTEJC+ADLhCZsTEEsoUt1kJG1FFmbE1VWwJ3uKXl0n7rO65de/uvNa4KuoowxEcwyl4cAENuIEmtIBBAs/wCm9O6rw4787HfLTkFDuH8AfO5w9QQZHZ</latexit><latexit sha1_base64="/WbzqePtfrl0LtA/q6/f572gsNc=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF8FLBVsLTSmb7Uu7dLMJuxulhP4NLx4U8eqf8ea/cdPmoK0DC8PMe7zZCRLBtXHdb6e0srq2vlHerGxt7+zuVfcP2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvs79h0dUmsfy3kwS7EV0KHnIGTVW8v2ImlEQZk/T/m2/WnPr7gxkmXgFqUGBZr/65Q9ilkYoDRNU667nJqaXUWU4Ezit+KnGhLIxHWLXUkkj1L1slnlKTqwyIGGs7JOGzNTfGxmNtJ5EgZ3MM+pFLxf/87qpCS97GZdJalCy+aEwFcTEJC+ADLhCZsTEEsoUt1kJG1FFmbE1VWwJ3uKXl0n7rO65de/uvNa4KuoowxEcwyl4cAENuIEmtIBBAs/wCm9O6rw4787HfLTkFDuH8AfO5w9QQZHZ</latexit>



Maximize Total Spread Minimize Reconstruction 
Error

Top K eigenvectors of covariance matrix are the K directions



PICK A RANDOM W

Y = X ⇥

2

666666664

+1 . . . �1
�1 . . . +1
+1 . . . �1

·
·
·

+1 . . . �1

3

777777775

d

K

p
K

Preserve interpoint distances

Common trick used to handle very large data!



EXAMPLE I: SPEECH RECOGNITION

Audio might have background sounds uncorrelated with video

Video might have lighting changes uncorrelated with audio

Redundant information between two views: the speech

+



WHICH DIRECTION TO PICK?

Direction has large correlation coefficient

Data naturally split into two parts: both carry common 
information we want to extract





• We have have nice methods for linear 
dimensionality reduction. Can we use them? 

• Lift to higher dimensions (introduces non-linearity) 

• Perform linear dimensionality reduction in this high 
dimensional space

KERNEL TRICK

Essence of Kernel trick:
If we can write down an algorithm only in terms of �(xt)��(xs)
for data points xt and xs

Then we don’t need to explicitly enumerate �(xt)’s but instead,
compute k(xt,xs) =�(xt)��(xs) (even if � maps to infinite
dimensional space)

Example: RBF kernel k(xt,xs) = exp(−��xt − xs�22), polynomial
kernel k(xt,xs) = �x�t yt�p
Kernel function measures similarity between points.



EXAMPLE

Original Data in 2D Data Lifted to  3D

(x,y) (x, y, x^2 + y^2)



If an algorithm only depends  on inner products, 
we can simply replace inner product in x space by 

inner product in ɸ(x) space

Inner product in ɸ(x) space can be written as 
kernel function

Key Idea:

Making a resurface with scalable deep kernels!



MANIFOLD BASED DIMENSIONALITY REDUCTION

Key Assumption: Points live on a low dimensional manifold

Manifold: subspace that looks locally Euclidean

Given data, can we uncover this manifold?

Can we unfold this?



METHOD I: ISOMAP

1 For every point, find its (k-) Nearest Neighbors

2 Form the Nearest Neighbor graph

3 For every pair of points A and B, distance between point A to B is
shortest distance between A and B on graph

4 Find points in low dimensional space such that distances between
points in this space is equal to distance on graph.

Pair-wise 
Distance 

Matrix



STOCHASTIC NEIGHBORHOOD EMBEDDING

Use a probabilistic notion of which points are neighbors.

Close by points are neighbors with high probability, . . .
Eg: For point xt, point xs is picked as neighbor with probability

pt→s = exp(− �xs−xt�2

2�2 )
∑u≠t exp(− �xu−xt�2

2�2 )
Probability that points s and t are connected Ps,t = Pt,s = pt→s+ps→t

2n

Goal: Find y1, . . . ,yn with stochastic neighborhood distribution Q
such that “P and Q are similar”

i.e. minimize:

KL(P�Q) =�
s,t

Ps,t log� Ps,t

Qs,t
� =�

s,t
Ps,t log (Ps,t) −�

s,t
Ps,t log (Qs,t)



