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DIM REDUCTION: LINEAR TRANSFORMATION
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PCA: VARIANCE MAXIMIZATION

Pick directions along which data varies the most
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s.t. 8j, kwjk22 = 1 & wj ? wi
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PRINCIPAL COMPONENT ANALYSIS (PCA)

Eigen Face:

Write down each data point as a linear combination of small
number of basis vectors

Data specific compression scheme

One of the early successes: in face recognition: classification based
on nearest neighbor in the reduced dimension space

Turk & Pentland’91

μ = 
Mean face

w1 w2 w3

yt[1] = yt[2] = yt[3] = 

xt
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Write down each data point as a linear combination of small
number of basis vectors

Data specific compression scheme

One of the early successes: in face recognition: classification based
on nearest neighbor in the reduced dimension space

Turk & Pentland’91

• Each xt  (each row of X) is a face image (vectorized 
version)

• Each yt is the set of coefficients we multiply to the 
eigen face

• wi’s are orthogonal to each other and of unit length
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ORTHONORMAL PROJECTIONS

(Centered) Data-points as linear combination of some
orthonormal basis, i.e.

xt = µ + d�
j=1

yt[j]wj

where w1, . . . ,wd ∈ Rd are the orthonormal basis and µ = 1
n ∑n

t=1 xt.
Represent data as linear combination of just K orthonormal basis,
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PCA: MINIMIZING RECONSTRUCTION ERROR

Goal: find the basis that minimizes reconstruction error,
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<latexit sha1_base64="e1/rvfAR+WciZpMt99IJzMTpcNM="></latexit><latexit sha1_base64="e1/rvfAR+WciZpMt99IJzMTpcNM="></latexit><latexit sha1_base64="e1/rvfAR+WciZpMt99IJzMTpcNM="></latexit><latexit sha1_base64="e1/rvfAR+WciZpMt99IJzMTpcNM="></latexit>



Maximize Total Spread

1

n

nX

t=1

dist2
 
yt,

1

n

nX

t=1

yt

!

<latexit sha1_base64="e1/rvfAR+WciZpMt99IJzMTpcNM="></latexit><latexit sha1_base64="e1/rvfAR+WciZpMt99IJzMTpcNM="></latexit><latexit sha1_base64="e1/rvfAR+WciZpMt99IJzMTpcNM="></latexit><latexit sha1_base64="e1/rvfAR+WciZpMt99IJzMTpcNM="></latexit>

Maximize
KX

j=1

w>
j ⌃wj

s.t. 8j, kwjk22 = 1 & wj ? wi
<latexit sha1_base64="i8hQjWLAcH3Nh2WjFcyda5/AvXU="></latexit><latexit sha1_base64="i8hQjWLAcH3Nh2WjFcyda5/AvXU="></latexit><latexit sha1_base64="i8hQjWLAcH3Nh2WjFcyda5/AvXU="></latexit><latexit sha1_base64="i8hQjWLAcH3Nh2WjFcyda5/AvXU="></latexit>

(
)

<latexit sha1_base64="9Ebf9Kg0015jEAhnDMZyIJ/H+xE=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04sFDBfsBbSib7aZdutkNuxMlhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvDAR3IDnfTsrq2vrG5ulrfL2zu7evntw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD8fXUbz8wbbiS95AlLIjJUPKIUwJW6ruV3q2SQ8Ei0Hw4AqK1euy7Va/mzYCXiV+QKirQ6LtfvYGiacwkUEGM6fpeAkFONHAq2KTcSw1LCB2TIetaKknMTJDPjp/gE6sMcKS0LQl4pv6eyElsTBaHtjMmMDKL3lT8z+umEF0GOZdJCkzS+aIoFRgUniaBB1wzCiKzhFDN7a2YjogmFGxeZRuCv/jyMmmd1Xyv5t+dV+tXRRwldISO0Sny0QWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFTAX9gfP5A3bLlUk=</latexit><latexit sha1_base64="9Ebf9Kg0015jEAhnDMZyIJ/H+xE=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04sFDBfsBbSib7aZdutkNuxMlhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvDAR3IDnfTsrq2vrG5ulrfL2zu7evntw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD8fXUbz8wbbiS95AlLIjJUPKIUwJW6ruV3q2SQ8Ei0Hw4AqK1euy7Va/mzYCXiV+QKirQ6LtfvYGiacwkUEGM6fpeAkFONHAq2KTcSw1LCB2TIetaKknMTJDPjp/gE6sMcKS0LQl4pv6eyElsTBaHtjMmMDKL3lT8z+umEF0GOZdJCkzS+aIoFRgUniaBB1wzCiKzhFDN7a2YjogmFGxeZRuCv/jyMmmd1Xyv5t+dV+tXRRwldISO0Sny0QWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFTAX9gfP5A3bLlUk=</latexit><latexit sha1_base64="9Ebf9Kg0015jEAhnDMZyIJ/H+xE=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04sFDBfsBbSib7aZdutkNuxMlhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvDAR3IDnfTsrq2vrG5ulrfL2zu7evntw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD8fXUbz8wbbiS95AlLIjJUPKIUwJW6ruV3q2SQ8Ei0Hw4AqK1euy7Va/mzYCXiV+QKirQ6LtfvYGiacwkUEGM6fpeAkFONHAq2KTcSw1LCB2TIetaKknMTJDPjp/gE6sMcKS0LQl4pv6eyElsTBaHtjMmMDKL3lT8z+umEF0GOZdJCkzS+aIoFRgUniaBB1wzCiKzhFDN7a2YjogmFGxeZRuCv/jyMmmd1Xyv5t+dV+tXRRwldISO0Sny0QWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFTAX9gfP5A3bLlUk=</latexit><latexit sha1_base64="9Ebf9Kg0015jEAhnDMZyIJ/H+xE=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04sFDBfsBbSib7aZdutkNuxMlhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvDAR3IDnfTsrq2vrG5ulrfL2zu7evntw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD8fXUbz8wbbiS95AlLIjJUPKIUwJW6ruV3q2SQ8Ei0Hw4AqK1euy7Va/mzYCXiV+QKirQ6LtfvYGiacwkUEGM6fpeAkFONHAq2KTcSw1LCB2TIetaKknMTJDPjp/gE6sMcKS0LQl4pv6eyElsTBaHtjMmMDKL3lT8z+umEF0GOZdJCkzS+aIoFRgUniaBB1wzCiKzhFDN7a2YjogmFGxeZRuCv/jyMmmd1Xyv5t+dV+tXRRwldISO0Sny0QWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFTAX9gfP5A3bLlUk=</latexit>



Maximize Total Spread Minimize Reconstruction 
Error

1
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nX

t=1

dist2
 
yt,

1

n

nX

t=1

yt

!

<latexit sha1_base64="e1/rvfAR+WciZpMt99IJzMTpcNM="></latexit><latexit sha1_base64="e1/rvfAR+WciZpMt99IJzMTpcNM="></latexit><latexit sha1_base64="e1/rvfAR+WciZpMt99IJzMTpcNM="></latexit><latexit sha1_base64="e1/rvfAR+WciZpMt99IJzMTpcNM="></latexit>

1

n

nX

t=1

kxt � x̂tk22
<latexit sha1_base64="z1FiZF6Kq1Gyp9iwSlo+5Tlfb28="></latexit><latexit sha1_base64="z1FiZF6Kq1Gyp9iwSlo+5Tlfb28="></latexit><latexit sha1_base64="z1FiZF6Kq1Gyp9iwSlo+5Tlfb28="></latexit><latexit sha1_base64="z1FiZF6Kq1Gyp9iwSlo+5Tlfb28="></latexit>

Maximize
KX

j=1

w>
j ⌃wj

s.t. 8j, kwjk22 = 1 & wj ? wi
<latexit sha1_base64="i8hQjWLAcH3Nh2WjFcyda5/AvXU="></latexit><latexit sha1_base64="i8hQjWLAcH3Nh2WjFcyda5/AvXU="></latexit><latexit sha1_base64="i8hQjWLAcH3Nh2WjFcyda5/AvXU="></latexit><latexit sha1_base64="i8hQjWLAcH3Nh2WjFcyda5/AvXU="></latexit>