METHOD II: T-SNE

Instead for Q we use, student t distribution which is heavy tailed:

qt→s = �1 + �ys − yt�2�−1

∑u≠t (1 + �yu − yt�2)−1

and then set Qs,t = qt→s+qs→t
2n

It can be verified that

∇ytKL(P�Q) = 4
n�

s=1
(Ps,t −Qs,t)(yt − ys) �1 + �ys − yt�2�−1

Algorithm: Find y1, . . . ,yn by performing gradient descent

Often used to visualize data points, different layers of a neural 
networks etc.
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MOTIVATING EXAMPLENORMALIZED SPECTRAL EMBEDDING

• Keep your Friends close                                           


• Points are centered at 0


• Variance or spread should be large

minimize y>Ly
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Maximize y>Dy
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<latexit sha1_base64="zR5vvsRQMzaISrgZQ91I3Dhzraw=">AAACBXicdZDLSgMxFIYz9VbrrepSF8EiuJCSFLHtolDUhcsK9gJtHTJp2oZmMkOSEcrQjRtfxY0LRdz6Du58GzNtBRU9EPj4/3M4Ob8XCq4NQh9OamFxaXklvZpZW9/Y3Mpu7zR0ECnK6jQQgWp5RDPBJasbbgRrhYoR3xOs6Y3OE795y5Tmgbw245B1fTKQvM8pMVZys/sdHfluzCt4ciPhhaVjPoFjl8MKRG42h/IIIYwxTAAXT5GFcrlUwCWIE8tWDsyr5mbfO72ARj6ThgqidRuj0HRjogyngk0ynUizkNARGbC2RUl8prvx9IoJPLRKD/YDZZ80cKp+n4iJr/XY92ynT8xQ//YS8S+vHZl+qRtzGUaGSTpb1I8ENAFMIoE9rhg1YmyBUMXtXyEdEkWoscFlbAhfl8L/oVHIY5THVye56tk8jjTYAwfgCGBQBFVwCWqgDii4Aw/gCTw7986j8+K8zlpTznxmF/wo5+0TuoaXaw==</latexit><latexit sha1_base64="zR5vvsRQMzaISrgZQ91I3Dhzraw=">AAACBXicdZDLSgMxFIYz9VbrrepSF8EiuJCSFLHtolDUhcsK9gJtHTJp2oZmMkOSEcrQjRtfxY0LRdz6Du58GzNtBRU9EPj4/3M4Ob8XCq4NQh9OamFxaXklvZpZW9/Y3Mpu7zR0ECnK6jQQgWp5RDPBJasbbgRrhYoR3xOs6Y3OE795y5Tmgbw245B1fTKQvM8pMVZys/sdHfluzCt4ciPhhaVjPoFjl8MKRG42h/IIIYwxTAAXT5GFcrlUwCWIE8tWDsyr5mbfO72ARj6ThgqidRuj0HRjogyngk0ynUizkNARGbC2RUl8prvx9IoJPLRKD/YDZZ80cKp+n4iJr/XY92ynT8xQ//YS8S+vHZl+qRtzGUaGSTpb1I8ENAFMIoE9rhg1YmyBUMXtXyEdEkWoscFlbAhfl8L/oVHIY5THVye56tk8jjTYAwfgCGBQBFVwCWqgDii4Aw/gCTw7986j8+K8zlpTznxmF/wo5+0TuoaXaw==</latexit><latexit sha1_base64="zR5vvsRQMzaISrgZQ91I3Dhzraw=">AAACBXicdZDLSgMxFIYz9VbrrepSF8EiuJCSFLHtolDUhcsK9gJtHTJp2oZmMkOSEcrQjRtfxY0LRdz6Du58GzNtBRU9EPj4/3M4Ob8XCq4NQh9OamFxaXklvZpZW9/Y3Mpu7zR0ECnK6jQQgWp5RDPBJasbbgRrhYoR3xOs6Y3OE795y5Tmgbw245B1fTKQvM8pMVZys/sdHfluzCt4ciPhhaVjPoFjl8MKRG42h/IIIYwxTAAXT5GFcrlUwCWIE8tWDsyr5mbfO72ARj6ThgqidRuj0HRjogyngk0ynUizkNARGbC2RUl8prvx9IoJPLRKD/YDZZ80cKp+n4iJr/XY92ynT8xQ//YS8S+vHZl+qRtzGUaGSTpb1I8ENAFMIoE9rhg1YmyBUMXtXyEdEkWoscFlbAhfl8L/oVHIY5THVye56tk8jjTYAwfgCGBQBFVwCWqgDii4Aw/gCTw7986j8+K8zlpTznxmF/wo5+0TuoaXaw==</latexit><latexit sha1_base64="zR5vvsRQMzaISrgZQ91I3Dhzraw=">AAACBXicdZDLSgMxFIYz9VbrrepSF8EiuJCSFLHtolDUhcsK9gJtHTJp2oZmMkOSEcrQjRtfxY0LRdz6Du58GzNtBRU9EPj4/3M4Ob8XCq4NQh9OamFxaXklvZpZW9/Y3Mpu7zR0ECnK6jQQgWp5RDPBJasbbgRrhYoR3xOs6Y3OE795y5Tmgbw245B1fTKQvM8pMVZys/sdHfluzCt4ciPhhaVjPoFjl8MKRG42h/IIIYwxTAAXT5GFcrlUwCWIE8tWDsyr5mbfO72ARj6ThgqidRuj0HRjogyngk0ynUizkNARGbC2RUl8prvx9IoJPLRKD/YDZZ80cKp+n4iJr/XY92ynT8xQ//YS8S+vHZl+qRtzGUaGSTpb1I8ENAFMIoE9rhg1YmyBUMXtXyEdEkWoscFlbAhfl8L/oVHIY5THVye56tk8jjTYAwfgCGBQBFVwCWqgDii4Aw/gCTw7986j8+K8zlpTznxmF/wo5+0TuoaXaw==</latexit>