(
)

<latexit sha1_base64="9Ebf9Kg0015jEAhnDMZyIJ/H+xE=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04sFDBfsBbSib7aZdutkNuxMlhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvDAR3IDnfTsrq2vrG5ulrfL2zu7evntw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD8fXUbz8wbbiS95AlLIjJUPKIUwJW6ruV3q2SQ8Ei0Hw4AqK1euy7Va/mzYCXiV+QKirQ6LtfvYGiacwkUEGM6fpeAkFONHAq2KTcSw1LCB2TIetaKknMTJDPjp/gE6sMcKS0LQl4pv6eyElsTBaHtjMmMDKL3lT8z+umEF0GOZdJCkzS+aIoFRgUniaBB1wzCiKzhFDN7a2YjogmFGxeZRuCv/jyMmmd1Xyv5t+dV+tXRRwldISO0Sny0QWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFTAX9gfP5A3bLlUk=</latexit><latexit sha1_base64="9Ebf9Kg0015jEAhnDMZyIJ/H+xE=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04sFDBfsBbSib7aZdutkNuxMlhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvDAR3IDnfTsrq2vrG5ulrfL2zu7evntw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD8fXUbz8wbbiS95AlLIjJUPKIUwJW6ruV3q2SQ8Ei0Hw4AqK1euy7Va/mzYCXiV+QKirQ6LtfvYGiacwkUEGM6fpeAkFONHAq2KTcSw1LCB2TIetaKknMTJDPjp/gE6sMcKS0LQl4pv6eyElsTBaHtjMmMDKL3lT8z+umEF0GOZdJCkzS+aIoFRgUniaBB1wzCiKzhFDN7a2YjogmFGxeZRuCv/jyMmmd1Xyv5t+dV+tXRRwldISO0Sny0QWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFTAX9gfP5A3bLlUk=</latexit><latexit sha1_base64="9Ebf9Kg0015jEAhnDMZyIJ/H+xE=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04sFDBfsBbSib7aZdutkNuxMlhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvDAR3IDnfTsrq2vrG5ulrfL2zu7evntw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD8fXUbz8wbbiS95AlLIjJUPKIUwJW6ruV3q2SQ8Ei0Hw4AqK1euy7Va/mzYCXiV+QKirQ6LtfvYGiacwkUEGM6fpeAkFONHAq2KTcSw1LCB2TIetaKknMTJDPjp/gE6sMcKS0LQl4pv6eyElsTBaHtjMmMDKL3lT8z+umEF0GOZdJCkzS+aIoFRgUniaBB1wzCiKzhFDN7a2YjogmFGxeZRuCv/jyMmmd1Xyv5t+dV+tXRRwldISO0Sny0QWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFTAX9gfP5A3bLlUk=</latexit><latexit sha1_base64="9Ebf9Kg0015jEAhnDMZyIJ/H+xE=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04sFDBfsBbSib7aZdutkNuxMlhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvDAR3IDnfTsrq2vrG5ulrfL2zu7evntw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD8fXUbz8wbbiS95AlLIjJUPKIUwJW6ruV3q2SQ8Ei0Hw4AqK1euy7Va/mzYCXiV+QKirQ6LtfvYGiacwkUEGM6fpeAkFONHAq2KTcSw1LCB2TIetaKknMTJDPjp/gE6sMcKS0LQl4pv6eyElsTBaHtjMmMDKL3lT8z+umEF0GOZdJCkzS+aIoFRgUniaBB1wzCiKzhFDN7a2YjogmFGxeZRuCv/jyMmmd1Xyv5t+dV+tXRRwldISO0Sny0QWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFTAX9gfP5A3bLlUk=</latexit>



Maximize Total Spread Minimize Reconstruction 
Error

1
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nX

t=1

dist2
 
yt,

1

n

nX

t=1

yt

!

<latexit sha1_base64="e1/rvfAR+WciZpMt99IJzMTpcNM="></latexit><latexit sha1_base64="e1/rvfAR+WciZpMt99IJzMTpcNM="></latexit><latexit sha1_base64="e1/rvfAR+WciZpMt99IJzMTpcNM="></latexit><latexit sha1_base64="e1/rvfAR+WciZpMt99IJzMTpcNM="></latexit>

1

n

nX

t=1

kxt � x̂tk22
<latexit sha1_base64="z1FiZF6Kq1Gyp9iwSlo+5Tlfb28="></latexit><latexit sha1_base64="z1FiZF6Kq1Gyp9iwSlo+5Tlfb28="></latexit><latexit sha1_base64="z1FiZF6Kq1Gyp9iwSlo+5Tlfb28="></latexit><latexit sha1_base64="z1FiZF6Kq1Gyp9iwSlo+5Tlfb28="></latexit>

Maximize
KX

j=1

w>
j ⌃wj

s.t. 8j, kwjk22 = 1 & wj ? wi
<latexit sha1_base64="i8hQjWLAcH3Nh2WjFcyda5/AvXU="></latexit><latexit sha1_base64="i8hQjWLAcH3Nh2WjFcyda5/AvXU="></latexit><latexit sha1_base64="i8hQjWLAcH3Nh2WjFcyda5/AvXU="></latexit><latexit sha1_base64="i8hQjWLAcH3Nh2WjFcyda5/AvXU="></latexit>

(
)

<latexit sha1_base64="9Ebf9Kg0015jEAhnDMZyIJ/H+xE=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04sFDBfsBbSib7aZdutkNuxMlhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvDAR3IDnfTsrq2vrG5ulrfL2zu7evntw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD8fXUbz8wbbiS95AlLIjJUPKIUwJW6ruV3q2SQ8Ei0Hw4AqK1euy7Va/mzYCXiV+QKirQ6LtfvYGiacwkUEGM6fpeAkFONHAq2KTcSw1LCB2TIetaKknMTJDPjp/gE6sMcKS0LQl4pv6eyElsTBaHtjMmMDKL3lT8z+umEF0GOZdJCkzS+aIoFRgUniaBB1wzCiKzhFDN7a2YjogmFGxeZRuCv/jyMmmd1Xyv5t+dV+tXRRwldISO0Sny0QWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFTAX9gfP5A3bLlUk=</latexit><latexit sha1_base64="9Ebf9Kg0015jEAhnDMZyIJ/H+xE=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04sFDBfsBbSib7aZdutkNuxMlhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvDAR3IDnfTsrq2vrG5ulrfL2zu7evntw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD8fXUbz8wbbiS95AlLIjJUPKIUwJW6ruV3q2SQ8Ei0Hw4AqK1euy7Va/mzYCXiV+QKirQ6LtfvYGiacwkUEGM6fpeAkFONHAq2KTcSw1LCB2TIetaKknMTJDPjp/gE6sMcKS0LQl4pv6eyElsTBaHtjMmMDKL3lT8z+umEF0GOZdJCkzS+aIoFRgUniaBB1wzCiKzhFDN7a2YjogmFGxeZRuCv/jyMmmd1Xyv5t+dV+tXRRwldISO0Sny0QWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFTAX9gfP5A3bLlUk=</latexit><latexit sha1_base64="9Ebf9Kg0015jEAhnDMZyIJ/H+xE=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04sFDBfsBbSib7aZdutkNuxMlhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvDAR3IDnfTsrq2vrG5ulrfL2zu7evntw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD8fXUbz8wbbiS95AlLIjJUPKIUwJW6ruV3q2SQ8Ei0Hw4AqK1euy7Va/mzYCXiV+QKirQ6LtfvYGiacwkUEGM6fpeAkFONHAq2KTcSw1LCB2TIetaKknMTJDPjp/gE6sMcKS0LQl4pv6eyElsTBaHtjMmMDKL3lT8z+umEF0GOZdJCkzS+aIoFRgUniaBB1wzCiKzhFDN7a2YjogmFGxeZRuCv/jyMmmd1Xyv5t+dV+tXRRwldISO0Sny0QWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFTAX9gfP5A3bLlUk=</latexit><latexit sha1_base64="9Ebf9Kg0015jEAhnDMZyIJ/H+xE=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04sFDBfsBbSib7aZdutkNuxMlhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvDAR3IDnfTsrq2vrG5ulrfL2zu7evntw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD8fXUbz8wbbiS95AlLIjJUPKIUwJW6ruV3q2SQ8Ei0Hw4AqK1euy7Va/mzYCXiV+QKirQ6LtfvYGiacwkUEGM6fpeAkFONHAq2KTcSw1LCB2TIetaKknMTJDPjp/gE6sMcKS0LQl4pv6eyElsTBaHtjMmMDKL3lT8z+umEF0GOZdJCkzS+aIoFRgUniaBB1wzCiKzhFDN7a2YjogmFGxeZRuCv/jyMmmd1Xyv5t+dV+tXRRwldISO0Sny0QWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFTAX9gfP5A3bLlUk=</latexit> (
)