Minimize u>D�1/2LD�1/2u s.t. kuk = 1 & u ? diag(D1/2)
<latexit sha1_base64="p0jERMf4EQ7mUIG9OkeGpprPDI4=">AAACWXicdVFNbxMxEPUutITwFeiRy4gIVA4s6wjR9IBUAQcOIBWJtJWyaeR1JqlV765ljxFhu/mRHJAQf4UD3jYVH4InWXqa9954PM6NVo7S9FsUX7m6sXmtc7174+at23d6d+8duMpbiSNZ6coe5cKhViWOSJHGI2NRFLnGw/z0VasffkTrVFV+oKXBSSEWpZorKSiUpj2TEX4iW9TvVKkK9RmhAX+cUWXg9XH9hD8dNPD2F/ WwCrjMgEsoCYHszGdnLzisskerYMkMWgNZIegkmGZKLJrt0KFt8BimvX6apGnKOYeW8J3naSC7u8MBHwJvpYA+W2N/2vuSzSrpCyxJauHcmKeGJrWwpKTGppt5h0bIU7HAcaClKNBN6vPNNPAwVGYwr2w4JcF59fdELQrnlkUenO247m+tLf5LG3uaDye1Ko0nLOXFRXOvgSpo1wwzZVGSXgYipFVhVpAnwgpJ4TO6YQmXL4X/k4NBwtOEv3/W33u5XkeH3WcP2DbjbIftsTdsn42YZF/Zj2gj2oy+x1HcibsX1jhaZ7bYH4i3fgLVzbIR</latexit><latexit sha1_base64="p0jERMf4EQ7mUIG9OkeGpprPDI4=">AAACWXicdVFNbxMxEPUutITwFeiRy4gIVA4s6wjR9IBUAQcOIBWJtJWyaeR1JqlV765ljxFhu/mRHJAQf4UD3jYVH4InWXqa9954PM6NVo7S9FsUX7m6sXmtc7174+at23d6d+8duMpbiSNZ6coe5cKhViWOSJHGI2NRFLnGw/z0VasffkTrVFV+oKXBSSEWpZorKSiUpj2TEX4iW9TvVKkK9RmhAX+cUWXg9XH9hD8dNPD2F/ WwCrjMgEsoCYHszGdnLzisskerYMkMWgNZIegkmGZKLJrt0KFt8BimvX6apGnKOYeW8J3naSC7u8MBHwJvpYA+W2N/2vuSzSrpCyxJauHcmKeGJrWwpKTGppt5h0bIU7HAcaClKNBN6vPNNPAwVGYwr2w4JcF59fdELQrnlkUenO247m+tLf5LG3uaDye1Ko0nLOXFRXOvgSpo1wwzZVGSXgYipFVhVpAnwgpJ4TO6YQmXL4X/k4NBwtOEv3/W33u5XkeH3WcP2DbjbIftsTdsn42YZF/Zj2gj2oy+x1HcibsX1jhaZ7bYH4i3fgLVzbIR</latexit><latexit sha1_base64="p0jERMf4EQ7mUIG9OkeGpprPDI4=">AAACWXicdVFNbxMxEPUutITwFeiRy4gIVA4s6wjR9IBUAQcOIBWJtJWyaeR1JqlV765ljxFhu/mRHJAQf4UD3jYVH4InWXqa9954PM6NVo7S9FsUX7m6sXmtc7174+at23d6d+8duMpbiSNZ6coe5cKhViWOSJHGI2NRFLnGw/z0VasffkTrVFV+oKXBSSEWpZorKSiUpj2TEX4iW9TvVKkK9RmhAX+cUWXg9XH9hD8dNPD2F/ WwCrjMgEsoCYHszGdnLzisskerYMkMWgNZIegkmGZKLJrt0KFt8BimvX6apGnKOYeW8J3naSC7u8MBHwJvpYA+W2N/2vuSzSrpCyxJauHcmKeGJrWwpKTGppt5h0bIU7HAcaClKNBN6vPNNPAwVGYwr2w4JcF59fdELQrnlkUenO247m+tLf5LG3uaDye1Ko0nLOXFRXOvgSpo1wwzZVGSXgYipFVhVpAnwgpJ4TO6YQmXL4X/k4NBwtOEv3/W33u5XkeH3WcP2DbjbIftsTdsn42YZF/Zj2gj2oy+x1HcibsX1jhaZ7bYH4i3fgLVzbIR</latexit><latexit sha1_base64="p0jERMf4EQ7mUIG9OkeGpprPDI4=">AAACWXicdVFNbxMxEPUutITwFeiRy4gIVA4s6wjR9IBUAQcOIBWJtJWyaeR1JqlV765ljxFhu/mRHJAQf4UD3jYVH4InWXqa9954PM6NVo7S9FsUX7m6sXmtc7174+at23d6d+8duMpbiSNZ6coe5cKhViWOSJHGI2NRFLnGw/z0VasffkTrVFV+oKXBSSEWpZorKSiUpj2TEX4iW9TvVKkK9RmhAX+cUWXg9XH9hD8dNPD2F/ WwCrjMgEsoCYHszGdnLzisskerYMkMWgNZIegkmGZKLJrt0KFt8BimvX6apGnKOYeW8J3naSC7u8MBHwJvpYA+W2N/2vuSzSrpCyxJauHcmKeGJrWwpKTGppt5h0bIU7HAcaClKNBN6vPNNPAwVGYwr2w4JcF59fdELQrnlkUenO247m+tLf5LG3uaDye1Ko0nLOXFRXOvgSpo1wwzZVGSXgYipFVhVpAnwgpJ4TO6YQmXL4X/k4NBwtOEv3/W33u5XkeH3WcP2DbjbIftsTdsn42YZF/Zj2gj2oy+x1HcibsX1jhaZ7bYH4i3fgLVzbIR</latexit>

Solution: Second smallest eigen vector of D�1/2LD�1/2
<latexit sha1_base64="bX50tnts/NP0hMlLfE8FndwW310="></latexit><latexit sha1_base64="bX50tnts/NP0hMlLfE8FndwW310="></latexit><latexit sha1_base64="bX50tnts/NP0hMlLfE8FndwW310="></latexit><latexit sha1_base64="bX50tnts/NP0hMlLfE8FndwW310="></latexit>

For graphs, spectral method is still the most robust one used!



EXAMPLES

What are the clusters?



K-MEANS CLUSTERING

For all j ∈ [K], initialize cluster centroids r̂1
j randomly and set m = 1

Repeat until convergence (or until patience runs out)
1 For each t ∈ {1, . . . ,n}, set cluster identity of the point

ĉm(xt) = argmin
j∈[K]

�xt − r̂m
j �

2 For each j ∈ [K], set new representative as

r̂m+1
j = 1

�Ĉm
j � �xt∈Ĉm

j

xt

3 m← m + 1

Look for nice round clusters

Still the most widely used clustering algorithm!



SINGLE LINK CLUSTERING

Initialize n clusters with each point xt to its own cluster

Until there are only K clusters, do

1 Find closest two clusters and merge them into one cluster

2 Update between cluster distances (called proximity matrix)

Look for tightly connected clusters

Linkage clustering in general is still the favorite hierarchical 
clustering method!