<latexit sha1_base64="9Ebf9Kg0015jEAhnDMZyIJ/H+xE=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04sFDBfsBbSib7aZdutkNuxMlhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvDAR3IDnfTsrq2vrG5ulrfL2zu7evntw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD8fXUbz8wbbiS95AlLIjJUPKIUwJW6ruV3q2SQ8Ei0Hw4AqK1euy7Va/mzYCXiV+QKirQ6LtfvYGiacwkUEGM6fpeAkFONHAq2KTcSw1LCB2TIetaKknMTJDPjp/gE6sMcKS0LQl4pv6eyElsTBaHtjMmMDKL3lT8z+umEF0GOZdJCkzS+aIoFRgUniaBB1wzCiKzhFDN7a2YjogmFGxeZRuCv/jyMmmd1Xyv5t+dV+tXRRwldISO0Sny0QWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFTAX9gfP5A3bLlUk=</latexit><latexit sha1_base64="9Ebf9Kg0015jEAhnDMZyIJ/H+xE=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04sFDBfsBbSib7aZdutkNuxMlhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvDAR3IDnfTsrq2vrG5ulrfL2zu7evntw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD8fXUbz8wbbiS95AlLIjJUPKIUwJW6ruV3q2SQ8Ei0Hw4AqK1euy7Va/mzYCXiV+QKirQ6LtfvYGiacwkUEGM6fpeAkFONHAq2KTcSw1LCB2TIetaKknMTJDPjp/gE6sMcKS0LQl4pv6eyElsTBaHtjMmMDKL3lT8z+umEF0GOZdJCkzS+aIoFRgUniaBB1wzCiKzhFDN7a2YjogmFGxeZRuCv/jyMmmd1Xyv5t+dV+tXRRwldISO0Sny0QWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFTAX9gfP5A3bLlUk=</latexit><latexit sha1_base64="9Ebf9Kg0015jEAhnDMZyIJ/H+xE=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04sFDBfsBbSib7aZdutkNuxMlhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvDAR3IDnfTsrq2vrG5ulrfL2zu7evntw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD8fXUbz8wbbiS95AlLIjJUPKIUwJW6ruV3q2SQ8Ei0Hw4AqK1euy7Va/mzYCXiV+QKirQ6LtfvYGiacwkUEGM6fpeAkFONHAq2KTcSw1LCB2TIetaKknMTJDPjp/gE6sMcKS0LQl4pv6eyElsTBaHtjMmMDKL3lT8z+umEF0GOZdJCkzS+aIoFRgUniaBB1wzCiKzhFDN7a2YjogmFGxeZRuCv/jyMmmd1Xyv5t+dV+tXRRwldISO0Sny0QWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFTAX9gfP5A3bLlUk=</latexit><latexit sha1_base64="9Ebf9Kg0015jEAhnDMZyIJ/H+xE=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04sFDBfsBbSib7aZdutkNuxMlhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvDAR3IDnfTsrq2vrG5ulrfL2zu7evntw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD8fXUbz8wbbiS95AlLIjJUPKIUwJW6ruV3q2SQ8Ei0Hw4AqK1euy7Va/mzYCXiV+QKirQ6LtfvYGiacwkUEGM6fpeAkFONHAq2KTcSw1LCB2TIetaKknMTJDPjp/gE6sMcKS0LQl4pv6eyElsTBaHtjMmMDKL3lT8z+umEF0GOZdJCkzS+aIoFRgUniaBB1wzCiKzhFDN7a2YjogmFGxeZRuCv/jyMmmd1Xyv5t+dV+tXRRwldISO0Sny0QWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFTAX9gfP5A3bLlUk=</latexit>