PROBABILISTIC MODELS

More generally:
⇥ consists of set of possible parameters

We have a distribution P✓ over the data induced by each ✓ ∈ ⇥
Data is generated by one of the ✓ ∈ ⇥
Learning: Estimate value or distribution for ✓∗ ∈ ⇥ given data



EXAMPLES

Gaussian Mixture Model
Each ✓ consists of mixture distribution ⇡ = (⇡1, . . . ,⇡K), means
µ1, . . . ,µK ∈ Rd and covariance matrices ⌃1, . . . ,⌃K
At time t we generate a new tree as follows:

ct ∼ ⇡, xt ∼ N(µct ,⌃ct)

µ1

µ2

µ3
⌃ 3

⌃2

⌃1

⇡1 = 0.5

⇡2 = 0.25

⇡3 = 0.25

Each ✓ 2 ⇥ is a model.

Gaussian Mixture Models

For each t, independently:



EXPECTATION MAXIMIZATION ALGORITHM

For demonstration we shall consider the problem of finding MLE
(MAP version is very similar)
Initialize ✓(0) arbitrarily, repeat unit convergence:

(E step) For every t, define distribution Qt over the latent variable ct as:

Q(i)t (ct) = P(ct�xt,✓
(i−1))

(M step)

✓(i) = argmax✓∈⇥
n�

t=1
�
ct

Q(i)t (ct) log P(xt, ct�✓)



EXAMPLE: HIDDEN MARKOV MODEL

S1 S2 S3

X1 X2 X3

What you hear:



. Forward Backward Algorithm 

. EM for parameter estimation (Baum Welch) 

. Approximate Inference (via sampling) 

Rejection and importance sampling 

Particle filtering for HMM 

. More generally techniques lift to graphical models 

EXAMPLE: HIDDEN MARKOV MODEL

S1 S2 S3

X1 X2 X3



Defining Privacy

Dataset + Learning 
Algorithm

Differential Privacy [DMNS06]

“similar”

Randomized
Sanitizer

Randomized 
Sanitizer

Data  +

Data  +

Participation of single person does not change outcome

Dataset + Learning 
Algorithm

Differential Privacy [DMNS06]

“similar”

Randomized
Sanitizer

Randomized 
Sanitizer

Data  +

Data  +

Participation of single person does not change outcome

Distribution of outcome

Distribution of outcome

Differential Privacy [DMNS06]

“similar”

Randomized
Sanitizer

Randomized 
Sanitizer

Data  +

Data  +

Participation of single person does not change outcome

Similar

Its in your apple watch and iPhone!



Threshold-out Algorithm



FAIRNESS THROUGH AWARENESS

• Setup:  

• Variable T: indicated protected class or not 

• Output variable O: Indicates our prediction or 
outcome 

• Variable Y: indicates true/target/desired outcome 
(eg. Individual capable/qualified, individual can afford etc.)

Demographic Parity

P(O=1|T=1) = P(O=1|T=0)
Problem: when T=0, O can correlate with Y and if T=1, O can be random



FAIRNESS THROUGH AWARENESS

Equalized Odds

P(O=o|Y=y,T=1) = P(O=o|Y=y,T=0)
For all o, y in {0,1}

• O is independent of T given Y

Sufficiency or Predictive Rate Parity

P(Y=y|O=o,T=1) = P(Y=y|O=o,T=0)
For all o, y in {0,1}

• Y is independent of T given O

Impossible to get any two simultaneously!



FAIRNESS THROUGH AWARENESS

• From legal requirements to providing uniform 
service  

• To correct data collection biases 

• Tools for ML techniques that can satisfy data-
dependent constraints 



Lessons Learnt



RELATIONSHIPS ARE KEY

Between features (columns): Dimensionality reduction

Between data points: clustering

Between nodes in a graph: spectral clustering

Between subsequent observations in a sequences: HMM

Between variables in our model: Graphical models



NO FREE LUNCH

No model is universally good or better (remember the
assignments)

To make good models we need to make good assumptions

Examples:

Probabilistic model generating the data

On relationship between various variables

Use the right latent variables to induce knowledge about the world



BIGGER PICTURE

Dimensionality reduction, clustering and more generally learning
There are no free lunches :(

Probabilistic modeling makes assumptions or guesses about way
data is generated or how variables are related
Caution:

In the real world no modeling assumption is really true . . . there are
good fits and bad fits
Choosing a model: Bias Vs Variance, Approximation error Vs
estimation error, Expressiveness Vs amount of data
Choose the right model for the right job, there are no universally
good answers
Feature extraction is an art (not covered in class)



Watch Out!