Minimize
dX

j=K+1

w>
j ⌃wj

s.t. 8j, kwjk22 = 1 & wj ? wi
<latexit sha1_base64="dkyLv/HbvJY/QSia7FBehz/XNKc="></latexit><latexit sha1_base64="dkyLv/HbvJY/QSia7FBehz/XNKc="></latexit><latexit sha1_base64="dkyLv/HbvJY/QSia7FBehz/XNKc="></latexit><latexit sha1_base64="dkyLv/HbvJY/QSia7FBehz/XNKc="></latexit>



Claim



Maximize Total Spread = Minimize Reconstruction 
Error

Claim



PCA: MINIMIZING RECONSTRUCTION ERROR

1
n

n�
t=1
�x̂t − xt�22 = 1

n

n�
t=1

d�
j=k+1

yt[j]2�wj�22 (but �wj� = 1)
= 1

n

n�
t=1

d�
j=k+1

yt[j]2 (now yj =w�j (xt − µ))
= 1

n

n�
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PRINCIPAL COMPONENT ANALYSIS

Eigenvectors of the covariance matrix are the principal
components

Top K principal components are the eigenvectors with K largest
eigenvalues

Projection = Data × Top Keigenvectors

Reconstruction = Projection × Transpose of top K eigenvectors

Independently discovered by Pearson in 1901 and Hotelling in
1933.

⌃ =cov X
 !

1.

eigs= ⌃ ,K( )W2.

3. Y = W⇥X�µ



RECONSTRUCTION

4. Y= ⇥bX W>
+µ



PRINCIPAL COMPONENT ANALYSIS: DEMO



WHEN d >> n

If d >> n then ⌃ is large
But we only need top K eigen vectors.
Idea: use SVD

X − µ = UDV�
Then note that, ⌃ = (X − µ)�(X − µ) = VD2V

Hence, matrix V is the same as matrix W got from eigen
decomposition of ⌃, eigenvalues are diagonal elements of D2

Alternative algorithm:

[U,V] = SVD(X − µ,K) W = V
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THE TALL, THE FAT AND the Ugly

d and n so large we can’t even store in memory
Only have time to be linear in size(X) = n × d

I there any hope?

X
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PICK A RANDOM W

Y = X ⇥

2

666666664

+1 . . . �1
�1 . . . +1
+1 . . . �1

·
·
·

+1 . . . �1

3

777777775

d

K

p
K



WHY SHOULD RANDOM PROJECTIONS EVEN WORK?!

Consider any vector x̃ ∈ Rd and let ỹ =W�x̃. Note that

ỹ[j]2 = ��
d�

i=1
W[i, j] ⋅ x̃[i]��

2

=�
i,i ′
(W[i, j] ⋅ x̃[i]) ⋅ �W[i ′, j] ⋅ x̃[i ′]�

=�
i,i ′
�W[i, j] ⋅W[i ′, j]� ⋅ �x̃[i] ⋅ x̃[i ′]�



RANDOM PROJECTION

What does “it works” even mean?

Distances between all pairs of data-points in low dim. projection
is roughly the same as their distances in the high dim. space.

That is, when K is “large enough”, with “high probability”, for all
pairs of data points i, j ∈ {1, . . . ,n},

(1 − ✏) �yi − yj�2 ≤ �xi − xj�2 ≤ (1 + ✏) �yi − yj�2
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WHY SHOULD RANDOM PROJECTIONS EVEN WORK?!

Say K = 1. Consider any vector x̃ ∈ Rd and let ỹ = x̃ W. Note that

ỹ2 = ��
d�

i=1
W[i,1] ⋅ x̃[i]��

2

= d�
i=1
(W[i,1] ⋅ x̃[i])2 + 2�

i ′>i
(W[i,1] ⋅ x̃[i]) �W[i ′,1] ⋅ x̃[i ′]�

= d�
i=1

W2[i,1]x̃2[i] +�
i ′>i
�W[i,1] ⋅W[i ′,1]� ⋅ �x̃[i] ⋅ x̃[i ′]�

However W2[i,1] = 1�K = 1 when K = 1

= d�
i=1

x̃2[i] +�
i ′>i
�W[i,1] ⋅W[i ′,1]� ⋅ �x̃[i] ⋅ x̃[i ′]�

• Lets start with a one dimensional projection (K = 1)

• What is the expected value of:

1. yt � ys?

2. (yt � ys)
2?
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yt = x>
t u where each u[i] = random± 1
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WHY SHOULD RANDOM PROJECTIONS EVEN WORK?!

Hence,

E��ỹ�2� = �x̃�22
If we let x̃ = xs − xt then

ỹ = x̃W = xsW − xtW = ys − yt

Hence for any s, t ∈ {1, . . . ,n},
E��ys − yt�2� = �xs − xt�22

Lets try this in Matlab . . .…
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Law of large numbers says that average over 
multiple draws is close to expectation
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• Like repeating the experiment K times and averaging

yt[k] = x>
t uk/

p
K where each uk[i] = random± 1
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ỹ2 = ��
d�

i=1
W[i,1] ⋅ x̃[i]��

2

= d�
i=1
(W[i,1] ⋅ x̃[i])2 + 2�

i ′>i
(W[i,1] ⋅ x̃[i]) �W[i ′,1] ⋅ x̃[i ′]�

= d�
i=1

W2[i,1]x̃2[i] +�
i ′>i
�W[i,1] ⋅W[i ′,1]� ⋅ �x̃[i] ⋅ x̃[i ′]�

However W2[i,1] = 1�K = 1 when K = 1

= d�
i=1

x̃2[i] +�
i ′>i
�W[i,1] ⋅W[i ′,1]� ⋅ �x̃[i] ⋅ x̃[i ′]�

• Like repeating the experiment K times and averaging

yt[k] = x>
t uk/

p
K where each uk[i] = random± 1
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This is an average over K trials 
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PICK A RANDOM W

Y = X ⇥

2
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+1 . . . �1
�1 . . . +1
+1 . . . �1

·
·
·

+1 . . . �1

3
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K

p
K



WHY SHOULD RANDOM PROJECTIONS EVEN WORK?!

For large K, not only true in expectation but also with high probability

For any ✏ > 0, if K ≈ log (n��) �✏2, with probability 1 − � over draw of
W, for all pairs of data points i, j ∈ {1, . . . ,n},

(1 − ✏) �yi − yj�2 ≤ �xi − xj�2 ≤ (1 + ✏) �yi − yj�2

Lets try on Matlab . . .

This is called the Johnson-Lindenstrauss lemma or JL lemma for short.

2 2
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WHY IS THIS SO RIDICULOUSLY MAGICAL?

n= 
1000

d = 1000



WHY IS THIS SO RIDICULOUSLY MAGICAL?

n= 
1000

d = 1000

If we take K = 69.1/✏2, with probability

0.99 distances are preserved to accuracy ✏



WHY IS THIS SO RIDICULOUSLY MAGICAL?

n= 
1000

d = 10000

If we take K = 69.1/✏2, with probability

0.99 distances are preserved to accuracy ✏



WHY IS THIS SO RIDICULOUSLY MAGICAL?

n= 
1000

d = 1000000

If we take K = 69.1/✏2, with probability

0.99 distances are preserved to accuracy ✏