GOOD FEATURE SPACE IS KEY

If you don’t start with good feature space, you cant get good
results

Understand your problem, talk to practitioners and domain
experts

Engineer features based on understanding problem Eg. Bag of
words Vs N-grams

Engineer model based on understanding problem Eg.
Convolutional networks



WATCHOUT FOR OUTLIERS

Methods can be thrown off by Outliers 
Might have to remove outliers



WATCHOUT FOR OUTLIERSWatch for outliers (good news)
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ne
ct
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ns
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Somebody on 
Facebook

An important outlier!
(Backstrom & Kleinberg, best paper CSCW 2014)!
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Outliers can also have useful information!



Its a big world out there!



LEARNING PROBLEMSUPERVISED LEARNING

Training data: (x1,y1), . . . , (xn,yn) provided (typically assumed to
be drawn from a fixed unknown distribution)

Goal: Find a mapping ĥ from input instances to outcome that
minimizes E�`(ĥ(x),y)�
(` is a loss function that measures error in prediction)



LEARNING PROBLEM
12/17/13 Google Translate

translate.google.com/#en/fr/good%20morning%0AHow%20do%20I%20translate%20this%0AThe%20quick%20brown%20fox%20jumps%20over%20the%20laz… 1/1

good  morning

How  do  I  translate  this

The  quick  brown  fox  jumps  over  the  lazy  

dog

whatsup

bonjour

Comment  puis-je  traduire  ce

Le  renard  brun  rapide  saute  par  dessus  le

chien  paresseux

whatsup

Translate

?
?

??
? ?

?
?
?

?
?



SUPERVISED LEARNING

Training data: (x1,y1), . . . , (xn,yn) provided (typically assumed to
be drawn from a fixed unknown distribution)

Goal: Find a mapping ĥ from input instances to outcome that
minimizes E�`(ĥ(x),y)�
(` is a loss function that measures error in prediction)



GENERATIVE VS DISCRIMINATIVE APPROACHES

Generative approach:
Input instances xt’s are generated based on/by yt’s
We try to model P(y,x) = P(x�y)P(y)
Example: Naive Bayes

Discriminative approach:
We model P(Y�X) or the boundary of classification
Rationale: we are only concerned with predicting output y’s given
input x
Example: linear regression, logistic regression



PROBABILISTIC STORY VS OPTIMIZATION STORY

Maximizing likelihood is same as minimizing negative log
likelihood.
Think of - log likelihood as loss function

− log(P✓(Y�X))→ loss(h✓(X),Y)
ie. ✓ parameterizes hypothesis for prediction or boundary

MLE = Find hypothesis minimizing empirical loss on data
Log Prior can be viewed as “regularization” of hypothesis

− log(P(Y�X,✓)) − log(P(✓))→ loss(h✓(X),Y) +R(✓)
MAP = Find hypothesis minimizing empirical loss +
regularization term
Not all losses can be viewed as negative log likelihood



SEMI-SUPERVISED LEARNING

Can we used unlabeled examples to learn better?
For instance, if we had a generative graphical model for the data:
do example
If we had prior information about the marginal distribution of X’s
and its relation to P(Y�X)



ACTIVE LEARNING

Humans label the examples, can we get the learning algorithm in
the loop?
Learning algorithm picks the examples it wants labeled
Eg. Margin based active learning, query points where model that
fits observed data well so far disagree most



DOMAIN ADAPTATION

We learn a particular task on one corpus but want to use this
learnt model to adapt with much fewer examples on another
corpus
Typical assumption: P(Y�X) in both corpus remain fixed
Marginal distributions change across the corpuses



ONLINE LEARNING

For t = 1 to n

Input instance xt ∈ X is revealed
Learner picks prediction ŷt

Output yt ∈ Y is revealed and learner suffers loss `(ŷt,yt)
End

Goal : minimize regret

Reg
n
= 1

n

n�
t=1

`(ŷt,yt) − [Benchmark((x1,y1), . . . , (xn,yn))]

[Hannan’57], [Blackwell’54], [Rosenblatt’57], [Littlestone’88,89], [Littlestone and Warmuth’94],

[Cesa-Bianchi and Lugosi’99], [Vovk’01] , [Azoury and Warmuth’01], [Zinkevich’03] ,

[Shalev-Shwartz and Singer’06], [Cesa-Bianchi and Lugosi’06] . . .



Thanks!
• For all your patience and understanding 

• For helping each other out on Piazza

Hope you had fun, you all worked hard!


